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The theory of group representations has given us a new under- 
standing of classical results in the theory of automorphic functions 
and has made it possible to attack the problems of this thcory on a 
wider scale and obtain a number of new and profound results. 
The language of the theory of adeles—a recently devcloped branch 
of mathematics—plays an important role. The book contains many 
new ideas and results that have so far been accessible only in 
mathematical journals. Thercfore, the book should appeal to 
various circles of readers interested in contemporary mathematics. 
It may be recommended to students in advanced courses, to Ph.D. 
candidates and to research workers in pure mathematics. 
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Preface 


The classical theory of automorphic functions, created by 
Klein and Poincaré, was concerned with the study of analytic 
functions in the unit circle that are invariant under a discrete group 
of transformations. Since the unit circle can be regarded as a 
Lobachevskii plane in the Poincaré model, we may say that the 
classical theory of automorphic functions dealt with the study of 
functions analytic on the Lobachevskii plane and invariant under a 
discrete group of motions of the plane. 

In the subsequent development of the theory of automorphic 
functions the papers of Hecke, Siegel, Selberg, and a number of 
other investigators played an essential part. In particular, papers 
by Godement, Maass, Roelcke, Peterson, and Langlands cover one 
or another aspect of the connection between automorphic functions 
and the theory of groups. Another very interesting direction in the 
theory of automorphic functions can be found in works of Ahlfors 
and Bers. 

The whole development of the theory of automorphic functions 
pointed forcefully to the necessity of a group-theoretical approach. 
Recently many of the ideas of the theory have been linked with 
arbitrary Lie groups and their discrete subgroups. 

The connection between the theory of group representations 
and the theory of automorphic functions was made particularly 
precise in the last ten or twenty years, in the context of the develop- 
ment of the theory of infinite-dimensional representations of groups. 
Although this connection was perceived much earlier (for example, 
in papers of Klein and Hecke), a true understanding was achieved 
only after the construction of the theory of infinity-dimensional 
representations of Lie groups. 
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One of the first papers to establish this relationship was by 
Gel’fand and Fomin, in which the concepts of representation theory 
were linked with the theory of dynamical systems and the theory of 
automorphic functions. The connection of automorphic functions 
with dynamical systems already occurs, in essence, in earlier papers 
of Hopf on dynamical systems. 

Apart from the theory of infinite-dimensional representations 
of Lie groups, which had received a strong impetus in the last 
twenty years (in papers of Gel’fand and Naimark, Harish-Chandra, 
Gelfand and Graev, and others), an important part in the construc- 
tion of the modern theory of automorphic functions was the creation 
of the theory of algebraic groups by Chevalley, Borel, Harish- 
Chandra, Tits, and others. 

Perhaps one of the most remarkable ideas that have arisen in 
recent years is that of the group of adeles. In the process of writing 
this book the authors have convinced themselves how natural 
many concepts become when they are applied to the group of 
adeles and its discrete subgroup of principal adeles. 

The book ‘consists of three chapters. In the first chapter we 
consider problems of representation theory and the theory of auto- 
morphic functions connected with a Lie group and a discrete 
subgroup of it. Although the individual questions of this chapter 
are of a general character, the main results refer to the group of real 
matrices of order 2 and its discrete subgroups. In particular, in this 
chapter we give an account, in the language of representation 
theory, of the remarkable results of Selberg (Selberg’s trace formula). 

In the second chapter we construct the theory of representations 
of the group of matrices of order 2 with elements from an arbitrary 
locally compact topological field. The well-studied theory of 
representations. of the group of complex matrices and the group of 
real matrices arises here as a special case. Many facts of representa- 
tion theory become more conceptual in this general approach. We 
also mention that the special functions over an arbitrary field, which 
arise naturally in this theory, are closely related to interesting func- 
tions in the theory of numbers (Gauss sums, Kloostermann sums, 
and others). 

The third chapter is devoted to a study of the groups of adeles 
and the natural homogeneous spaces that arise in connection with 
these groups. Since it is assumed that the reader is not acquainted 
with the theory of adeles, the first two sections provide an expository 
account of the basic ideas of this theory. 

With the group of adeles there is connected a remarkable 
homogeneous space (the space of cosets relative to the subgroup of 
principal adeles), which has been the main object of study in all 
papers concerned with adeles. But whereas these papers were 
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devoted to the study of the homogeneous space itself, the computa- 
tion of its volume (the Tamagawa number), and so forth, we study 
here the space of functions on this homogeneous space (see § 4, 6, 7). 
From this point of view the fundamental paper of Tate, in which he 
gives a derivation of the functional equation of the Riemann Zeta- 
function by means of adeles, can be regarded as an analogue (for 
the case of matrices of order 1) of the study of representations that 
we pursue here. Many of our results were also obtained later by 
other methods by Godement, whose work was very useful in writing 
§ 4 of this chapter. 

The last three sections are devoted to the beginnings of the 
general theory for adele groups of an arbitrary algebraic reductive 
group. A fundamental role in this theory is played by a certain group 
of automorphisms of the function space that forms a representation 
of the Weyl group. Symmetry with respect to this group is a 
veritable key to relations of the type of the functional equation for 
the Riemann Zeta-function. These automorphisms are closely 
connected with the so-called horospherical maps. The fact that 
much of the material in these sections is of quite recent origin 
inevitably leaves its mark on the character of the exposition itself, 
which is frequently complicated. 

The authors hope, however, that the additional burden the 
reader assumes in coping with these sections is perhaps compensated 
by the fact that, if he so wishes, he may participate in the work on 
these far from completely answered questions. 

The book can be read independently of the preceding volumes 
of the series Generalized Functions. WHowever, conceptually it is 
closely connected with the theory of generalized functions and 
especially with the contents of volume 5, which deals with analogous 
problems in other material, It can be regarded as a natural 
extension of the fifth volume. 

The authors are deeply indebted to A. A. Kirillov, who has 
accepted the arduous task of editing the book and of writing one of 
the sections (Appendix to Chapter II) in which he expounds his 
own new results. 

Since sending the manuscript to the printers the authors have 
become acquainted with a preprint of an interesting new paper by 
Langlands, the material of the Summer School on the Theory of 
Algebraic Groups, and a paper by Moore. In these papers the 
reader will find additional information on the material of this book. 


I. M. Gev’FAND 
M. I. Grarev 


J. I. Pyaretsxn-SHAPIRO 


Contents 


Chapter 1 
HoMOGENEOUS SPACES WITH A DISCRETE STABILITY GROUP........ l 
B) . Generalities scien Sac Ree Pe See EES EPO PS Hee ENS ] 


1. Homogeneous Spaces and Their Stability Subgroups, 1. 
2. The Connection Between the Homogeneous Spaces 
X = T\G and Riemann Surfaces, 2. 3. The Fundamental 
Domain of a Discrete Group T, 5. 4. Discrete Groups with a 
Compact Fundamental Domain, 8. 5. The Structure of a 
Fundamental Domain in the Lobachevskii Plane, 11. 


§2. Representations of a Group G Induced by a Discrete 
SUDEROUP bk ie Pu SRR oe eS Ra eWeek Cae gs ewes 17 


1. Definition of Induced Representations, 18. 2. The Oper- 
ators 7,, 20. 3. The Discreteness of the Spectrum of the 
Induced Representation in the Case of a Compact Space 
X = I\G, 24. 4. The Trace Formula, 26. 5. Another Form 
of the Trace Formula, 30. 


§3. Irreducible Unitary Representations of the Group of Real 
Unimodular Matrices of Order 2............ 02: e ween eee 33 


1. The Principal Series of Irreducible Unitary Representations, 
33. 2. The Supplementary Series of Representations, 35. 
3. The Discrete Series of Representations, 36. 4. Another 
Realization of the Representations of the Principal and Sup- 


plementary Series, 36. 5. The Laplace Operator 4. The 
Spaces 2,, 40. 


$4. The Duality Theorem. .. 2.2.20... ccc cece ee cecene 43 
1, Automorphic Forms, 45. 2. Statement of the Duality 


xt 


XU 


CONTENTS 


Theorem, 47. 3. The Laplace Operator, 48. 4. Proof of the 
Duality Theorem for Representations of the Continuous Scries, 
50. 5. Proof of the Duality Theorem for Representations of 
the Discrete Series, 53. 6. The Gencral Duality Theorem, 57. 


§5. The Trace Formula for the Group G of Real Unimodular 
Matrices of Order 2. cacy esudead cence eotie i eawndtanee. 63 


1. Statement of the Problem, 63. 2. The Function A, 65. 
3. Contribution of the Hyperbolic Elements to the Trace 
Formula, 67. 4. Contribution of the Elliptic Elements, 70. 
5. Contribution of the Elements e and —e to the Trace 
Formula, 75. 6. The Final Trace Formula, 76. 7. 
Formulae for the Multiplicities of the Representations of the 
Discrete Series, 77. 8. Complete Splitting of the Trace For- 
mula, 78. 9. Construction of the Functions gt(g) and 
v;(g), 79. 10. The Asymptotic Formula, 82. 11. The 
Trace Formula for the Case When —e Does Not Belong to 
I’, 84. 


Appendix I to §5. A Theorem on Continuous Deformations of 
a Discrete Subs4roup’.c.c:9 6ach aww tae cp Hee eee ete eee EON 87 


Appendix II to §5. The Trace Formula for the Group of Com- 
plex Unimodular Matrices of Order 2........... 0.002.005: 90 


1. Irreducible Unitary Representations of G, 90. 2. The 
Trace Formula for G, 91. 3. The Asymptotic Formula, 94. 


§6. Investigation of the Spectrum of a Representation Gen- 
erated by a Noncompact Space X = I'\G (Separation of the 
Discrete Part of the Spectrum) ............-0.00 002 eee eee 94 


1. Horospheres in a Homogeneous Space, 95. 2. Statement 
of the Main Theorem, 96. 3. Cylindrical Sets, 98. 4. Re- 
duction of the Main Theorem, 100. 5. Proof that the Trace 
P,1,P, in Hj, is Finite, 101. 


Appendix to Chapter 1. Arithmetic Subgroups of the Group 
G of Real Unimodular Matrices of Order 2................-. 106 


1. Definition of an Arithmetic Subgroup, 106. 2. The Mod- 
ular Group, 107. 3. Some Subgroups of the Modular Group, 
111. 4. Quaternion groups, 115. 


Chapter 2 


REPRESENTATIONS OF THE GRoupP OF UNIMODULAR MATRICES OF 


ORDER 2 witit ELEMENTS FROM A LOcALLY Compact Toro- 
LOGICAL FIELD 
§1. Structure of Locally Compact Fields............-.+..-. 123 


1. Classification of Locally Compact Fields, 123. 2. The 
Norm in K, 125. 3. Structure of Disconnected. Fields, 126. 


CONTENTS xtit 


4. Additive and Multiplicative Characters of K, 127. 5. The 
Structure of the Subgroup A. The Functions exp x and In x, 
129. 6. Quadratic Extensions of a Disconnected Field, 131. 
7. The Multiplicative Characters sign, x, 132. 8. Circles in 
K (\/7), 133. 9. Cartesian and Polar Coordinates in K 
(./r), 134. 10. Invariant Measures on K and in its Quad- 
ratic Extension K (4/7), 135. 11. Additive and Multipli- 
cative Characters on the “Plane” Ky/z, 136. 


§2. Test and Generalized Functions on a Locally Compact 
Disconnected Field AC) y soci batty cd's vaca wew ca eeeas 4 137 


1. The Space of Test Functions, 137. 2. Generalized Func- 
tions Concentrated at a Point, 138. 3. Hlomogenecous Gen- 
eralized Functions, 138. 4. The Fourier Transform of Test 
Functions, 141. 5. The Fourier Transform of Generalized 
Homogeneous Functions. The Gamma-Function and Beta- 
Function, 143. 6. Additional Information on the Gamma- 
Function, 145. 7. The Integral fx(uét) dt, 151. 8. Func- 
tions Resembling Analytic Functions in the Upper and the 
Lower Half-Plane, 152. 9. The Mellin Transform, 153. 
10. The Relation Between the Gamma-Function Connected 
with the Ground Field K and the Gamma-Function Con- 
nected with the Quadratic Extension K(./7) of K, 155. 


§3. Irreducible Representations of the Group of Matrices of 
Order 2 with Elements from a Locally Compact Field (the 
ContitiiGus: Series) 4.65405. S00 ye nades Go aahen ee Ean seo 157 


1. The Continuous Series of Unitary Representations of G, 157. 
2. Another Realization of the Representations of the Continu- 
ous Serics, 159. 3. Equivalence of Representations of the 
Continuous Scries, 163. 4. The Irreducibility of the Rep- 
resentations of the Continuous Series, 163. 5. The Decompo- 
sition of the Representations 7;,(g), 7-(t) = sign,t, into Irre- 
ducible Representations, 166. 6. The Quasircgular Represen- 
tation of G and its Decomposition into Irreducible Represen- 
tations, 167. 7. The Supplementary Series of Irreducible 
Unitary Representations of G, 169. 8. The Singular Rep- 
resentation of G, 171. 9. Representations in the Spaces D,;, 
172. 10. Spherical Functions, 174. 11. The Operator of 
the Horosphcrical Automorphism, 176. 


§4. The Discrete Series of Irreducible Unitary Representa- 
MONS OL G oe en gee nee weak eran eniee ees ee wes 183 


1}. Description of the Representations of the Discrete Scries, 
183. 2. Continuous Dependence of the Operators 7,(g) on 
g, 185. 3. Proof ofthe Relation 7,(g1g2) = 7Tx(g1) Tx(g2), 187. 
4. Unitariness of the Operators 7,(g), 189. 5. The m-Reali- 
zation of the Representations of the Discrete Series, 190. 
6. Another Realization of the Representations of the Discrete 
Series, 192. 7. Equivalence of Representations of the Dis- 


xiv CONTENTS 


crete Series, 194. 8. Discrete Series for the Field of 2-adic 
Numbers, 198. 


§5. The Traces of Irreducible Representations of G......... 198 


1. Statement of the Problem, 198. 2. The Traces of the 
Representations of the Continuous Series, 199. 3. Trace of 
the Singular Representation, 201. 4. Traces of the Repre- 
sentations of the Discrete Series, 202. 5. Traces of the Rcep- 
resentations of the Discrete Series for the Field of Real 
Numbers, 207. 


§6. The Inversion Formula and the Plancherel Formula 
OT Gh he ab wet sk a eats oDesk BOTS 209 


1. Statement of the Problem, 209. 2. The Inversion Formula 
for a Disconnected Field, 211. 3. Computation of Certain 
Integrals, 216. 4. Computation of the Constant ¢ in the 
Inversion Formula, 219. 5. The Inversion Formulae for Con- 
nected Fields, 220. 


Appendix to Chapter 2........ 0.000. e eee eee Sa eae 221 


1. Some Facts from the Theory of Operator Rings in Hilbert 
Space, 221. 2. Connection Between the Unitary Representa- 
tions of the Group G of all Nonsingular Matrices of Order 2 


and the Subgroup of Matrices of the Form « ‘), 224. 


3. Theorem on the Complete Continuity of the Operator 
T», 227. 4: The Decomposition of an Irreducible Representa- 
tion of G Relative to Representations of iis Maximal Compact 
Subgroup. The Theorem on the Existence of a Trace, 228. 
5. Representations of the Unimodular Group, 231. 6. Classi- 
fication of all Irreducible Representations of G and G, 232. 


Chapter 3 
REPRESENTATIONS OF ADELE GROUPS... 2... .. 0c cee e cece ere eeeees 242 
$1... Adéles andildeles: iu csds.ocaip pant eves unks heseed tases 242 


1, The Group of Characters of the Additive Group of Rational 
Numbers, 242. 2. Definition of Adeles and Ideles, 244. 
3. Another Construction of the Group of Adeles, 245. 4. The 
Isomorphisms Q —> A and Q* — A*, 246. 5. The Group of 
Additive Characters of the Ring of Adeles A, 248. 6. The 
Characters of the Group 4/Q, 251. 7. Invariant Measures in 
the Group of Adeles and the Group of Ideles, 251. 8. The 
Function |!, 252. 9. The Characters of the Group of 
Ideles A*, 253. 10. The Characters of the Group A*/Q%*, 255. 


Appendix to §1. Ona Zeta-Function......-..+-.00.-.000. 257 


CONTENTS 


§2. Analysis on the Group of Adeles 


1. Schwartz-Bruhat Functions, 258. 2. The Fourier Trans- 
form of Schwartz-Bruhat Functions, 259. 3. The Poisson 
Summation Formula, 261. 4. The Mellin Transform of 
Schwartz-Bruhat Functions. The Tate Formula, 262. 5. 
The Space A", 267. 


Appendix to §2. Tate Rings........... 2... ee eee eee eee 269 


§3. The Groups of Adeles Ga and their Representations...... 271 


1. Definition of the Group of Adeles G4, 271. 2. Irreducible 
Unitary Representations of the Group of Adeles, 272. 3. 
Proof of a Theorem on Tensor Products, 274. 4. Criteria for 
the Existence of a Single Linearly Independent Invariant Vec- 
tor, 278. 5. Second Theorem on Tensor Products, 281. 


§4. The Adcle Group of the Group of Unimodular Matrices 
of Order 2 bos eee eovae eer ahineed See tantesns oes 283 


1. Statement of the Problem and Summary of the Results, 283. 
2. The Structure of the Space X, 286. 3. Description of the 
Space @ of all Compact Horospheres of X, 287. 4. Cylindrical 
Sets, 290. 5. The Horospherical Map, 293. 6. Investiga- 
tion of the Kernel of the Horospherical Map (Discreteness of 
the Spectrum), 294. 7. The Spaces Y, Qand F, 296. 8. The 
Operation of Multiplication in the Spaces A*, Yand EF, 299. 9. 
Decomposition of the Representations Generated by Y and 
into Irreducible Representations, 301. 10. The Operator B 
(Definition), 306. 11. Properties of the Operator B, 308. 
12. Schwartz-Bruhat Functions in 2, 31. 13. The Fourier 
Transform in L(Q), 317. 14. The Operator M, 323. 
15. An Explicit Expression for M, 325. 16. The Family 
910 of Functions on ©, 328. 17. Decomposition of the Repre- 
sentation in H’ into Irreducible Representations, 335. 18. 
Connection of the Operator of the Horospherical Automor- 
phism B with Dirichlet Z-Functions, 337. 


Appendix I to §4. 2.0.0... ccc ccc cee tence tere een etee 342 


1. Lemma on the Completeness of the Family ®,.........-. 343 
2. Lemma on Functions Defined on the Half-Line 0 < 7 < 
oo and Belonging to Le... . 1... eee eee ee eee chine at ake 347 


Appendix IT to §4......... idee teaaaiaen ances aehete ead 352 


1. On the Connection Between the Homogeneous Space 
Gg\Ga and the Homogeneous Spaces of the Group G,, 352. 
2. The Generalized Peterson Conjecture, 356. 


§5. The Space of Horospheres... 2... 6.6.2 eee eee eee eee ees 361 


XVI 


CONTENTS 


1. Reductive Algebraic Groups, 361. 2. The Space 
L.(DeZs\Ga), 363. 3. The Operators B,, 368. 4. Properties 
of the Operators B,, 371. 5. Main Theorem on the Oper- 
ators B;,, 373. 6. Reduction to Rank 1, 376. 


§6. Representations Generated by the Homogeneous Space 
Ga\Ga 


1. The Homogencous Space Ge\Ga, 378. 2. Investigation of 
the Spectrum of the Representation for a Compact Space 
Go\Ga/Ka, 379. 3. The Space of Horospheres, 381. 4. The 
Horospherical Map and the Operator M, 382. 5. An Explicit 
Expression for the Operator M, 383. 6. The Structure of the 
Space H’, 384. 


§7. Discreteness of the Spectrum... ............ 2.000 - eee 386 


1. Horospheres in the Space ¥ = Gg\Ga, 386. 2. Statement 
of the Main Theorem, 389. 3. Siegel Sets on Gy, 390. 4. 
Regular Siegel Sets, 392. 5. Regular Siegel Sets Connected 
with Tl-Horospheres, 395. 6. Reduction of the Main 
Theorem, 397. 7. The p-Norm, 399. 8. Proof of the Main 
Theorem, 400. 9. Solvable Algebras and Groups. State- 
ment of the Fundamental Lemma, 402. 10. Proof of the Fun- 
damental Lemma, 404. 


Appendix to §7. Functions on Regular Nilpotent Lie 
GlOupsss tcclGcowkees hea dans See. cs Koee a eee ee Bae 407 


1. Regular Nilpotent Algebras, 407. 2. Regular Nilpotent 
Lie Groups, 409. 


GUIDE TO THE LITERATURE... 0... cece ccc eee eee eeeeeens 414 


BIBLIOGRAPHY 


INDEX OF NAMES 


SUBJECT INDEX. cout vat yia gaan abe cep eae be toa gee eas 423 


HOMOGENEOUS SPACES 
WITH A DISCRETE 
STABILITY GROUP 


HUST aren Tease a ana eae 
egies terete Lee g amen iD pin bie ee ra 


eee eee! 


§1. GENERALITIES 


1. Homogeneous Spaces and Their Stability Subgroups. We 
begin with some general definitions. 

Let X be a topological space and G a topological group. We 
say that G is a group of transformations or a group of motions of X if to 
every element g of G there corresponds a one-to-one and bi- 
continuous transformation 

xX —> xg 


of X into itself. Here we assume that the following conditions hold: 

1. To the unit element e of G corresponds the identity trans- 
formation, that is, xe = x for every x in X. 

2. (%g1)g9 = x(B1g2) for every x in X and any 4, g in G. 

3. The function f(x, g) = xg that assigns to every pair xe X 
and g €G the point xg € X is a continuous function of the pair x 
and g. 

A space X with a group of motions G is called homogeneous if 
every point x of it can be carried by motions into every other point. 
We also say then that G acts transitively on X. 

We recall how all homogeneous spaces on which a given group 
G acts transitively can be described in terms of G itself. 

Let X be a homogeneous space with the group of motions G, 
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In X we fix a point x». With every point x in X we associate the set of 
transformations that carry x, into x. Let us see what this set is. To 
begin with we examine the transformations that carry x» into Xp. 
Obviously they form a closed subgroup [ of G. This subgroup is 
called the stability group of xy. Next, if g is one of the transformations 
that carry x, into x, then the set of all transformations carrying xg 
into x is the right coset Ig of T°. 

So we have established a correspondence between the points 
of the homogeneous space X and the right cosets of [. This 
correspondence is one-to-one. 

Observe that the set of cosets ['\ G is naturally endowed with 
the structure of a topological space: the neighborhoods of the coset 
[Tg are the images of the neighborhoods of g under the map 
G+ I\G. 

The action of g in the original space X clearly corresponds to 
the multiplication of the right cosets by g in the space ['\ G. 

Thus, every homogeneous space with the group of motions G can be 
obtained by the following construction. We take a subgroup T of G. With 
the points of X we associate the right cosets Tg of G with respect to V. The 
action corresponding to the element go of G 1s defined as multiplication of the 
cosets on the right by go. 

This space of right cosets will always be denoted as follows: 

X=T\G. 

We have established that every homogeneous space X with the group of 
motions G can be identified with the space of cosets I’ \ G, where I is the stability 
group of a point x) in X. Here the choice of the point xp itself is completely 
arbitrary. It is easy to see that the stability groups of distinct points are conjugate; 
for if an element g carries x, into x, then the stability group of x is the group 


g-1Gg. Consequently, the spaces ['\ G and g-1Ig \ G connected with conjugate 
subgroups should be identified with each other. 


Our main object in this chapter is to study the homogeneous 
spaces I’ \ G, where G is the group of real (unimodular) matrices of 


( 


with the determinant ad — By = 1, and I is a discrete subgroup 
of G. 


2. The Comnection Between Homogeneous Spaces X = ['\G 
and Riemann Surfaces. There is a close connection between the 
spaces X = I \ G, where G is the group of real unimodular matrices 
of order 2 and I is a discrete subgroup of G, and Riemann surfaces. 
For I'\G can be interpreted as a fiber space whose base is some 
Riemann surface and whose fiber is a circle. 
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We begin with the case in which I is the trivial subgroup, that 
is, with the group space G itself. 

We consider all possible conformal self-transformations of the 
upper half-plane Im z > 0 of the plane of the complex variable z. 
It is well known that every such transformation can be described by a 


ie 
real matrix g = ( 


Y 
has the following form: 


B\ . : 
; with determinant 1. The transformation 


, _ 42+ 
z= Bz 8 
Here the product of two matrices corresponds to the product of the 
related transformations. 

Obviously the two matrices g, and g, define the same conformal 
self-transformation of the half-plane Im z > 0 only if gg = +4. 
Thus, the group G,, which is obtained from G by identifying the matrices g 
and —g, is isomorphic to the group of all conformal transformations of the 
half-plane Im z > 0. 

We define a linear element on a Riemann surface as a pair: 
a point and a direction given at this point. 

We shall show that the elements of G, may be interpreted as 
linear elements on the half-plane Im z > 0. Let us fix a linear 
element /, on the half-plane, and let / be any other linear element. 
It is known that there exists one and only one conformal self- 
transformation g of the half-plane that carries J, into /. So we have 
established the required one-to-one correspondence between the 
elements g of G, and the linear elements / on the half-plane 
Im z > 0. 

Hence, the space of elements of G in which g and —g are 
identified may be interpreted as the space of all linear elements in 
the upper half-plane Im z > 0. In other words, it is a fiber space 
whose base is the half-plane Im z > 0 and whose fiber is a circle. 
(The circle is identified with the set of directions at a point.) 

Now we shall give a similar interpretation for the space 
X = I'\G, where [is a discrete subgroup of G. We assume that I 
contains the element —e and that the elements y # +e of I’ do not 
leave any point of the half-plane Im z > 0 fixed.f 

We shall show presently that the space X = ['\G may be 
interpreted as the space of linear elements on a Riemann surface. 
In other words, it is a fiber space whose base is a certain Riemann 
surface and whose fiber is a circle. 

On the half-plane Im z > 0 we identify the points that are 
carried into one another by transformations of I. As a result we 


+ The last condition is equivalent to the condition that a does not contain elements 
of finite order other than +e. 
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obtain a certain Riemann surface Y, that is, a one-dimensional 
(not necessarily compact) complex manifold. Now we consider 
the linear elements on the half-plane Im z > 0 and identify those 
that are carried into one another by transformations of [. It is easy 
to see that the space so obtained may be interpreted as the space of 
all linear elements on the Riemann surface %. 

Here the assumption that a transformation y # +e of I‘ has no fixed points 


is essential. For if some y « -te leaves a point Zp, fixed, we must identify those 
linear elements at z, that are carried into each other by y. 


Let us show that this space of linear elements on the Riemann 
surface is isomorphic to the original space X¥ = ['\ G. 

We know that linear elements on the half-plane Im z > 0 may 
be treated as elements of the group G, obtained from G by identifying 
matrices g and —g. In this treatment each linear element on G 
forms a set yg, where y ranges over I, that is, a coset of Pin G. So 
the space of linear elements on J turns out to be identical with the 
space of cosets '\ G. 

We have obtained the following interpretation of the space 
X=T\G. 

Let G be the group of real unimodular matrices of order 2, 
I a discrete subgroup of G containing the element —e and not 
containing clements of finite order other than +e. On the half-plane 
Im z > 0 we identify points that are obtained from each other by 
linear-fractional transformations from I. We obtain a certain 
Riemann surface Y. The space of cosets X = ['\G is the space 
of linear elements on this Riemann surface G and so is a fiber space 
whose base is 9 and whose fiber is a circle. 

A similar result is true when I contains elements of finite order. 
However, the homogeneous structure of the fiber space then breaks 
down at individual points. 


The upper half-plane Im z > 0 is a universal covering for the Riemann 
surface G. But we are not concerned here with Riemann surfaces having as 
universal covering either the full sphere or the punctured sphere. The spaces of 
linear elements for such Riemann surfaces can be constructed more simply than 
in our case. 


The space of linear elements on a Riemann surface has a 
number of advantages compared with the Riemann surface itself. 
The main advantage is that the space of linear elements is homo- 
geneous. Its group of automorphisms is the group G, of linear- 
fractional transformations. Besides, as a rule the Riemann surface 
has a rather poor supply of admissible automorphisms. 

For example, it is not difficult to show that the number of automorphisms on 
every compact Riemann surface for which the upper half-plane Im z > 0 is a 


universal covering is finite. Let M be one of these Riemann surfaces, and let TI’ be 
the discrete group, corresponding to G, of automorphisms of the half-plane 
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Im z > 0. We examine an automorphism y of 9. This automorphism can be 
extended in a natural way to a conformal transformation g’ of the whole upper 
half-plane Im z > 0, that is, to a fractional-linear transformation. Obviously, 
this conformal transformation g’ commutes with I’, that is, 


gTe3t =T 


Thus, g’ belongs to the normalizer N of I. Our aim is to prove that the coset 
space I \ G contains only a finite number of elements. Let us show that N is a 
discrete subgroup of G and, consequently, that I’ \ N is a discrete space. 

We consider an arbitrary hyperbolic element y of I; without loss of 
generality we may assume that y is a diagonal matrix, y = (; yt 
more, Ict y’ be any other clement of I, but not a diagonal matrix. We assume 
that N is not a discrete subgroup. Then we can find in N a sequence of elements 
g, converging to the unit matrix. We examine the elements y, = g,'yg, and 
yi = gn'y’g,- They belong to I’ and at the same time converge to y and 7’, 
respectively. Since TF is discrete, from a certain n onward we must have 
Ey 8n = Vs Ba V’Bn = y’, that is, g, commutes with y and y’. From the fact that 
g, commutes with the diagonal matrix y it follows that g, is itself a diagonal 
matrix. But this is impossible, because then g, cannot commute with y’. 

So we have shown that I \ N is a discrete space. On the other hand, from 
the compactness of I'\ G it follows that I'\ N is also compact. Consequently, 
I’ \ N contains only a finite number of elements, as required. 


0 
. Further- 


3. The Fundamental Domain of a Discrete Group [. Let Y be 
a topological space in which a discrete group I of homeomorphisms 
y acts: 

a 44 

To say that I° is discrete means that for every y € Y the set of 
points yy, where y ranges over I’, has no accumulation points in Y. 
We shall always assume that T° acts on Y effectively. This means that 
for every y #e there is a point y in Y for which yy # y. (The 
points y for which yy = y for at least one y ¥ e will henceforth be 
called fixed points.) 

Let us give examples of such spaces Y. 

1. Y is a topological group and I a discrete subgroup of it, T° 
acting on Y as a group of left translations. 

2. Y is the upper half-plane (Im z > 0) of the plane of the 
complex variable z, and I‘ is a discrete group of conformal self- 
transformations of the upper half-plane. 

We now introduce the concept of a fundamental domain in Y 
relative to a group I’. A fundamental domain in Y relative to a 
group I is defined as an open set F € Y satisfying the following two 
conditions : 

1. For arbitrary y, 4 72 the sets y,F and yf’, where F is the 
closure of F, have no common clements. 


2. The union of the sets yf’, where y ranges over I’, is the whole 
space Y. 
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These conditions can be rephrased in the following way: 
Every point y of Y can be represented in the form 


= y*; (1) 
where y € I, xe F. This representation is unique for almost all 
points y; namely, ify = 71%, = Ye%2, where y;, yp € P and x, €F, 
x, € F, then y, = yo, *, =. Thus, the points y for which the 
decomposition (1) may not turn out to be unique form the set 
T(F \ F). 

Observe that a fundamental domain relative to a group I is 
by no means uniquely defined by these conditions. In particular, if 
F is a fundamental domain, then every translation yF of it, where 
y & T, is also a fundamental domain. 

We shall now describe a method of constructing a fundamental 
domain under some simple additional conditions on the space Y 
and the group I. 

We assume that Y is a locally compact metric space, where the 
metric p(),,.y2) in Y satisfies the following condition: 

For any two points y) and y, we can find a third point y, such 
that 

P(YorJ2) = P(Ya»I1) = $P(YorI1)- (2) 


We call such a metric p infrinstc. 

An example of a space with an intrinsic metric is an ordinary 
sphere on which the distance between points is measured by the 
angle on a great circle. Note that if the distance between points on 
the sphere is defined differently, namely, as the length of a chord 
joining them, then the metric is not intrinsic. 

It is easy to check that in a complete space with an intrinsic 
metric any two points yp, y, can be joined by an arc p(t),0 <f <1, 
(0) =y,.9(1) = 1, such that 


p(y(t1)»¥(te)) = (t2 — 4) P( 001), 0<4<f <1. 


In particular, such a space is connected. 

It can also be shown that in a locally compact space with an 
intrinsic metric every bounded and closed set is compact. We 
assume that I preserves the metric of the space Y, that is, 


PCY» V1) = P(VoI1) (3) 


for arbitrary y9,y, € Y and yeTl. 
Now we can construct a fundamental domain relative to [. 
In Y we select a point _y, that is not a fixed point. We consider 
the set F of those points _y for which 


; P(Po0) < pl vod) (4) 
for every y #4 ein LP. 
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Let us show that F is a fundamental domain relative to [. 
Since I is discrete, it follows that F is an openset. Let y, EF 
and p(7%.7,) = 4d. In Y we examine the neighborhood of 7 


Usa = {9: Pod) < 3d}. 
This neighborhood is compact and hence there is only a finite number 
of elements y;,...; Yn ¥i # @ in I such that y;y belongs to Us. 


Obviously for the remaining elements y € T we have p(y¥%,.9) > 2d. 
We consider the e-neighborhood of y, 


U, = UW: p(n) < &}. 


: ;—-d , 
It is easy to check that for ¢ < min (5.4 oe Dosey n), 
d, = p(7i%J1), this neighborhood belongs to F. Consequently F 
is open. 
Next we show that F satisfies condition 1 that is, the sets F 


and yF, y #e, do not intersect. For let_y ¢ F. Then for every y in 
I’ we have 


P( Jor?) ss p(y~1%95.7)- 
Since p(Jo.7) = p(y vy) and p(y~*%,7) = plJo vy) we see that 


PY VP) < PV 7)- 


This inequality means that for y 4 e the element yy does not belong 
to F; thus, the set yF, y 4 e, does not intersect F. 

Finally, we show that F satisfies condition 2, that is, every 
point y € Y can be represented in the form 

ae fac 

where ye IT, xe F. 

It is easy to check that the closure F of F consists of all those 
points y for which 

P( Jo?) = P(Yor2)» z € Pr. 


Let _» be an arbitrary point of Y. Then we can find a yp € I such 
that 


P(Yo%or9) < P(Y07) (5) 


for every y¢ I. (Otherwise some neighborhood of y contains 
infinitely many points yyg; but this is impossible, since I" is discrete.) 
Since the metric p is invariant, it follows from (5) that 


Pon Yo I) < PCY» Yor) 


for every ye I. Thus, the point y>1y =~ belongs to F, hence 
yY = YoX, Where yp» E Ti xe L. 

So we have shown that our set F is in fact a fundamental 
domain relative to LF. 
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4. Discrete Groups with a Compact Fundamental Domain. 
There is much interest in those discrete groups of transformations 
T for which the closure F of a fundamental domain is a compact set. 
First we give a condition for compactness of F. We assume that there 
exists a compact subset K < Y such that 


Y = TK, 
that is, every y € Y can be represented in the form 
= yk, 
where ye T,keEK. 
Then a fundamental domain F relative to [T such as we have 
constructed above has a compact closure. 
We note that the closure F of F consists of all points y of Y for 
which 
(Jud) < Plwor) VET, wer. (6) 


Let us assume that F is not compact. Then F is not bounded and so 
we can find in it a sequence of points y, such that p(7,.9,) > ©. 
To show that this is impossible, we represent _y, in the form 


Jn = Velas 
where y, € I’, k, ¢ K. By (6) we have 


P( Yor In) Ss P(YnJos Valta)s 


and since the metric p is invariant, 


P( Porn) < Po k,)- 


Since K is a compact set, the sequence p(y, k,,) is bounded. But 
then the sequence p(7,_y,,) is also bounded, and this contradicts our 
hypothesis. 

We now discuss properties of discrete groups of transformations 
I and of their fundamental domains F, when F is a compact set. 

The following two propositions hold: 

1. There exists a finite number of elements yy, ..~5 Yn of V such that 
F can be given by the finite number of inequalities 


P( Jor?) < P(YJor2)> i =1,...,2. 


2. The group VT is finitely generated. 


Proof of 1. By the compactness of F there exists a number 
¢ > 0 such that 


P(I07) <e (7) 
for every _y in #. We consider the elements y in F such that 
P(Jo7) = P( Woy) (8) 


for at least one element _y € Ff. There is only a finite number of such 
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elements.¢ For it follows from (7) and (8) that 


P(Jo» Wo) S 25 (9) 


since [I is discrete, the inequality (9) can be satisfied only by a 
finite number of elements y. We denote the elements y #e 
satisfying (8) by 71, .-.5 Yn 

Next we show that F can be given by the finite number of 
inequalities 

Pod) < Plvyosr) t=l,.-.ym (10) 

Let us assume the contrary: then there exists a point y’ satisfying 
(10), but not belonging to F. 

We denote by E the compact set of points y satisfying (10) 
and 

P( Jo?) < 4%; 


where ¢, = p(Jo,9’) +¢. This set contains F and the point »’, 
which does not belong to #. We show that E is a connected set. 
Let y, ¢ E. We consider a continuous arc y(t), 0 <¢ <1, joining 
Yo and _y, and such that 


p( y(t), (42) = (t, — ty) P( Jos) 0<4,<4%<1. 


It is easy to see that all points of this arc satisfy (10) and 
consequently belong to E. Thus E is connected.f{ 

Next we show that F is open in E. Indeed, F' can be given in E 
by an infinite number of inequalities 


P(Io02) < P(Y07)> (11) 


where y # 4, 71,---+, Yn- But all these inequalities, except possibly 
a finite number of them, hold in the whole set E (for they hold for 
all y for which p(y, v9) > 3¢,). Consequently F can in fact be 
given in E by a finite number of inequalities of the form (11), and 
hence F is open in E. So F is a closed and open subset of E. But 
since E is connected, we must have F = E; this contradicts the 
assumption we have made and proves proposition 1. 

Proof of 2. We consider an open bounded set U containing F, 
We shall show that U can be covered by a finite number of sets yF’. 
If we consider the contrary, then we can find in U a sequence of 
elements y, of the form y, = y,X,, where y, € I’, x, € F and the y, 


+ The set of these elements is not empty. Otherwise F = F, that is, F is an open and 
closed set. This contradicts the fact that the space is connected. 


t For we have p(7Jo09(t)) = plyiPor21) — ply» r(t)); consequently, since 
P(YeI03I1) = P(%oo01)s 


p( rus r(t)) = (1 —#) p00), 
we obtain 


p(7vorrt)) = tp(yo.9(1)) = pro r())- 
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are distinct. Since 0 and F are compact sets, we may assume without 
loss of generality that y, —y, x, > x. But then it is obvious that 
y,* —y. This is impossible, since I is discrete. 

So we have shown that U can be covered by a finite number of 
sets yF, say by y,F, ..., y,f. We examine the subgroup I’ 
generated by the y,; and show that I’ = T, so that I is finitely 
generated. We consider the set 

Y'=U y’F. 
y’eI’ 

By construction of [’, this set contains together with every y’ F also 
a neighborhood y’U of it. Consequently Y’ is open. But then the set 


vyY' = U y’F, 
yer’ 

is also open, where y is an arbitrary element of IT. The sets yY’ 
cover the whole space Y. It is easy to see that two such sets y,Y' 
and y,Y' either coincide or are disjoint. If at least two of them are 
distinct, then Y is a union of pairwise disjoint open sets yY; this is 
impossible, because Y is connected. So all the y¥’ coincide, hence 
Y=Y’= U y’F. Consequently, for any y ¢ I’ whatsoever, the 

er 
set yF is contained in Y’; but then yF = y’F for some y’ € I” 
and so y = y’. 

So we have shown that I coincides with the finitely generated 
subgroup I”. 

Another proposition on discrete groups of transformations with 
a compact fundamental domain can be stated. 

3, If Y is a simply-connected space, then T can be given by a finite 
number of definining relations among its generators. 

A proof of this proposition can be found, for example, in the 
paper of Weil [70]. 

So far we have discussed properties of discrete groups of 
transformations of an arbitrary locally compact space Y. Now we 
consider the case when I is a discrete subgroup of a locally compact 
group G. We show that if the space I’ \ G is compact, then the set 
of elements in G that are conjugate to any fixed y € IT is closed in LP. 

Let g;'yg,, y¢ I, be a sequence convergent to some geG. 
We show that g is also conjugate to y. 

We represent the g, in the form g,; = yu; where y,eT, 
u, € F, and F is a fundamental domain relative to [. By hypothesis, 

is a compact set. Therefore, without loss of generality, we may 
assume that the sequence u, converges to an element ue F. Then 
the equation 


lim (uytyz"yyitts) = 8 


to 
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implies that 

lim y;lyy; = ugue*. 
But since [ is a discrete subgroup, the convergent sequence y;"yy; 
must be stationary for sufficiently large indices i. Hence, for 
sufficiently large i we have y;'yy; = ugu 1, that is, the elements g 
and y are conjugate. This completes the proof. 

We apply this result to the case when G is the group of real 
unimodular matrices of order 2. The elements g # +e of G fall into 
three classes: elliptic elements (matrices with complex eigenvalues), 
hyperbolic elements (matrices with distinct real eigenvalues) and 
parabolic elements (matrices with multiple eigenvalues equal to +1 
or —l). 

Clearly, the set of elements of G that are conjugate to a parabolic 
element g is not closed. The closure of this set contains one of the 
matrices ¢ or —é. 

We conclude: Jf for a discrete subgroup T of the group G of real 
unimodular matrices of order 2 1 \ G is a compact space, then Y consists 
only of elliptic and hyperbolic elements. 


5. The Structure of a Fundamental Domain in the Lobachevskii 
Plane. Let Y be a Lobachevskii plane and I a discrete subgroup 
of motions on Y. In this subsection we study properties of a funda- 
mental domain corresponding to I in the case when the volume 
v(I \ Y) of this fundamental domain is finite. 

Here we can interpret the Lobachevskii plane Y as the upper 
half-plane 

Imz >0 


of the plane of the complex variable z; the motions in Y are then 
all the linear-fractional self-transformations 


az+y 
gemnctesTAN & 6 — py =1 
with real coefficients a, B, y, 4. 
The real line 
Im z =0 


can be treated as the family of points at infinity of the Lobachevskii 
plane. 

We recall how a fundamental domain F corresponding to a 
discrete subgroup of motions [I can be constructed. On Y we select 
a point Z, that is not a fixed point (that is, y2) # Z) for y #1). 
Then a fundamental domain F with center at Z, is given by a system 
of inequalities 
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Observe that F is bounded by geodesic arcs. For each of the 

equations 

P(Zo; z) = P(YZo» z)5 
which define the boundary, is the equation of a geometric locus of 
points that are equidistant from the two given points z, and yZ». But 
it is well known that such a geometric locus of points is a geodesic. 

Thus, the boundary of a fundamental domain F is a polygonal curve A 
(possibly disconnected and possibly consisting of an infinite number of sides) 
formed by geodesic arcs. The polygon bounded by this curve is a star 
domain, because F contains, together with every point z, the entire 
geodesic arc joining the points z, and z. 

We shall now prove the following theorem, due to Siegel [65], 
on the number of sides of the polygon. 

If the area of the fundamental domain F is finite, then the number of 
geodesic arcs that form the boundary of F 1s finite. 

Note that for a domain F with compact closure the theorem has 
already been proved under 3; therefore, we need to consider only 
a domain without compact closure. 

The main step of the proof is an estimate for the angles w at 
the vertices of F. We show that 

> (7 — w) <I 4 27, (2) 
where the sum is taken over all the vertices of F that do not lie on 
the line at infinity, and J is the volume of F. Let us now prove the 
inequality (2). 

We join all the verticcs of A to z, by geodesics and consider the 
triangles so obtained. Let 


Rte ee. Rarrneene ere 


be a connected set of arcs of A with the vertices ...@,, Gmiiy +--+ 
Gni1, --- (Figure 1). To be definite we assume that this set is 
unbounded in both directions. By 2,, B,, y, we denote the angles of 
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the triangle with the side A,, and by w, the angle between A, and 
Ay»; 80 we have 


MO, = By + Ves 


Now we can estimate the angles w,. We use the formula for the area 
of a triangle with angles «, 8, y in a Lobachevskii plane: 


a ee ae a 
By this formula the area J(A,) of the triangle with the side A, is 
I(A,) = 7 — a, — Be- Ve 


Consequently, 


n—L 


x + 314) =7~ Ym — Bat Z(m— oy). (3) 


But the left-hand side of this equation is bounded because 5 I(A,) < 
v(I°), where v(F) is the area of F, and > «, < 27; hence, the right-hand 
side is also bounded. From this it follows that the series } (7 — w,) 
converges, and that the limits lim y, = y_,and lim 8, = 6, 
exist. ae ree 

Now we show that 7 —y_,—f, 20. For a,— 0 as 
k —» 00 (because only a finite number of arcs of A can be at an 
unbounded distance from z,); hence, p(Zo, @,) > p(Zo) 4-1) for 
infinitely many values of k. But for these values of k we then have 


yx > By On the other hand, since 8B, + y, <7, we have B, < > R 
Consequently 6, < 5 . Similarly, we see that y_,. < 5 . So we 


When we pass to the limit as m > — oo, n > +0 in (3) and 
bear in mind the inequality 7 — y_,, — B, = ©, we see that 


5 ad > 1G) = > @ ao): (4) 


=—a =~ k=—o0 


have shown that 7 — y_, — 8. = 0. 


The inequality (4) was obtained under the assumption that the 
connccted set of the A, is unbounded in both directions. By similar 
arguments we can verify that the same inequality is valid also in the 
other cases when the connected set of the A, is bounded in at least 
one direction. 


Adding all these inequalities we obtain the required estimate: 
27 +I>> (7-0), (5) 


where the sum is taken over all the vertices of F (at a finite distance 
from z,)) and J is the volume of F. 
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On the basis of this estimate we shall now show that the number 
of vertices of F at a finite distance from Z, is finite. Let a be one of 
the vertices, and a) = a, a'®, ... all the vertices of F equivalent 
to a: 

a =—ya yy, eF. 


By w) we denote the angles at the vertices a“). It is easy to verify 
that if a is not a fixed point for y € I’, y 41, then 


wl) 1 gl) + 66+ = Qn, (6) 


But if a is a fixed point of order n (that is, the number of elements 
y € I that leave a invariant is n), then 
of) 1 @@) p-6. = sa (6’) 
n 
To see this let us find all the displacements of F that abut on a. 
Obviously, these are the domains yy;'F, where y ranges over the 
n elements of I’ that leave a in its place. Since the domain yy;'F 
has the angle w) at the vertex a, and since the sum of all the angles 
at a is equal to 27, we have 


2a 


@m™) 1 @ml%) +--+ = — 
n 


Obviously, the equation (6’) is incompatible with (5) if F has 
an infinite number of vertices. 

It remains to show that the number of vertices of F on the line 
at infinity is also finite. 

We choose any N vertices of F on the line at infinity: B,,..., 
By. Clearly, we can construct a polygon bounded by a finite 
number of geodesic arcs and lying inside F such that its vertices at 
infinity are the points B,,..., By. 

By a passage to the limit it is easy to verify that for the area J, 
of this polygon the following formula holds: 

> (7 — w) = 2r +h, 
where the sum is taken over all the vertices of the polygon, and w 
are the angles at the vertices. Since w = 0 for a vertex at infinity, 
we deduce that 
aN <2e7 +1, <27 + o(F). 


So the number JA is bounded. 
This shows that if the volume of F is finite, then the number of 
its vertices is finite. In particular, so is the number of vertices of F 
on the real axis E: 
Im z =0 
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Now we shall study properties of the vertices of F on the real 
axis E. 

First of all we observe that if F is not compact, then tt has at least 
one vertex on E. Consider all possible geodesics starting at z); each 
geodesic uniquely determines a direction / at z). We denote by 7(/) 
the length of the arc of the geodesic inside F. The number r(/) may 
be equal to oo, in which case the geodesic lies entirely within F. 
Obviously r(/) is a continuous function of / for those / for which 
r(l) < ow. Therefore, if 7(/) < oo for all /, then the function 7(/) is 
bounded. But then F is a compact domain. Consequently, if F is 
not compact, there exists a direction / for which r(/) = oo. We take 
one of these directions /. The intersection with the real axis E of the 
geodesics that start from 2, in the direction / is a vertex of F. So we 
have shown that F actually has vertices on the real axis E. 

We now show that for every vertex b of F on E there exists an element 
ye Tl, y A +1, that leaves b fixed. 

Let 5 be one of the vertices of F on E. We examine all the 
displacements yF of F having their vertex at 6. Clearly there is an 
infinite number of such displacements yF, which we now describe. 
Let bY) = 5, b),..., 6” be the vertices of F equivalent to 6: 


bt*) = yb, Vr € rT, k = l, oe nN. 


By what we have shown above, the number of these vertices is finite. 
Clearly every displacement of F having 6 as its vertex is of the form 


yy F, 


where y ranges over the elements of I that leave 4 fixed. Since there 
is an infinite set of such displacements, whereas y, ranges over only a 
finite set, there must exist an infinite set of elements y that leave the 
point 6 fixed. 

So we have shown that there must exist an element y € IT, 
+» -~ +1, that leaves b fixed. We now show that every such element y 
1s parabolic. 

Let us assume the contrary: y is not a parabolic element. We 
consider the geodesic z(t), 0 <t < o, z(0) = Z, joining the 
points z, and b. This geodesic lies entirely within F, therefore 


p(2 2(8)) < ply% z()), O<t<o, (7) 


Through z, we lay the horocycle w orthogonal to z(t). This horo- 
cycle can be represented in the form of a circle touching the real 
axis at b (Figure 2). Since by assumption y is not parabolic, the 


1 A transformation yET is called parabolic if it is given by a matrix with 
multiple eigenvalues equal to +1 or to --!. 
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point yz, does not belong to this horocycle (otherwise the trans- 
formation y carries the whole horocycle into itself, and only 
parabolic transformations have this property). Without loss of 
generality we may assume that yz, lies inside the horocycle; 
otherwise we replace y by y~!. We lay a geodesic z’(t) through the 
points yz) and 6 and measure the arc length from the point of 
intersection z/ of this geodesic with the horocycle w. Then we have 


P(Zo5 z(#)) = P(Zos z'(t)) = p(Zo, Zp) + p(720: z'(t)). (8) 


But, as is well known, p(z(t), z’(t)) ~ 0 as ¢— oo; therefore, the 
distance p(yZp, z'(¢)) differs by an arbitrarily small amount from 
p(yZ, z(t)) for sufficiently large ¢. Consequently, by (8) we find 
that for sufficiently large ¢ 


p(Zo 2(t)) > p(vZo, Z(¢)). 


This inequality contradicts (7). So the assumption that y is not 
parabolic is false. 

Let us state the final result. Ifo([\ Y) < oo, then there exists 
a fundamental domain F bounded by a finite number of geodesic 
arcs. Here the vertices of F on the real axis are parabolic points; 
this means that for each of them there exists a parabolic 
transformation y €¢ Il’, y # -1:1, that keeps this vertex fixed. 

We shall now show that there exists a fundamental domain F 
satisfying the following additional condition: the vertices of F on the 
real axis are pairwise inequivalent. 

It is enough to show the following proposition. Let 5 be a 
vertex of a fundamental domain F on the real axis such that there 
exists vertices bY = y,b,..., 6”) = y,b equivalent to 6. Then we 
can construct another fundamental domain that has fewer vertices 
on the real axis than F has. 

For let / be one of the sides of the polygon F starting from 6. 
It is easy to verify that there exists an element y € Il’ with the 
following propertics: 

1. y carries a certain vertex 5“) into 6. 


§ 2. GROUP G INDUCED BY A DISCRETE SUBGROUP 17 


2. y carries one of the sides /’, /” of the polygon F starting from 
b,, into J. 

Let F, < F be a triangle formed by the geodesics /’, /”, and 
a third geodesic. We consider the domain F’ = (F\F,) VU yFi, 
obtained from F by deleting F, and adding the triangle yF,. 
Clearly this F’ is a fundamental] domain relative to [. By construc- 
tion it has on the real axis thc same vertices as F except for 5‘. 
This completes the proof of the proposition. 

From our description of the fundamental domain F it follows 
immediately that it can be split into subdomains of simpler structure. 
For let F(5), where 4 is a parabolic point, denote the triangle 
bounded by two geodesics starting from 4 and the horocycle w 
touching the real axis at 6. Then we have 


F = 5 F(b,) + Fo, 
k=l 


where the sum is taken over all the parabolic vertices of F, and Fy 
is a compact set. 

It is easy to verify that each of the domains F'(6,) has the 
following properties. Let F(5,) be bounded by two geodesics / and 
l’ and the horocycle w. Then the geodesics / and /’ are equivalent 
to cach other, that is, they are carried into one another by some 
transformation y € I° leaving 6, fixed; also, every point inside w 
can be carried into F(b,) by: some transformation y € [ leaving 6, 
fixed. 

In § 6 essential use will be made of such a decomposition of a 
fundamental domain. 


§2. REPRESENTATIONS OF A GROUP G INDUCED 
BY A DISCRETE SUBGROUP 


With every discrete subgroup T of a locally compact group G 
we associate a certain collection of unitary representations of G, 
the so-called induced representations. These representations are 
reducible. Our task is to decompose them into irreducible 
representations or, what is the same, to find their spectrum. 

We attack this problem in the case where X = ['\G is a 
compact space. In §2.3 we shall show that in this case the 
representations of G connected with a subgroup I have discrete 
spectra of finite multiplicity. In other words, they split into a 
discrete sum of irreducible representations each of which occurs in 
the decomposition with a finite multiplicity. In § 2.4 we shall 
obtain the trace formula, which enables us to classify all the 
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irreducible representations occurring in the decomposition. Applica- 
tions of the trace formula to some concrete groups will be given in 


§ 5. 


1. Definition of Induced Representations. Let G be a locally 
compact topological group. With each discrete subgroup I’ of G 
we associate a collection of unitary representations of G. 

We begin with a description of the simplest of these representa- 
tions. It is constructed in the space of functions f(x) on XY = I'\G, 
having integrable square modulus: 


tat = [lel as < ©, 


where dx is the invariant measure on X. The representation 
associates with every element g of G an operator T(g) of the following 
form :t 
T(g) f(x) =f (x8). (1) 
(We recall that xg denotes the point of X into which x is carried by g.) 
The operators T(g) are unitary; this follows immediately from 
the fact that the measure dx is invariant under the motions x —> xg. 
We call (1) the representation generated by the homogeneous space 
T\G, 
The general construction of a representation of G induced by a 
subgroup I consists in the following: 
Let x(y) be a finite-dimensional unitary representation of I, 
acting in a space V.t We consider the Hilbert space. H (x) of all 


measurable vector functions f(g) on G with values in V satisfying the 
following two conditions: 


ty flrs) = xn fle) (2) 
for every ye YL. 
2. ff) = i Uf flde < a, (3) 
x 


where [{ f;, fj] is the inner product in the finite-dimensional space V. 
The representation associates with every element g, of G an operator 
T (go) of the following form: 


T (go) f(g) =f (880)- (4) 


It is easy to verify that these operators are unitary. 


+ It would be more correct to write (T (g) £)(x). However, to simplify the notation 
we always omit the extra pair of parentheses. 

+ A similar construction is, of course, also possible for infinite-dimensional unitary 
representations of I’. 
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We say that the representation (4) is induced by the subgroup T° 
(or, more accurately, induced by the given representation x(y) of T). 

Observe that the representation (1) is a special case of this 
construction in which y(y) is the unit representation. Then f(g) 
is a scalar function so that the representation space V of x(y) 
is one-dimensional. The condition (2) then takes the form 
S78) =f (8)- 

This means that the functions f(g) are constant on the cosets 
I’ \ G so that they can be regarded as functions given on the homo- 
geneous space X = I'\G. We now indicate another realization of 
the representation T(g) induced by I’. Let F be a fundamental 
domain in G relative to [. This means that every element g of G 
can be represented in the form 

f= 74) (5) 

where y€ I’, xe F, and the decomposition (5) is unique for all 
clements g with the exception of a set of smaller dimension. 

Obviously every vector function f(g) from the representation 
space H(x) is uniquely determined by its values on F; conversely, 
every function on F can be uniquely extended to a function satisfying 
the condition (2) on the whole group G. 

In this way we arrive at a new realization of the space H(x). 
In this model the elements of H(y) are all possible vector functions 
f(x), x €F, assuming values in the representation space V of y(y) 
and satisfying the condition 


ff) = | Utflde < © (6) 


[f, f] is the scalar product in V. 

Note that (6) does not depend on the choice of the fundamental 
domain; this follows from the fact that the expression [ f(g), f(g)] is 
preserved when g is replaced by yg, where y € I’. In this model the 
representation operator T(g) is given by the following formula: 


T(g)f(*) = x) F(*), (7) 
where y € [ and x’ € F are defincd by the relation 
CS ee ee (8) 


_ With the discrete subgroup I we can associate yet another 
important representation of G. Consider the set of all subgroups I’, 
of finite index in G. Let T,(g) be the representation of G generated 
by the homogeneous space X, = I’; \G. As we know, this represen- 
tation acts in the space L,(X,) of functions of integrable square on X,. 

Observe now thatif [, < I,, then we have a natural imbedding 
L,(X,) < L,(X,). For functions from L,(X,) can be regarded as 
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functions on G that are constant on the cosets of I';; but then they 
are also constant on the cosets of 1',, that is, they belong to L,(X;,). 

Hence it follows that we can construct another Hilbert space 
H, which is the direct limit of the spaces L,(X,). This space can be 
described as follows. We index the groups I; by means of the 
natural numbers and we set TW= VP, M= Tp an:::- nr, 
(@=1,2,...), Xj =1T,\G. Then we have I; ¢ I\_,, and so 
L,(X}_,) ¢ L,(Xj). We denote by H; the orthogonal complement 
of the subspace L,(X;_,) in L,(X/). Then H is the direct sum of the 
Hilbert spaces L,(X) and of H,, Hy,... . 

There is a natural definition for a representation of G in H, 
because one is defined in each of the spaces L,(X), Hy, Hy,... . 

Some of the results concerning spectra relative to L,(X) remain 
valid for the space H. 

Let us assume, for example, that XY = I \ Gis a compact space. 
Since the subgroups I’, have finite index in G, the spaces X, = T',\G 
are then also compact. As we shall show later, in this case each of 
the spaces L,(X,) splits into the direct sum of a countable number of 
invariant irreducible subspaces, and each of these subspaces occurs 
in L,(X,) with a finite multiplicity. In other words, the spectrum of 
the representation in L,(X,) is discrete and of finite multiplicity. 

Clearly in this case the representation in H also splits into a 
countable direct sum of irreducible representations. 

It would be very interesting to study this decomposition in 
detail. For example, is it true to say, at least in the particular case 
when G is the group of real matrices of order 2, that the irreducible 
representations occurring in H/ form in a certain sense an every- 
where dense sct in the space ofall representations? Is the multiplicity 
with which an irreducible representation occurs in this decomposi- 
tion finite? 


2. The Operators T,. An important role in the theory of 
representations is played by operators of the form 


T, ={ ole) T(e) (1) 


where T(g) is the representation operator, y(g) is a certain function 
on the group, and integration is with respect to the invariant 
measure dg on G.t 

The integral (1) necessarily converges when ¢(g) is a continu- 


ous finite function on G (or a function that decreases sufficiently 
fast at infinity).+ 


+ Throughout we assume that the measure dg is two-sided invariant, that is, 
dg = d(gg,) = d(gog) for every element g,€ G. 
} that is, of compact support (Tr-) 
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It is easy to verify that if gy, and gz, are finite continuous 
functions, and A, and A, complex numbers, then 


T =A, Ty, 4-127 5; (2) 


Yu Pi—Y2 P2 


1 2 fs, Do (3) 


where 9, * @2 is the convolution. Thus, the correspondence py > T, 
is a representation of the algebra of finite continuous functions y(g) wth 
multiplication defined as convolution. 

We mention also that if T is a unitary representation, then 


To. = TY; (4) 


where p*(g) = p(g7!). From (3) and (4) it follows that T,, 5 is a 
self-adjoint positive definite operator. 

The transition from the representation operator 7'(g) to 7, is 
convenient because the latter sometimes turns out to be a completely 
continuous integral operator (or an integral operator with a 
Hilbert-Schmidt kernel). This allows us to apply classical results 
in the theory of integral operators to the investigation of 
representations 7. 

In this subsection we discuss the unitary representation of a 
locally compact group G induced by a discrete subgroup T. We 
show that if X = ['\G is a compact space, then for every continuous 
finite function y(g) on G 


T, =| o(@) T(e) dg (5) 


ts a completely continuous integral operator. 

Proof. We give an explicit expression for T,. The representa- 
tion T(g) of G connected with I is given by a certain unitary 
representation y(y) of I’ acting in a finite-dimensional space V. 
The representation 7'(g) acts in the space H(z) of vector functions 
on G with values in V and satisfying the condition 


f(y) =ar)F(g) vel, geG. (6) 
The representation operator 7(g) is given by the formula 
T (80) f(8) =F (880)- (7) 


By means of (5) and (7) we obtain the following formula for T,: 


T f(g) =| pe) f(g) ae. 


v 


Making the change of variable g,g = g’, we obtain 


P.f(G) ={ oleite Fle’) de’ ~ | ( & olerves) xl) F(e2)) dew 


a 
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where F is a fundamental domain relative to T. So we see that T, 
is an integral operator whose kernel is 


K (81; 82) = 2 7(81 782) x(Y)- (8) 


Note that the summation in (8) is taken, in fact, over a finite 
set y. For we may assume that gy*yg, belongs to a fixed compact set 
for all y, because 9(g) is a finite function. On the other hand, g, 
and g, also belong to a compact set, namely the closure of the 
fundamental domain F. Therefore y also belongs to some compact 
set. But the collection of all y is discrete, and so y in (8) can range 
only over a finite set. 

From the remark just made it follows that the kernel X (g,, 2) 
of T,, is a continuous function of g,, go. Hence 7’, is a completely 
continuous operator in H(y).t 

We now show that 7’, is completely continuous for a class of 
functions wider than that of finite functions. Let us consider a 
continuous function ¢(g) satisfying the following condition: there 
exists a nonnegative summable function ,(g) on G and a compact 
neighborhood U of the unit element of G such that for every 
EG 


|p(8o)| < | o:(4os) dg.+ (9) 
U 


Next we show that the series (8) for the kernel K(g,, g.) of T, 
(which need no longer be finite) is absolutely convergent. 
Indeed, for fixed g,, g, and y we have the inequality 


| (gi vse) | < | vs(i"vese) dg. (10) 
U 


Observe that the sets gj'yg,U corresponding to y and y’ for fixed 
g, and g, overlap if and only if y’-1y €g,UU~1g,". Since I is 
discrete, the compact set g.UU-1g;* contains only a finite number NV 
of elements of I’. Hence it follows that for fixed g, and g, not more 
than N of these sets g;'p’g.U can intersect gy*yg,U. But then we 


+ Here we use the following well-known fact: let H be the space of functions f(x) 
given on a compact set X and such that {| f(x)|?dx < co. If K(x, y) is a continuous 
function on X x X, then an integral operator on H with kernel K(x, y) is completely 
continuous. 

+ It is easy to see that finite functions satisfy this condition. For if (g) is a finite 
function, then we can take for U any compact neighborhood of the unit element, and 
@,(g) can be defined, for example, by the formula 


Pi(8o) = |(gog~") 


———, max 
mes U acy 


§ 2. GROUP G INDUCED BY A DISCRETE SUBGROUP 23 


have by (10) 


S lolerva)| < | ole) dg 
G 


that is, 2. 9(g;'yge) is an absolutely convergent series. From this it 


follows iruthiediacely that the series (8) for K(g,, g2) is absolutely 
convergent. 

By similar arguments we can verify that the series for K 
converges uniformly in g, and g,, when g, and g, belong to a fixed 
compact domain in G and, in particular, when g,, g., ¢F. Since all 
the terms of the series for K(g,, go.) are continuous, K(g,, g.)is a 
continuous function of g, and gp. 

Thus, if X = ['\G is a compact space, then for every continuous 
function (g) satisfying (9) the operator T, = § y(g)T(g) dg ws a 
completely continuous integral operator. 


3. The Discreteness of the Spectrum of the Induced Representa- 
tion in the Case of a Compact Space X = [\G. As before, let G 
be a locally compact topological group, and I’ a discrete subgroup 
of it. We shall now prove the following proposition. 

TuHreoremM. If X = ['\G ts a compact space, then the representation 
T(g) of G induced by V splits into a discrete sum of a countable number of 
irreducible unitary representations, each of finite multiplicity. 

In other words, the spectrum of the representation of G in 
X = I \ Gis discrete and of finite multiplicity. 

To prove the theorem we consider the operator 


T, ={ ole )T(g) dg, 


where »(g) is a continuous finite function on G. In § 2.2 we have 
shown that these operators are completely continuous. Therefore 
the proof of the theorem reduces to the proof of the following 
proposition. 

Lemma. If, for a unitary representation g — T(g) of a locally 
compact group G in a space H, the operator T, = § o(g)T(g) dg is 
completely continuous for every finite continuous function p(g), then H splits 
into the sum of a countable number of invariant subspaces on which the 
representations of G are irreducible and of finite multiplicity. 

Proof of the Lemma. We consider continuous finite functions 
7g) satisfying the additional condition 


p(g) = v(g-}), (1) 


The operator T, = § y(g) T(g) dg corresponding to such a function 
is a self-adjoint, pea continuous integral operator. For we 


24 HOMOGENEOUS SPACES WITH A DISCRETE STABILITY GROUP 


have 
Ts ={ GW THe) dg =[ HOT) de =[HE Te) ae 


so that, by (1), 77 = T,. 

Consequently, is has a countable discrete spectrum, and all 
the eigenvalues A # 0 of T, are of finite multiplicity. (See, for 
example, Smirnov [67].) Thus, the representation space H splits into 
the direct sum of subspaces 


H=H, + 2 Ao (2) 


where H, is the subspace of all vectors f with the eigenvalue 0, that 
is, those for which T, f = 0; H,,, is the subspace of all eigenvectors 
of T, with the given cigenvalue A, #9. All the spaces H, , are 
finite-dimensional. Obviously, a snnila decomposition holds for 
every invariant subspace H’ © H, namely: 


= Hi,+ x4 oa (3) 


where H, < H,, Hy, © A, 

Now we consider all posible subspaces H, ,, where 9 ranges 
over the continuous finite functions satisfying (1). Let H, be the 
minimal subspace containing all the H,,. We show ‘hae A, 
coincides with the whole space H. 

Suppose the contrary. We choose a vector f #0 from the 
orthogonal complement of H,. This vector is orthogonal to the 
H,,.», and so by (2) it belongs to H,. In other words, Tf = 0 for 
every function g. We show that this is impossible. 

From the definition of the representation of a group it follows 
that the sequence of vectors T(g) f converges to f when g converges 
to the unit element. Thus, for every ¢ > 0 we can find a neighbor- 
hood U of the unit element for which 


IT@f-fi<e tft 


when g € U. We choose a continuous finite function (g) satisfying 
apart from (1) also the following two conditions: 

1. g(g) is concentrated in. U and assumes only real nonnegative 
values. 


2. § v(g) dg = 1. 
For such a function o(g) we have 


T of —f =| o@ (TS —f) a 


U 
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Consequently, 


ITF —S <| oe) IT(e)f —filde <elf\. 


U 
Since T,f = 0 by our assumption, we then have |'f || < « 'f | 
for every € > 0, which is impossible. 

So we have shown that the minimal space containing all the 
finite-dimensional spaces H, , coincides with the whole space H. 
Hence, from (3) it follows that every invariant subspace of H has 
a nonzero intersection with at least one H, ,. On the basis of this 
fact we construct a decomposition of H into the direct sum of 
invariant irreducible subspaces. 

We fix an arbitrary subspace H, , and examine the intersection 
of H,,, with all invariant subspaces of H. From these intersections 
we select a nonzero subspace of minimal dimension, which we 
denote by H;,. We take all the invariant subspaces that intersect 
H,, in H),. Among them is a minimal subspace H,, the 
intersection of all these spaces. 

Let us show that H, is irreducible. For suppose that H, can 
be decomposed into the direct sum of invariant subspaces 


A, = Ay + Ap. 


From the definition it follows that Hj), must be contained entircly 
in onc of the subspaces H,, and H,,. But this contradicts the fact 
that H, is the minimal invariant subspace containing H,, ,. 

So we have selected an invariant irreducible subspace H, of H. 
We consider the decomposition H = H, + Hi, where Hy is the 
orthogonal complement to H,. Now H, is invariant. Consequently, 
there exists a space H, , with which H{ has a nonzero intersection. 
Repeating the preceding arguments for Hj we can select in Hy an 
invariant irreducible subspace H, etc. 

Continuing this process transfinitely, we obtain the required 


decomposition 
H => H, (4) 


of H into a direct sum of invariant irreducible subspaces H,. Since 
HT is a separable space, the set of terms in this sum cannot be more 
than countable. 

Finally, let us show that the multiplicity of each irreducible 
representation occurring in A is finite. We consider an arbitrary 
irreducible subspace H, of H in (4). We can pick out an operator 
I, having in H, an eigenvector with the eigenvalue 2 40. But 
then clearly every space H, in which an equivalent representation 
acts also contains an cigenvector of 7’, with the same eigenvalue 
+ -#Q. However, there are only finitely many linearly independent 
eigenvectors of J, with the given eigenvalue 4 +0. Hence the 
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number of spaces H, equivalent to H, is finite. This completes the 
proof of the lemma. 

So we have shown that the spectrum of the representation of a 
locally compact group G connected with a discrete subgroup I is 
discrete and of finite multiplicity, when X = [°\G is a compact 
space. 


We call a unitary representation T of a group G completely continuous if for 
every summable function y on G the operator T, is completely continuous. 
We have shown that every completely continuous representation has a discrete 
spectrum of finite multiplicity. We can give a necessary and sufficient condition 
for T to be a completely continuous representation, in terms of its spectrum: 
the representation T = > -T; is completely continuous if and only if: 

1. Each irreducible component T; is completely continuous. 


2. The sequence {T,} has no limit points in the set @ of all irreducible 
representations of G, endowed with the natural topology. 

For a wide class of Lie groups, in particular for all semisimple and all nil- 
potent groups, it can be shown that every continuous unitary representation is 
completely reducible. Hence for these groups the first condition always holds. 
‘The second condition is clearly a sharper form of the postulate that the spectrum 
is of finite multiplicity. 


4. The Trace Formula. Again, let T(g) be a representation of 
a locally compact group G and induced by a discrete subgroup [ 
such that X = ['\G is a compact space. In § 2.3 we have shown 
that 7 (g) has a discrete spectrum of finite multiplicity. In a certain 
sense, the trace formula, which we derive in this subsection, embraces 
a complete classification of all irreducible representations occurring 
in T(g). 

Since our operators T(g), being unitary operators in an 
infinite-dimensional space, do not have a trace in the usual sense, we 
discuss the operators 


T, =| o(8)T(e) de. 


As we have shown in § 2.2, they are, under certain conditions on 
y(g), completely continuous integral operators. This is so, for 
example, when 9(g) is a finite continuous function, and also in the 
more general case when (g) satisfies the estimate 


| p(go) | < | os(o dg, (1) 
U 


where U is a compact neighborhood of the unit element of G, and 
9,(g) is a nonnegative summable function on G. 

We assume further that the T, are self-adjoint positive definite 
operators. This is true for functions of the form 


v(g) = v(g) * p(g-*). 
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The kernels K(g,, g2) of the J, are given by the following 
formula: 


K (81, 2) = 2. P(8' V82) x(y)- (2) 


Here x(y) is a fixed finite-dimensional unitary representation of the 
subgroup I‘ by which 7g) was defined. 

From the continuity of K(g,, g.) and the compactness of 
X = I\G it follows that the self-adjoint positive definite operator 
T, has a trace, namely 


for K(ee) de ={( Zoe) Tex) dO) 


where Tr K(g, g) is the trace of the matrix K(g, g), Tr x(y) is the 
trace of the matrix y(y), and F is a fundamental domain. 

Now we calculate the trace of 7, by another method. For this 
purpose we make a preliminary important assumption on the group 
G itself. 

We assume that for every irreducible unitary representation 
T,(g) of G and every function 9(g) € S, where S$ is a linear space of 
functions, everywhere dense in the space of continuous functions on 
G, the operator 


a { ple)Te(g) de (4) 


is completely continuous, has the trace Tr (7%); this trace Tr (7%) is 
a continuous function in S. 
If this assumption is satisfied, then we can write 


Tr (7%) =| w(e)on(e) de, 6) 


where o;,(g) is a generalized function on G. It is natural to treat this 
generalized function o,(g) as the trace of the representation operator 
T,(g) itself. It is usually called the character of the given 
representation 7;,(g). 


The condition we have stated holds for all semisimple Lie 
groups. f 


The importance of the concept of the character of a representation is clear 
from the following result: If G is a semisimple Lie group, then every irreducible 
unilary representation of it is uniquely determined by its character. 

In later parts of the book we obtain explicit formulae for the characters of 
the irreducible representations of some groups. 


_ _ t In the case of semisimple Lie groups we can take for S$ the space of all finite 
infinitely differentiable functions on G. 
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Suppose then that G satisfies the assumption we have made. 
Let H,,..., H,, ... be the irreducible inequivalent subspaccs into 
which the representation space of T'(g) splits, and My,..., Ny, --- 
the multiplicities with which they occur in this decomposition. 

By hypothesis, 7, has a trace in H,, namely 


{ oe) o(g) dg, 


vy 


where o;(g) is the character of an irreducible representation in H,,. 
But then the trace of 7, on the whole representation space of T(g) 


is 2 
2 N. .{ p(g)o,(g) dg. (6) 


When we equate the expressions (3) and (6) for the trace of T',, 
we obtain the required trace formula: Let I’ be a discrete subgroup 
of G such that X =1'\ Gis a compact space; let T(g) be the representation 
of G induced by a finite-dimensional unitary representation x(7) of G. Let 
o,(g) be the characters of the irreducible representations contained in T(g), 
and N, the multiplicities with which they occur in this representation. Then: 


{(3 p(g-*yg) Tr (9) dg = 5 ,{ o o.(g) dg. (7) 
i G 


In this formula Tr y(y) denotes the trace of the matrix 7(y). 
Notc that in the simplest case, when x(y) 1s the unit representa- 
tion, the trace formula takes the following form: 


[ (3 ve7%v8)) de = $ wel ole) ante) a. (8) 
a ye rs bd 

Let us discuss some consequences of the trace formula. 

1. Let G be a compact group. Then we derive from the trace 
formula explicit expressions for the multiplicities N,. For we set 


@(g) = o,(g). It is well known that the characters of inequivalent 
representations are orthogonal to each other, that is,t 


lane : when k =m, 


0,(g)o,(g) dg = 
JeRBen(e) 4 =|) nen kom. 


Consequently the right-hand side of (7) gives us the multiplicity NV, 
with which the representation H, occurs. But the left-hand side is 
equal to 


[ (3 ee) Tr xt) ae 


= GAG) Te lv) [de = 5- Beal) Te 100. 


+t The measure dg is assumed to be normalized by the condition § dg = 1. 
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(The volume of F is obviously equal to 1/n,, where ny is of the order 
of I.) 
So we find the following formula for the multiplicity N,: 


N, =-¥ oily) Tr x()- (9) 


nr yel 


In the particular case when y(y) is the unitary representation, this 
formula simplifies: 


N, ay iii: (10) 


nr 


2. Let G be the group of real matrices of order 2 with determinant |. For 
the purpose of obtaining a similar device to determine the multiplicity N,, with 
which an irreducible representation Hj, occurs in H, it is sufficient to find a 
function g(g) for which the estimate (1) holds, and in addition 


l, when m =k, 


reente dg = i Peer (11) 


Gi 


Since the character a,,(g) depends only on the eigenvalues of the matrix géG, 
such a function (g) is not necessarily unique. 

Later we shall sce that G has two types of representation—representations of 
the continuous scries and representations of the discrete series. 

It can be shown that for representations of the continuous series functions 
¢(g) satisfying (11) do not exist. 

Yor if y(g) satisfies (11), then in any case 


{ love ae < o. 
G 


We consider the function 


h(s) ~ {oe o,(g) dg, 
G 


where o,(g) is the character of the representation of the principal continuous 
series with index s (s is a purely imaginary number). ‘This character is given by 
the following formula: 

_ ol * Aol 


Co = 
s(8) |A, _ Ji | > 


in case the eigenvalucs 2, and A>} of g are real; and 


o,(g) — 0, 


in case A, and A>! are complex. 

It can be shown that the function A(s) is analytic in the domain |Res| < 1. 
lor our purposes we need a function (g) for which A(s) differs from zero only 
near a fixed point sg. Clearly such functions (g) do not exist. 

Yor the representations of the discrete scries the position is different: for 
them such a function does exist. 

For let 7;,,(g) be a representation of the discrete series with the index a, 
realized in the space of functions that are analytic in the upper half-plane (see 
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below § 3.3). Then we may take for the required function ¢(g) 


e”9(Im z)rr? 
Pn(g) = —“Gaae 
_ Sa2 1 Ben 

S12 + ar” 
obtain a finite expression for the multiplicity N,, with which T,,(g) occurs in T(g). 
We shall find this later, in § 5.7, by applying somiewhat different methods. 


where z = , 0 = arg (gy. ~— 121). Substituting g,(g) in (7) we 


5. Another Form of the Trace Formula. Let us transform the 
trace formula into a more convenient form. We shall show that 
the left-hand side of the equation (7) in § 2.4 can be brought to the 
following form: 


SwLy\G) Tex) J ele-tve) de (1) 
Gy\@ 


where y ranges over exactly one representation from each class of 
conjugate clements in ['. Here G, denotes the centralizer of y in G; 
thus, 


i= { e(g-*yg) dg 
Gy\G 
is the integral of gy over the class of all elements in G that are 
conjugate to y; I’, denotes the centralizer of yin T; w(T,\G,) is 
the measure of the : space I, \ G, (it is not difficult to check that this 
measure is finite). 

To prove (1) is a valid formula, we split the elements y into 
conjugacy classes with respect to [’. Clearly the expression Tr x(y) 
is constant on each of these classes. 

Therefore the left-hand side of the trace formula can be written: 


ET x) [(¥ ety 8) de, 


where the inner summation is over a class of conjugate elements and 
the outer one over the set of these classes. Now we transform the 
expression under the inner sum sign. 

We select one of the conjugacy classes. It consists of elements of 
the form 

Y =%Ve 

where y is fixed and y, ranges over ['. Note that when y, ranges 
over I, each such element y’ is obtained several times. For two 
elements y; and y», determine one and the same element y’ if and 
only if (Yar; \y(yivj*) = y, that is, if ViVi" belongs to the centralizer 
lr, of yin I. Hence, to obtain each element y’ ofa conjugacy class 
precisely once, the y; must range over only one representative of 
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each coset I‘, \ I. So we have 
> o(g-ty’s) = > ve yi*y7ig)s 
y’ yeePy\C 


where y; ranges over a set of coset representatives of T,\ Tl; 
consequently, 


[(¥ eer'e) de =] (E oerrstrre) ae 


=] v(g-*vg) dg, 
Fy 
where the integral is taken over the set 
Fr= 2 vF. 
yer yr 


It is clear that F, is a fundamental set of the subgroup I, in G. So 
we have 


{( o(e-*y's)) de = p(g-*yg) dg. 
F Ty\G 


Now let G, be the centralizer of y in the whole group G. Then we 
have 


p(g-tyg) dg = { | plete; eg) 41 4g 
ry\G Gy\G Ty\Qy 


p(g-*yg) dg; dg 
Gy\@ Ty\Gy 


u(T,\G,) { p(g-tyg) dg. 
Gy\G 


l 


Hence, when ’ ranges over the set of conjugates to y in T, we have 
{(z o(e-*y's)) dg = w(T,\G,) { p(g-*yg) ag. 
¥ Gy\G 


Multiplying this equation by Tr y(v) and summing over the set of 
conjugacy classes in I we obtain the required expression (1). 

We state the final result. Let G be a locally compact group and 
Y a discrete subgroup for which 1 \ G is a compact space; let x(y) be a 
unitary representation of T' and T(g) the representation of G induced by 
x(y). 
Let o,(g), k = 1,2,..., be the characters of the irreducible unitary 
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representations contained in T(g) and N,, their multiplicities. Then for every 
finite function o(g) on G the following trace formula holds : 


5 Nef wle)oa(e) de =ZTe xlrm(P,\G,) f olerve) de. (2) 
Gy\G 


Here Tr y(y) is the trace of the matrix y(y); G, and I’, are the 
centralizers of y in G and I, respectively; the summation is taken 
over the set of conjugacy classes in I. We note that 


p(g-*yg) dg 
Gy\G 


is nothing but the integral over the class of elements conjugate to 
y in G. 

The trace formula can be presented in yet another form, by 
going over from ¢(g) to its Fourier transform. For let o(g) range 
over the characters of all irreducible unitary representations of G. 
From the function g(g) on G we go over to its Fourier transform 


h(a) =| ole) (8) de. (3) 
Then the left-hand side of the trace formula can be written in the form 
> h( ox) 3 
k 


where the sum is taken over all the irreducible representations 6; 
contained in T(g), and each term is repeated as often as the 
multiplicity of the representation indicates. 

On the other hand, every term on the right-hand side of the 
trace formula can also be expressed by A(o) as a certain integral 


[eoVv,(a do. 


The integral is taken over the set of all irreducible unitary represen- 
tations of G. Then the trace formula assumes the following form: 


Sa) =¥ [A(a)y,(0) do, 


where the summation on the right is taken over the set of conjugacy 
classes in I’. 

Our problem is to obtain an explicit expression for the function 
y,(o). In §5 this problem will be solved for the group of real 
unimodular matrices of order 2. 
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§3. IRREDUCIBLE UNITARY REPRESENTATIONS 
OF THE GROUP OF REAL UNIMODULAR 
MATRICES OF ORDER 2 


In this section we give a classification of the irreducible unitary 
representations of the group G of real unimodular matrices of order 
2. Asarule, the results are stated without proof. The reader will 
find details on the representations of G in Chapter 2, where we 
study representations of the group of matrices of order 2 with 
clements from an arbitrary locally compact field (see also Gel’fand 
et al. [27], Chapter 7). 


1. The Principal Series of Irreducible Unitary Representations. 
The irreducible unitary representations of G, other than the unit 
representation, split into three series—the principal continuous, the 
supplementary, and the discrete. To begin with we describe 
the simplest class of irreducible unitary representations—the 
representations of the principal series. 

We consider an affine plane X with the origin of coordinates 
deleted (henceforth, when we talk of an affine plane X, we always 
assume that the origin of coordinates is deleted and that the 
appropriate topology is introduced in X). The plane X is a homo- 
geneous space in which G acts as a group of affine transformations. 
&u $12 


Yor the element g = ( 
§21 S22 


of G carrics an arbitrary point 
x = (%, ¥,) into 
XE = (X81 + Xo8or, *1812 + *2822)- (1) 


We consider the space H of measurable functions f(x), x € X, 
of integrable square: 


fifepie dx = [fer a)? dey day < 00. 
We give the representation operators 7'(g) by the following formula: 


T(g)f(*) =F (xg). (2) 


This representation is unitary, because the measure dx = dx, dx, is 
preserved under the transformations x — xg. 

The representation T'(g) is reducible. By decomposing it into 
irreducible representations we obtain the principal series of 


representations. Let us show how this decomposition can be carried 
out. 
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First of all we divide the set of functions f(x) into even and 
odd ones. The even and odd functions obviously form invariant 
subspaces which we denote, respectively, by H*+ and H-. 

Consider, for example, the space of even functions f +(x). We 
set 


f(a) =f Frege de 3 
0 
where 5 is pure imaginary. The functions f;+(x) are homogeneous; 
indeed, 
fe (tx) = Uel* FT (*). (4) 
We introduce a norm in the space H+ of functions f{'(x) by setting 
fel? = | eer ae, (5) 
jaj=1 
where dq is the Haar measure on the unit circle |x| = 1. It is easy 
to verify that the representation T(g) in Hf given by the formula 
T(g)fs(x) =F 7 (x8) (6) 


is unitary. This representation is irreducible. Similarly we construct 
representations in the spaces H> of odd functions. 

The representations in the spaces H{ and H7 form the so- 
called principal continuous series of irreducible unitary representa- 
tions of G. In what follows it is convenient to call the representations 
in the spaces H+ of even functions representations of the first 
principal series, and those in the spaces H; of odd functions 
representations of the second principal series. 

It can be shown that the representations corresponding to 5 
and —s (in the case of even and of odd functions separately) are 
equivalent and that otherwise the representations are inequivalent; 
thus, each irreducible representation occurs here twice. This point 
is very important for us later. 

The representation in H splits into these representations of the 
principal series. For from the Parseval formula for the Mellin 
transform it is immediately clear that. 


+00 +a 


weet =f afsueaty + | weit ats. (7) 


—a 
There is another realization of the representations of the 
principal continuous series. 
We obtain it by taking instead of the homogeneous functions 
of two variables f(x,, x2) functions of a single variable (x), 
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connected with the f by the following relation: 


p(x) =f (x, 1). (8) 
(Obviously the homogeneous function f,(x,, x2) is uniquely deter- 
mined by 9(x).) Then we obtain the following realization of the 
representations of the principal continuous series. 

The representations of the first principal series H { are realized 
in the space of functions g(x) on the real line with the scalar product 


+o 


(pr 92) = | vile) a) de 9) 

The representation operators are given by the following formula: 
LL 

Pio: (ent = en) paige 10 

(2) (x) = Zk + Soo S12 Seal (10) 


where 5 is imaginary. 

The representations of the second principal series H ; are also 
realized in the space of functions on the real line with the scalar 
product (9). But the representation operators are given by the 
following formula: 


x+ : 
T(g) ¢(*) = (Eu + bx) |S12x + Saal** sign (gyex + gee). (11) 
S1o% ~~ S22 


2. The Supplementary Series of Representations. Let s 4 0 
be a real number in the interval —1.<s5 <1. By H? we denote 
the space of even functions f(x), satisfying the condition of homo- 
geneity (4). The scalar product in H? is given by the following 
formula: 


oty= ff Re eee a0 ae, 
where j2"|=1 |2"|=1 


K (x's 8") = (eg — el (2) 


(Where s < 0, the integral must be understood in the sense of the 
regularizing value [27].) 

We define the representation operator T(g), as before, by the 
formula (6) of § 3.1. It can be shown that the representations T (g) 
are unitary and irreducible; they are equivalent only for s and —s. 
These representations are said to belong to the supplementary series. 

We now indicate another realization of the representations of 
the supplementary series. It is obtained when instead of the homo- 
geneous functions of two variables f(x,, x3) we consider functions 
of a single variable p(x) = /(*, 1). 
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A representation of the supplementary scries H {, where s 4 0 
is a real number in the interval —1 <s < 1, is realized in the space 
of functions on the real line with the scalar product 


+0 +0 


(1, G2) = } { |x, — x,|*"? P1(%1) Po(%2) dx dX». (3) 


-o —” 


The representation operators are given by the formula 


T(g) p(x) = (Eu + en) lZ1e% + Soel*?. (4) 


£12% + Soo 


3. The Discrete Series of Representations. This serics consists 
of two parts. One half is realized in the space of functions of a 
complex variable z that are analytic in the upper half-plane 
Im z > 0. The representation operators are given by the following 
formula: 


+ 8 
T(g) (z) = (Suz + én) z+ 82s)-*-}, 1 
(8) (2) = PY TT og) 82 + See) (1) 
where n is a nonnegative integer which determines the representa- 
tion. The scalar product is defined as follows: 


isgoe { p:(z)pny* dx dy, = when n>0, (2) 
TImz>0 


+0 


(py oe) = foils) ga) dx, when n= 0, (3) 


—~O 


where ¢9,(x) and g(x) are the boundary values of the analytic 
functions 9,(z) and @,(z) on the real axis. 

The other half of the discrete series is realized in the space 
of functions that are analytic in the lower half-plane. The represen- 
tation operators are given by the same formula (1) as in the case of 
the first half of the discrete series. The scalar product is defined by a 
formula analogous to (2). No two representations of the discrete 
series are equivalent. 


4. Another Realization of the Representations of the Principal 
and the Supplementary Series. Here we discuss two classes of 
representations: representations of the first principal series realized 
in the space H+ of even functions, and representations of the 
supplementary series. 

These representations have the following important property. 
The representation space contains a vector f(x) invariant under the 
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operators J(u), where u ranges over the orthogonal matrices: 


cost sint 
u = “ ° 
—sinf cost 


Indeed, such a vector is 
s—1 


So(*) = (ai + 49) *. (1) 
Let us show that there are no other vectors invariant under the opcrators 
T(x). 
Let f be a vector for which 


TMS =f 


Sf (x, cost — x, sin t, x, sin f + x, cost) = f(x, x2) 


that is 


for every t. From this equation it follows immediately that f is a function of 

x? + 22 only: f =f (x? + x3). But since furthermore / is homogeneous of degree 
s-1 

s — 1, itis clear that f = C(x? + x3) 2. 

Using this property of the representations we now construct 
another realization in the space of functions on U\ G, where U is 
the subgroup of orthogonal matrices. 

With every function f(x) in the representation space H > we 
associate the function g(g) on G defined by the following formula: 


e(g) = (T(g)% fo) (2) 


Here fy is a vector in H+ invariant under the operators T'(u), and 
the expression on the right denotes the scalar product in Hf. 


We show that the map 
f(x) > (8) 
1s one to one, 


For the kernel of this map is obviously an invariant subspace of 
H+, Since H+ is irreducible, this kernel either coincides with H > 
or is the null space. But it cannot coincide with H }, because the 
image of the function f,(x) is different from zero. Therefore the 
kernel of the map f — is the null space. 

From the functions f(x) we go over to the functions 


y(g) = (Te) to) 


and in this way we interpret the representation in the space of the 
functions gy(g). Let us show that in the space of functions g(g) the 
representation operator T(g) is given by the following formula: 


T (80) (8) = (880): (3) 


For if we apply to f the operator T(g,), then the corresponding 
function 9(g) = (T(g)f, fo) goes over into 


p(s) = (T(g)T (eo) fi fo) = (T (880) Ff, fo) = (880). 
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As a result we obtain a new realization of the representation 
T (g), which is constructed in a certain space of functions p(g) on G. 
The representation operator 7'(g) is given by (3). 

We denote the space of functions g(g) so obtained, as before, 
by H}. 

Let us study the main properties of the functions g(g) in the 
space H?: 

Ls The functions y(g) are bounded. For from the equation 
g(g) = (T(g)f fo) it follows that |g(g)l? < IT(e) fil Ifoll. But 
T (g) is a unitary operator, therefore ||T(g)f || = ||f ||. So we have 
lo(g)l2 < Wf tt toll, that is, y(g) is a bounded function. 

2. The functions g(g) are infinitely differentiable in g. To 
prove this we write down an explicit expression of o(g) in terms of 
the function f(x, x2). By definition 


e(g) = (4, Tle) fo)- 
Using the formula for the scalar product in Ht (see § 3.1 and § 3.2) 
and the formula for the operator T'(g) we may write this expression 
in the following explicit forms: 
For a representation of the principal series 
s-l 
P(g) 4 SF (%1» 2) [(%1ge2 ~ X28er)® + (—Hgie + %28un)?]* do. 
wt+e2—1 (4) 


For a representation of the supplementary series 


p(g) = | Sf (X15 %2) |X Pe — Xo? [91822 — P2821)? 
titez=1 
vtyj=1 s—1 
+ (91812 +928u)7] ? dei dpe (5) 
The fact that (g) is an infinitely differentiable function of 
the variables g,, follows immediately from these formulae. Observe 
that if L, is an arbitrary linear differential operator on G, then the 
formula for differentiation under the integral sign holds: 


L,o(g) =(fL,T(g*)fr)- 
The detailed verification of these facts is left to the reader. 
3. The functions g(g) are constant on the right cosets in G of 
the subgroup U of orthogonal matrices, that is, 


glug) = 9(g) 
for every orthogonal matrix 


cost sint 
“= : F 
—sint cosf 
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For we have 
plug) = (T(ug) fh fo) = (TH) T (2) fh fo) = (T(8)f, T(u) fo)- 


But the vector fy is invariant under T(u), that is, T(u) fo = fo. 


Consequently g(ug) = (T(g)f, fo) = 9(g)- 


By what we have proved, the functions y(g) may be regarded 
as given in the space of cosets U\G. Let us show that the homo- 
geneous space U \ G is isomorphic to the half-plane Im z > 0 of the 
plane of the complex variable z on which G acts as a group of linear 
fractional transformations. 

On the half-plane _Imz> 0 we fix the point z» =7 and 
associate with every point z the set of all elements g of G that carry 7 
into this point z, that is, 

ur + Sar 
tie + Sos 


This defines a map of G onto the upper half-plane. The set of 
elements g that are carried under this map into 2, that is, for which 


fir + Sar 

112 + See 
obviously forms the subgroup U of orthogonal matrices. Hence it is 
clear that under this map the inverse images of the points z are 
the cosets Ug. As a result we obtain a one-to-one correspondence 
between the cosets Ug and the points z of the half-plane Im z > 0. 
Clearly under the transformation g — gg, the corresponding point z 
is subjected to the fractional-linear transformation with the matrix 
80: 


= Z. 


= 1, 


1 _ 7811 + Sa 

Z812 + S22 
So the functions » can be regarded as functions on the upper 
half-plane Im z > 0, and we write o(z) instead of p(g). 

Let us find the expression of a function g(z) in terms of the 
original functions f(x, x2). Let z = x + iy be a point of the upper 
half-plane, and Ug the coset that is the inverse image of z; we recall 
that this set consists of the matrices that carry 2 into z. It is easily 
checked that we can take as representative of this class the following 


matrix: 
t 0 
&z — (? } (6) 
xyt yt 


So the functions g(z) are expressed in terms of the original functions 
J (1, %2) by the following formula: 


p(z) = (T(g.)f fo): 


where g, is a matrix of the form (6). 


Z>Z 
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We state the final result. 

The space H+ of an irreducible representation of the first 
principal or the supplementary series may be realized as a space of 
infinitely differentiable bounded functions y(z) on the upper half 
plane Imz > 0. In this realization the representation operator 
T (g) is defined by the following formula: 


| (28a sss) 
T(e)9(2) = o( aes 

Observe that we have not obtained a complete classification of 
the functions g(z) of which the space H} consists. Furthermore, 
we have not found an explicit formula for the scalar product in the 
space of functions ¢(z). 

In the next subsection we obtain additional information on the 
space H+. 


5. The Laplace Operator A. The Space ©,. We examine the 
space of all infinitely differentiable functions g(z) on the upper half- 
plane Im z > 0. We define representation operators T(g) of the 
group G by the following formula: 


Te) 92) = o( 22 =e). (1) 


We show that on the half-plane Im z > 0 there exists a differential 
operator of the second order A that is permutable with all the 
operators T'(g): 


AT(g) = T(g)A (2) 
or in more detail, 
2811 -F Sar 2811 S21 ' 
a oS -onese) 8 
E 2812 1 S22 (A9) 2812 + S22 2) 
For let us consider the operator 
Q? ( a? =) 
—— — Zz)? = —y*4{— 4+ —}. 
Bea EE apap Noes aye (3) 
28 + 821 


We show that it satisfies the relation (2). We set 2) = : 
2812 + Soe 


0 () 0 0 
Then we have: = | = (28. + B22)" 5 a (Ze,. + 822)? 55 


0z’ Zz 
z’ — 2 = |zgy2 + Bool? (z — Z)’ Hence we immediately obtain 


2 o2 
, a =? Diane ree oS __ 8 soe 
(2) — 2° oop = % — 42 Tae: 


Obviously, this equation is equivalent to (2). 
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2 2 
So we have shown that the operator A = *( d Q 


Ox? ~ oy? 
commutes with the operators 7(g). We call this A the Laplace 
operator on the half-plane Im z > 0. 


It is not difficult to verify that every other differential operator of the second 
order that commutes with the operators T(g) is of the form 


aA “F B, 


where «, f are constants. For suppose that the operator 


2 2 


‘ ez a a a a 
1 = 4(2) 53 + eZ) Gem + aal2) Gos + aalz) GE + a8(2) Ze 1 aol) 


satisfies the commutativity condition (2). When the matrix g has the form 


1 0 
g= ( ) this condition yields: a,(z -|. y) = ,(z), where y is any real 


number, i =: 1, ..., 6. Consequently the coefficients a,(z) depend only on 
Im z = y. So we have 
a;(z) = a;(y). 
2 0 
Next we apply condition (2) to the case when g = a. ele We find that 


a,( Ay) = A4a,(y) fori = 1, 2,3; a,(A2y) = A®a,(y) fori = 4,5; ag(A2y) = ag(y). 
Consequently a;(y) = «,y? fori = 1, 2, 3; a,(y) = a,y fori = 4,55; ag(y) = a 
where the «; are constant. 0 

Finally, by applying condition (2) to the case when g = ( 


} 
) we easily 
check that a) — a% = a = 4, =.0. 0 


—1 


In the preceding subsection we obtained a realization of the 
representations of the principal and supplementary series of G in 
certain subspaces Hy of infinitely differentiable functions ¢(z), 
Im z > 0. Let us clarify what form the Laplace operator A assumes 
in each of these subspaces. 

We shall show that on H, the Laplace operator A is a multiple 
of the unit operator, namely: 


1 — s? 


A= ri 


E, (4) 


where E is the unit operator. 


For the proof we make use of the integral representation of the 
functions (z) : 


9(2) = (T(e)h fo) = (4 T(az")fo) 


s—1 


where fo(x) = (x? + x2) 2 , and the scalar product (., .) is defined, 
asin § 3.1 and § 3.2 by the following formulae: 


ffs) = { filo dp 


[r[=1 
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for the representations of the principal series; 
(of) = [| bsixd = act Ale Yale”) do’ do” 


|z"|=1 |2"|=1 


for the representations of the supplementary scries. Differentiating 
under the integral sign we find that 


Ae(z) = (f AY(g7"\f)- 
Hence it is sufficient to verify that 


oe Sent 


AT (g7") folx) = —Q— T(87") fol)- (5) 


The validity of the relation (5) comes out by a direct check. We have 


Consequently, 
s—l s—1 


T(e3) fo = T (gy) (8 + 28) ® = Lot — ee)? + xd] *- 


We rewrite this expression in the variables z = x + zy and Z: 


T(g;")fo = E ee 7. 


ZZ 
7] 
When we now apply the Laplace operator A = (z — Z)? a7 02 to this 
expression, we obtain eee 
s—l a 
NE (52 a x1) (%22 Pa a)" 
z—Z 


s—1 
1 — s? | (xoZ — X)(%eZ — ie 
= ——. | 22° —_— ‘ 

4 y ae 4 
This proves (5). 

We now give a final statement of the results obtained. Let 
T(g) be a representation of the fundamental or the supplementary 
series, fy a vector in the representation space H and invariant under 
the operators J(u), where u ranges over the set of orthogonal 
matrices. With every vector f from the representation space we 
associate the function ¢(g) defined by the formula 


vg) = (T(a)f, fo)- 


In § 3.3 we have shown that the correspondence f — is one to one 
and that the functions g(g) are bounded and infinitely differentiable. 
Next we have established that the functions g are constant on the 
cosets of the subgroup U of orthogonal matrices, so that they can be 
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treated as functions in the coset space U\G. Since U\G is iso- 
morphic to the upper half-plane Im z > 0 of the plane of the 
complex variable z, y may also be regarded as a function (z) given 
on the upper half-plane. The original representation T(g) can be 
assumed to be given in the space of these functions g(z). Then the 
representation operators 7'(g) are given by the following formula: 


T (g)9(z) = (Zn tee), (6) 


In this subsection we have shown that the functions g(z) are 


2 . 
cigenfunctions of the operator A = (z — Z)? 7 35° corresponding 
] — 52 
to the eigenvalue : 
1 — s* 
Ag(z) =—{— 9(2)- (7) 


Note that the converse statement does not hold:+ not every 
solution of (7) belongs to the space H;. 

Occasionally it is convenient not to use the Hilbert space Hy, 
in which the representations were constructed in the first instance, 
but an extension of it—the space Q, of all solutions of the equation 
(7). We can endow this space 2, with a natural topology in which 
it becomes a complete topological space. Obviously, the represen- 
tation T(g) extends from H; to the whole space Q,; the 
representation operators are given on ©, by the same formula (6). 

We call this space ©, the complete space connected with the given 
irreducible representation T(g). It plays a fundamental role in the 
duality theorem (§ 4). 

Without proof we state some properties of Q,: 

1. H+ is an everywhere dense subset of ©. 

2. Q, is irreducible in all reasonable interpretations of this 
term [27]. In particular, Q, does not contain a closed invariant 
subspace; there is no bounded operator in ©, other than the unit 
operator, that commutes with al] the operators T(g). 
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In § 2 we raised the following problem: for a given represen- 
tation T(g) of the group G and induced by a discrete subgroup I, 


+ For example, the equation (7) has unbounded solutions. However, all the 
functions »(z) € H+ are bounded. 
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it is required to find the spectrum of 7'(g), in other words, to 
decompose this representation into irreducible ones. 

In this section we establish a conncction between this problem 
and the classical problems of the theory of automorphic forms. We 
show that the multiplicity with which a given irreducible represen- 
tation occurs in T(g) is equal to the dimension of the space of 
automorphic forms associated with this irreducible representation. 
The concept of an automorphic form will be explained later. 

The arguments to be used here are very easy to understand when 
G is a compact group and I any subgroup of it, not necessarily discrete. 

Let z(y) be an irreducible representation of T and 7(g) the 
representation of G induced by it. We want to find the multiplicity 
with which a given irreducible representation 7,,(g) is contained in 
T(g). For this purpose we consider the operators T',(y), where y 
ranges over I. They form a representation of I, which is, in 
general, reducible. Now it turns out that the following theorem 
holds. 

Duatity THeorem. The multiplicity with which an irreducible 
representation T,,(g) is contained in R(g) is equal to the multiplicity with 
which the irreducible representation y(y) of T is contained in T,(y). 

We mention the special case of this theorem when 7(y) is the 
unit representation of T. In this case T(g) is the representation in 
the space of functions f(x) on X = I \ G, defined by the formula 


T(g)f(*) =f (xg). 


The duality theorem can then be stated as follows. The multiplicity 
with which the irreducible representation T,,(g) is contained in T(g) 1s equal 
to the number of linearly independent vectors &— in the representation space 
T,(g) that are invariant under VY, that is, for which 

T,(y)& = & 
for everyy eV. 

Our task is to extend this result to noncompact groups. Note 
that the duality theorem does not directly go over to noncompact 
groups G. The main reason for this is the fact that, since irreducible 
unitary representations of such groups G arc, in general, infinite- 
dimensional, invariant vectors under T' need not lie in the Hilbert 
space of the representation. 

Nevertheless, an analogue to the duality theorem can be 
obtained for every semisimple Lie group G and a discrete subgroup 
of it for which the space X = [.\G is compact. For this purpose 
we have to extend the sct of functions on which the operators of the 
irreducible representation T’,(g) act. In other words, the irreducible 
representation 7',(g) must be given not in the Hilbert space, but in 
a certain extension 2, of it. For a number of Lic groups this space 
Q, can be described effectively. 
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We begin with a detailed account of the duality theorem for 
the case of the group of real matrices of order 2. For simplicity we 
discuss here not all the representations induced by subgroups I, 
but only the simplest of them—the representation generated by the 
homogeneous space X = I'\G. 

The general results concerning an arbitrary semisimple Lie 
group I" are given at the end of the section. 


1. Automorphic Forms. In this subsection we dcrive the 
duality theorem for the group G of real unimodular matrices of 
order 2. To state the theorem we need the concept of an 
automorphic form. 

Let T(g) be a unitary irreducible representation of a group G 
and let I be a discrete subgroup of G. Automorphic forms (relative 
to I) ought to be defined as vectors ¢ that are invariant in the 
representation space under the operators T(y), y € VP: 


T(y)& = &. 


However, when the representation is infinite-dimensional, this 
definition is not entirely satisfactory; it is natural to ask that the 
vectors ¢ should not necessarily lie in the representation space, but 
in a certain extension of it. 

So we introduce a precise concept of an automorphic form 
corresponding to the given irreducible representation of G. We 
recall that G has three series of irreducible representations—the 
principal continuous, the supplementary and the discrete serics. 

We begin with representations of the discrete series. According 
to § 3, the representations of the discrete series are given by a natural 
number n. Half of them are realized in the space H,, of all functions 


‘(z), Z =x -- iy, that are analytic in the upper half-plane and for 
which 


|p(z)|? py" dx dy < o. 


Im z>0 


The other half of the representations of the discrete series are 
realized in the space of functions that are analytic in the lower 


half-plane. The representation 7,,(g) is given by the following 
formula: 


2 + Sar 
Tye) 9(2) = p(SX2 282) (eyg2 + ga 2 l 
p(z) P iaz + Boo (S12 £22) (1) 
For the sake of precision we shall now discuss only the first half of the 
representations of the discrete scries. 

Instead of the space H,, we consider the space Q, of all func- 
Uons that are analytic in the upper half-plane and endow Q, with 
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the natural topology. So we obtain a complete space in which the 
representation of G defined by (1) also acts. It can be shown that 
this representation is (topologically) irreducible. 

An automorphic form for the representation 7',(g) of the 
discrete series is defined as a function (z) that is analytic in the 
upper half-plane and invariant under the operators T,,(y), that is, 
for which 


(2x2 + Ya 


BP at 2 
Mia + is (V1e 22) p(z) (2) 


for every ye VT. (This function need not lie in the Hilbert space 
H,.) 

Automorphic forms for the second half of the discrete series are 
defined similarly. 

Now we pass on to the representations of the principal and 
supplementary series. When we speak here of representations of the 
principal series, we have in mind only the representations T’,(g) 
that are realized in the spaccs of even functions on the affine plane 
(that is, those representations for which T,(—g) = T,(g)). 

From § 3.4 we know that a representation T,,(g) of the principal 
or supplementary series may be realized in a certain subspace of the 
functions g(z) defined on the upper half-plane Im z > 0 and 
satisfying the equation 

Ag (3) 
(We recall that the Laplace operator A commutes with the 
fractional-linear transformations of the half-plane.) 


The representation operator of 7',(g) is defined by the following 
formula: 


Il 
| 
te 
i) 
a 
2 
pe i<) 
r<) 
-+- 
in) 
w 
i) 
Ne” 
< 
— 
| | 
w& 
nw 
a) 


+ 21 
T. a= (gue tan), 4) 
9 a 2 Vee rig ( 
Note that equivalent representations correspond to the numbers s 


and —s; thus, the representation 7,,(g) is uniquely determined by 
1 ~— s? 


the eigenvaluc of the Laplace operator A. 


Now we introduce the space Q, of all functions g(z) defined in 
the upper half-plane and satisfying equation (3).t The operator 
T,(g) defined by (4) gives the representation of G in this space Q,. 
An automorphic form for the representation 7’,(g) of the principal 
or supplementary serics is defined as a function g(z) € Q, that is 
invariant under the operators 7,(y), y¢V, that is, for which 


t Since (3) is an elliptic equation, these functions are infinitely differentiable. 
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T,(v)9(z) = 9(z). A fractional automorphic form corresponding 
to the representation T,(g) is a function y(z) defined in the upper 
half-plane and satisfying the following condition: 


0? 0? eae (2x lr Ya) 
—— — 2 oe My SS — —— 
Ap=—-) (4 i lame 2 Rare a (2) 


for every ye I. 


2. Statement of the Duality Theorem. Let I be a discrete 
subgroup of the group G of real unimodular matrices of order 2 for 
which X = I \ G is a compact space. 

We consider the representation of G generated by X. We recall 
that it is constructed in the space of functions f(x), x € X, for which 


{ If)? de < 0, 


where dx is the invariant measure on X. The representation operator 
T (g) is given by the following formula: 


T(g)f(*) =f (x8). 


The representation T(g) splits into representations of the 
principal continuous, the supplementary, and the discrete series. 
For simplicity we assume that I contains the matrix 


0 
contain representations H; of the principal continuous series 
realized in the spaces of homogeneous odd functions on the affine 
plane. 

For under our assumptions 7(go) is the unit operator: 

T (go) f(x) =f (x), whereas for the representations H> we have 
T (gs) f = —f. For the same reason the decomposition of T (g) does 
not contain representations of the discrete series with an even index n. 

Since X is a compact space, T(g) splits (see § 2) into the sum 
of a countable number of irreducible representations, and each 
representation occurs in the decomposition with finite multiplicity. 
We want to know what irreducible representations actually occur 
in this decomposition and with what multiplicity. The answer is 
given by the following theorem. 

Dua.ity THEoreM. Each of the irreducible representations of G 
occurs in T'(g) with finite multiplicity, equal to the dimension of the space of 
the corresponding automorphic forms. 

In other words, if T,(g) is a representation of the fundamental 
or the supplementary series, then the multiplicity with which T,(g) 
occurs in T(g) is equal to the number of linearly independent 


—1 
Zo =| i) Then the decomposition of T(g) does not 
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functions (z) defined on the half-plane Im z > 0 and satisfying the 
condition 


02 0? 
= aia 2 —— — 
Ag(z) = — 3 (= = i) ? 


L 58 (222 + Yar 


leer rem \= 92) 


Yi2Z + Yee 
for every y € Il’. But if T,,(g) is a representation of the discrete series 
(acting, for example, in the space of functions analytic in the upper 
half-plane), then the multiplicity with which T,,(g) occurs in T(g) is 
equal to the number of functions ¢(z) that are analytic in the upper 
half-plane and satisfy the condition 


(222 +- Yea 
YieZ + Yee 


for every y € I’. The proof of the duality theorem will be given in 
the next subsection. 


(Y12eZ -+ Yoo)" } = (2Z) 


3. The Laplace Operator. An important role in the proof of 
the duality theorem is played by the Laplace operator A. Let T(g) 
be any unitary representation of G. We consider the following 
one-parameter subgroups of G: 


\) cosi sin? ) cosht sinht 
th = : = ; 
“ —sint cost ea sinhf cosht 


_() 
eb 0 
gst) = ‘ a) 


To these subgroups there correspond one-parameter groups of 
unitary operators in the representation space H of T(g): 


T(t) a T (g,(t)), k = l, 2. 3. (2) 


By the well-known Stone theorem, every one-parameter group 
T,({t) of unitary operators is of the form: 


T(t) = ett, (3) 
where U, is a self-adjoint operator in H. 
We define the operator A by the following formula: 
A = — (Uj — UZ — U5) (4) 
and call A the Laplace operator in H. 


Observe that the operators U, and A are defined not on the 
whole space H. However, they are defined on a certain everywhere 
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dense linear manifold in H. For let us call a vector f € H infinitely 
differentiable if T(g)f is an infinitely differentiable vector function 
of g. The set of infinitely differentiable vectors in H is called the 
Gérding space. It can be shown that the Garding space is everywhere 
dense in H and that 7U,, iU,, iU, and A are symmetric operators in 
the Garding space (see, for example, Nelson [48}). 

Let us compute the operator A on each irreducible invariant 
subspace of H. 

We show that on the Garding space of each irreducible space H 
the operator A is a multiple of the unit operator E.¢ Specifically, in 
the space of a representation 7,,(g) of the principal or supplementary 

1 — s? 


E; in the space of a representation of the discrete 
1 —n? 
4 

First we examine a representation 77(g) of the principal or 
supplementary series. From §3.3 and §3.4 we know that this 
representation can be realized in a certain space of infinitely 
differentiable functions g(z) defined on the half-plane Im z > 0 and 
satisfying the equation 


series A = 


E. 


series of index 2, A = 


02 1] — s? 
— 7)2 — 
ee) Oz OZ 7 oi (9) 
Here the representation operator of T*(g) has the form: 
£11Z + 821 
T+(g)o(2) = (fez). 6 
1 1 areal d Ipsererag se (6) 


When we substitute in (6) for g the matrix g,(t) and differentiate 
these expressions with respect to t, we obtain the following formulae 
for the operators U,, U2, Us: 


a a 
be aca 52) 
iU, = (1 + 22) (1 + 2%) a5, 
7) C] 
ae eee ey gee 
iv, = (1 2") 5 + (1 2?) => 
: 7] _ 0 
1U, = 2z = + 22 =. 
From this we find immediately that 
a 
= —M(U? — U2 — U2) = (z — 2)? Ir OE° 
1—s? 
Consequently, by (5) we have A = E. 


t More accurately, A = 2E on the Garding subspace. 
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Similar arguments hold for the representations T[(g) of the 
second fundamental series. 

Now we consider a representation of the discrete series T,,(g) 
contained in T(g). This representation is realized in the space of 
functions g(z) that are analytic either in the upper half-plane or in 
the lower half-plane. For the sake of precision, we shall now consider 
the first case. 

The representation operator of T,,(g) takes the following form: 


Suz 1 Sa 
Finegan (ee) z+ ooe)7 8, 7 
CC eae 4 (papain (S22 + S22) (7) 
Substituting in (7) for g the matrices g,(t) and differentiating with 
respect to ¢ we obtain the following formulae for the operators Uj, 
U,, Us: 


C) 
ae ee 
(+2) S(t lz, 


iU, = (1 — 20) 2 — (n+ 1)z, 


iU, 


I 


; i) 
iU, = 225 +(n +1). 
From this we find immediately that 


1 — n? 


A =: —M4(U} — U}-— U)) = —E. 


4. Proof of the Duality Theorem for Representations of the 
Continuous Series. Let 7,(g) be a representation of a principal or 
supplementary series. We have to show that the multiplicity with 
which this representation occurs in the representation 7'(g) 
generated by the space X = I \ G is equal to the largest number of 
corresponding linearly independent automorphic forms, that is, to 
the largest number of linearly independent functions ¢(z) defined 
on the half-plane Im z > 0 and satisfying the following condition: 


Yl Q2 me Goes 
lan aye ae 


Yuz + 2) 
———_———_—_——-}] = z 
dee + Yee (2) 


for every ye [. 

First we show that the multiplicity with which a representation 
T,(g) of the fundamental or supplementary series is contained in 
T (g) is equal to the largest number of linearly independent functions 
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on X = I'\G that satisfy the following condition: 


asa Tala (1) 


Here A is the Laplace operator constructed in § 4.3, and 


cost  siné 
&,(t) = ’ 


so that g,(¢) is an orthogonal matrix. 

For let H be the space on which T(g) acts, and H} its irreducible 
subspace on which the representation equivalent to T,(g) acts. We 
know that H+ contains one and, to within a constant factor, only 
one vector f for which T(g,(t)) f =f (sce § 3.4.); on this vector the 

2 


operator A is defined, and Af = : = : Je 


—sint cost 


On the other hand, suppose that the vector f € H satisfies the 
relations (1). Splitting H into a direct sum of irreducible subspaces 
relative to T(g), we have f= >f,, wheret f,¢H{. Then the 
vectors f;, also satisfy the relation T(g,(g))f, =/;, the operator A 

2 


is defined on them and Af, = maa . Since (Af fi.) = 4G AA), 
1—-s l-—s? 


4 4 


we have 


. Our assertion follows immediately from 


this. 

Now let us find the largest number of linearly independent 
functions f satisfying (1). For this purpose we introduce a convenient 
parametrization of G and extend the functions from X to the group G. 


Let g = es _ . As defining parameters for the matrix g 
S21. §22 


we take the complex number z = — S22 TF ter and the real number 
&i2 + 81 
0 = arg (gi2 — 1831). 
We note that Im z = 81822 812821 _ l212 + 221:|~%, so that 


Imz>0O. lg12 + 2811? 


It is easy to verify that the parameters z and 0 transform 
according to the following formulae: 


Q@1 12 
Ld 2S] 0).4 = | ) then alg = (2, 6,), where 


Go, ee 

yy Z + ayy 
,=— 
4422 + Age 


: 6, = 0 — arg (ay2z + agp). 


t The components of f in the irreducible subspaces in which the representations of 
the discrete series act are equal to zero, because in these subspaces there are no vectors 
invariant under 7'(g,(t)). 
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2. Ifu = 


cos g sin @ 
( } then gu = (z,@ + 9). 


—sin py cos 
The functions on X = I \ G can be regarded as functions f(g) 
on the whole group G that satisfy the condition f(y~1g) = f(g) for 


all ye T; in other words, as functions f(z, 6) which satisfy the 
functional equation 


p (Ye + Yo 0 
VieZ T Vo2 


— arg (yi2z + Ys) = f(z, 6) 


for all y = e Ga in I, Thus, the conditions (1) may be 
Yo Yee 
written in the following form: 
S(z,69 + ») =f(z, 9); (2) 
1—s? 

A= ye (3) 

Yuz ~~ Yar 
————— , 9 —ar Zz = fF (2,0):. 4 
(ie rap © (Yi2Z + Y22) J (z, 9) (4) 


From (2) it follows that f does not depend on 6, that is, fis a function 
of the complex variable z only, Im z > 0. 

Next, by a simple calculation we find that the operator A 
assumes in the coordinates x, y, 6 (z = x + 17) the following form:t 


0? 0? o? 
—— ~_y?2] 2 =e cian aces 
mr (a =) ag 00° 


+ We indicate the computation of A. The operator of the representation T (a) is 


Ge; ee 
T (a) f(z, 8) =f (z1, 91), (5) 


__ Selden + idan) + Sai(@re + tans) 
Br2(Geg + t4g1) + 841 (@y2 -b 243) : 


given by the formula T(a)/(a) = f(ga), a = (e aS), or in the parameters z and 6 


where 


z= 


6, =: arg (12(@e2 — #421) 4- S1n(@12 — *@4;))- 


When we substitute in (5) for a the matrices g,(t), k = 1,2, 3 (see p. 48) and differentiate 
with respect to f, we obtain the following formulae for the operators U,, U2, Us: 


: o., ( a ; 2) 0 
iU, = 39° U2 == 2y cos 20 = ++ mice — cos 26 =, 
‘ a a ; a 
i, = 25(—sin 20 ax + cos 20 7a) -+ sin 20 36° 
Hence we find that 
0? a a2 
A =: —4(Ut — UE — UY) = —y( 


be Oo TPR: 
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Consequently, since the functions f do not depend on 9, condition (3) 
takes the form 
0? =| 1 — s? 
eye ets So Fi ; 
- (= ss Oy? J 4 I 

So we have established that the largest number of linearly indepen- 
dent solutions of (1) is equal to the largest number of linearly 
independent solutions of the equations 


(+ G)fe@ = “se, 


Yuz 4 ya) = 
p(B + Yee J(); 


that is, to the largest number linearly independent of automorphic 
forms of the corresponding irreducible representation. This proves 
the duality theorem for representations of the principal or 
supplementary series. 


5. Proof of the Duality Theorem for Representations of the 
Discrete Series. Let 7,,(g) be a representation of the discrete series 
and let T,,(g) be contained in T(g). For the sake of definiteness we 
assume that it is realized in the space of functions ¢(z) analytic in 
the upper half-plane. The representation operator of T’,(g) has the 
following form: 


y ae = (suet an) oo eb —n=1, 1 
(g)p(z) = Rea (2122 “1 Zoe) (1) 


We have to show that the multiplicity with which this represen- 
tation occurs in T(g) is equal to the largest number of corresponding 
linearly independent automorphic forms, that is, to the largest 
number of linearly independent functions ¢(z) that are analytic in 
the half-plane Im z > 0 and satisfy the condition 


z+ 
(282522) (yy + Y¥22)-"-? = pz) 
for every ye YL. 

To begin with we show that the multiplicity with which a 
representation 7T,(g) of the discrete series is contained in T(g) is 
equal to the largest number of linearly independent functions on 
X = 1'\G that satisfy the following conditions: 

2 
a= 6 Taloyfa eens, (2) 


Here A is the Laplace operator constructed in § 4.3 and 


cos¢  sint 
£i(t) = ( ). 


—sint cost 


For the proof we remark that on the one hand, every irreducible 
subspace H,, in which T,,(g) acts has one and, to within a constant 
factor, only one vector f for which 


T,(gi(t))f = es (3) 


For in the model (1) of T,,(g) the condition (3) can be written 
in the following form: 


zcost — sin ) . 
———_—_— }(zsin ¢t + cos #)—"-! = e-#l*tito(z), 4 
(fe ( + ) (2) (4) 


It is not hard to check that (4) is satisfied by the function 
p(z) = (z +2)" 
and that this is the only solution of (4) in the space of functions 
analytic in the upper half-plane. 
We call this vector f a vector of dominant weight in H,. On this 
vector the operator A is defined, and 
1 — n? 


Af=—"F. 


On the other hand, we can show that every vector fe H 
satisfying (2) is a linear combination of vectors of dominant weight 
from irreducible subspaces of H equivalent to H,. For when we 
split H into a direct sum of irreducible subspaces relative to T(g), 
we have f = Bf, where f, € H,,. Then the vectors /, also satisfy the 
relation T(g,(t))f, = e-'"+' f,, the operator A is defined on them 


_— ¢& 


and Af, = — “ef Since (f, Af,) = (Af f;), we have 


l1—st 1—n* 
4 4 ? 
consequently the f, are vectors of dominant weight in subspaces 
equivalent to H,.+ Hence our assertion follows immediately. 

Now let us find the largest number of linearly independent 
functions f satisfying (2). Repeating the arguments on p. 5], 
instead of the relations (2), (3), and (4) on p. 52 we obtain the 
following relations for f(z, 0): 


F(Z 0 + 9) = fle Berm", (5) 

0? 0? 0? 1 — n? 
velvlatglvaal= as © 
(met 2 9 arg (rue + ye))=S 9). (1 


+ This statement must be made more accurate, because there are two representations 
of the disercte scries with one and the same index n: a representation in the space of 
functions analytic in the upper half-plane, and one in the space of functions analytic in 
the lower half-plane. However, it is easy to check that a vector satisfying (3) exists in only 
the first of these spaces. 


44 
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Let us find all such functions. First of all, from (5) it follows that 


f(z, 6) = eh" f(z). 
We represent a solution of the equations (6) and (7) in the form 


n+l 


F(Z 8) = einen? y ? F(z). (8) 


Substituting this expression in (6) and (7) we obtain the following 
relations for the functions F(z): 


Ee +2) +i(n + n(Z + iS) lrte) =0. (9) 


dy? Ny) 
+ Ya 
F (2u2 + yn) BE 6 z+ ntl 10 
Yiez + Yon ( )(V12 Y22) ( ) 


y Yi2\. 
for every y = | =F :) in TP, 
Yar =“ Y22 


The relation (10) means that the function F(z) satisfies the 
functional equation for an automorphic form. 

Let us show that F(z) is an analytic function. 

Suppose that f € H satisfies the conditions (5) through (7). As 
we have shown earlier, such a function f may be represented in the 
form f = > f,, where the f, are vectors of dominant weight in 
irreducible subspaces of H equivalent to H,. (The number of terms 
of this sum is finite, since each irreducible subspace occurs in H 
with finite multiplicity.) 

We introduce the operator 


A, = 1U, + Us, 


where U,, Ug are the self-adjoint operators defined on p. 48. The 
operator A, is defined on each of the vectors f, of dominant weight, 
and hence also on f = > f,. We show that A, f;, = 0 for every f,, 
so that 


A,f=0. 


__ We realize the irreducible subspace H,, of H as the space of 
functions analytic in the upper half-plane. In this realization the 
vector f, of dominant weight has the form: 


Sx = 0(2 + a)-™", (11) 
But the operator A, is given in H, by the following formula: 
A, = -2tpZ—@ tne 4-7). (12) 


(This formula follows from the expressions for the operators U, and 
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U, in H,, that were given on p. 50.) From (11) and (12) we obtain 
immediately that A, f;, = 0. 

We can write down an explicit expression for A, in the space 
of functions f(z, 9). On the basis of the formulae for U, and U; 
on p. 52 we find 


; 0 _0 7] 
4, =e a(2 -i2)-S. 


When we substitute in the equation A, f = 0 for f its expression (8), 


we obtain 
é .@ 
(= + is) = 0. 


So we have shown that F(z) is an analytic function. It is clear 
that, conversely, if F(z) is an analytic function, then it satisfies (9). 
But then the function f defined by (8) satisfies (6). 

We have now proved that the conditions (5)-(7) on the 
function f are equivalent to the following conditions on the function 
F(z), which is connected with f by (8): 

1, F(z) satisfies the functional equation 


(BBE Pa) ye bye) tt = F(2)3 
Yiez TT Yee 

2. F(z) is analytic in the upper half-plane. 

In other words, F(z) is an automorphic form for the represen- 
tation T,,(g) of the discrete series. So we have shown that the 
multiplicity with which T,,(g) occurs in T(g) is equal to the number 
of linearly independent forms corresponding to this representation 
T,,(g). The proof of the duality theorem is now complete. 

REMARK 1. The duality theorem has been proved here under 
the assumption that [ contains the matrix gy = ( - ): 
Under this assumption the decomposition of the representation of G 
generated by the space X = I'\ G does not contain the represen- 
tations Hy of the principal continuous series (that is, the represen- 
tations realized in the space of jodd functions on the affine plane), 
nor the representations of the discrete series with even index n. 

It can be shown that the duality theorem remains valid even 

; : Note that 
in this case the decompositions of the representation of G gencrated 
by the space X = I'\G also contains the representations H> and 
the representations of the discrete series with an even index n. 

Let us give a definition of an automorphic form for the 
representation H>. 


when I° does not contain the matrix gy = ( 
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We consider the space of continuous functions g(z) on the 
half-plane Im z > 0. In this space we give a representation 7'(g) 
of G by the following formula: 


& + £21 
7 Zz) = (suet ae Zz -1, 15 
(g) 9(Z) P ee (Si2Z + £o2) (15) 


A differential operator of the second order A in the space of functions 
g(z) that commutes with all the operators T(g) has the following 
form: 


0? a : (2 : °) 
— 2 rea gemeero moa ee oh AS 
- (55 + 5) + (5 +g): u) 
It can be shown that the representation H> may be realized in a 
certain subspace of functions (z) satisfying the equation 


Ag(2) =~ o(2). (17) 


Here the representation operator is given by (15). An automorphic 
form corresponding to the representation H> is defined as any 
function g(z) satisfying (17) and the relation 


z 
(tue tt (Yi2Z + Y22)' = 92) 
for every ye LT. 

The proof of the duality theorem for the representations H> is 
an almost verbatim repetition of that for the representations H;. 
We leave this as an exercise for the reader. 

Remark 2, Without proof we give a statement of the duality 
theorem for an arbitrary representation T(g), induced by a 
finite-dimensional representation of I. 

Let T be a discrete subgroup of G such that the space 
X = IT'\ Gis compact, z(y) a finite-dimensional irreducible unitary 
representation of [', and T(g) the representation of G induced by it. 

Then the multiplicity with which a given irreducible represen- 
tation T,(g) of G occurs in T(g) is equal to the multiplicity with 
which the space of the irreducible representation y(y) of I’ is 
contained in the space Q, of the representation T7;,. 

The definition of the spaces Q, for various irreducible 
representations of G was given above. 


6. The General Duality Theorem. In this subsection we give a 
proof of the duality theorem for an arbitrary semisimple Lic group 
G. Every Hilbert space H in which an irreducible unitary represen- 
tation of G acts can be imbedded in a certain linear topological 
space Q. The duality theorem will then be established in the 
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following form: if the factor space X = '\G is compact, then the 
multiplicity with which an irreducible representation H occurs in the space 
generated by X is equal to the largest number of linearly independent vectors 
in Q. that are invariant under V. 

In the construction of Q we need the following property (A) of 
representations of semisimple Lie groups, which is stated below 
without proof. 

Let G be a semisimple Lie group, U its maximal compact 
subgroup, H the Hilbert space in which an irreducible unitary 
representation 7'(g) of G acts. 

In H we consider the representation of U. Since U is compact, 
H can be decomposed into the direct sum of subspaces H,, such that 
in each the representation of U that acts in it is a multiple of an 
irreducible one. (It is assumed that the irreducible representations 
of U in the spaces H,, are inequivalent.) 

Each of the spaces Hy, is finite-dimensional. In other words, every 
irreducible representation of U occurs in H with finite multiplicity. 

The elements £ from the subspaces H,, and their finite linear 
combinations are called U-polynomials. Clearly, £€H is a U- 
polynomial if and only if the space spanned by the vectors T(u) &, 
u € U, is finite-dimensional. 

We now turn to the construction of the space Q. 

In H we fix a certain U-polynomial &). With every vector 
» € H we associate a continuous function on G: 


P,(8) = (T(g) Ns Eo), (1) 


where (., .) denotes the scalar product in H. 
It is easy to see that the correspondence 


n> 9,{8) (2) 
is linear and that ¢,(g) = 0 identically on G only when 7 = 0. 
So the correspondence is an isomorphism. 

There is a natural topology in the set of functions ,(g): a 
sequence of functions is called convergent if it converges uniformly 
on every compact subset of G. We extend this topology to H and 
complete H in this topology. The space so obtained is denoted by Q. 

In the construction of Q the choice of the U-polynomial & 
was arbitrary. We shall now show that in fact Q does not depend 
on the choice of &. For this purpose it is enough to prove the 
following assertion: If for one & € H the sequence of functions 


Pan,to(f) = (T(g) 2 §o) (3) 


converges uniformly on every compact set in G, then the same is true for every 
U-polynomial &. 


t It is precisely this property, and not the semisimplicity of G, that is used in the 
proof of the duality theorem. 
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Proof. If the sequence 9,, .,(g) converges on every compact 
set in G, then this also holds for every vector & of the form 


b= SaT(e)bo (4) 


These vectors € form an everywhere dense subset H, of H. 

Let £,, ~ 0 be an arbitrary U-polynomial belong to H,,. From 
the fact that H, is an everywhere dense linear subset of H and that 
H,, is a finite-dimensional subspace of H it follows that the projection 
of H, onto H,, coincides which the whole space H,,._ In other words, 
there exists a vector & of the form (4) such that 


Pinte _ cms (5) 


where P,, is the projection operator sending H, onto H,,.. 
The projection operator P,, is given by the following formula: 


Pf =\o,,(u)& du. (6) 
! 


where o,,(u) is the character of the irreducible representation of U 
corresponding to Hy. 
So we obtain from (5) and (6) 


Pau tal8) = (T(e) My Pm) = | om(t)(T(U-%8) tay &) dy 


; U 
that 1s, 


Prasal€) =| nl) Pyy_(t%9) de (7) 


U 


From the fact that the sequence of functions g,, -(g) converges 
uniformly on every compact set in G we deduce, by (7), that the 
sequence of functions ¢,, .,(g) has the same property. This proves 
the assertion. 

In this way we place every Hilbert space H, in which an 
irreducible unitary representation of G acts, in a complete linear 
topological space Q. 

We now introduce the concept of a matrix element in Q. 

To begin with, let 7, §¢ H. Then we set 


Sr.slg) = (T(8) 0, &)s (8) 


where (., .) denotes the scalar product in H. 

Now let 7 and & be vectors from Q of which one, for example , 
belongs to H. We assume that there exists a sequence {7,} of 
vectors from H that converges to 7 in the topology of Q and such 
that the sequence of functions 


Sant(8) = (1(8) M0 €) 
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converges uniformly on every compact set of G. Then we set 
Srg(g) = lim f,,.¢(8)- (9) 


Similarly we define f, .(g) for 7 ¢ H. The function f, .(g) is called 
a matrix element in Q. 

We now establish the main properties of these functions. From 
the definition it follows immediately that f,.(g) is continuous 
function of g. Furthermore, it is not difficult to vent the following 
properties of the matrix elements /, -(g) : 

1. For every 7 there is at least one & for which f, .(g) is defined. 
(In fact, f,.(g) is defined if one of the vectors € or 7 is a 
U-polynomial—this follows from the definition of ©.) 

2. If f,.(g) is defined, then f,,(g) is also defined, and 
Fng68) =Sng(8)- 

3. If f,,.2(g) and f,,..(g) are defined, then f.1,:0.n,¢(8) 18 also 
defined, and 


Jeigieess 2) an 3 fins, (2) cr to Sina ¢(8) 


4. If f,.(g) exists, then f,.(e) > 0, where e denotes the unit 
element of G. 

5. If f, -(g) exists, then fry rercopg(8) exists for arbitrary g,, 
g2 € G, and 


Friant 8) = Sne(82'88u)- 


6. Let 7, be a sequence that converges to 7 in the topology of 
Q. Ifthe f,, -(g) are defined and are uniformly convergent on every 
compact set in G, then f, -(g) is also defined and 


Firg(8) = lim fy,.#(8)- 


Finally, the space © has the following completeness property. 

If for some & € H the sequence of functions f,, -(g) 1s defined and is 
uniformly convergent on every compact set in G, then the sequence n,, converges 
in Q. 

For by virtue of the proposition on p. 58 if the sequence f,, .(g) 
is uniformly convergent on every compact subset of G, then the same is 
true for the sequence f,, -,(g), where £9 is an arbitrary U-polynomial. 
But then, by the definition of the topology in Q, the sequence 7, 1s 
convergent. 

Now we pass on to the statement and proof of the duality 
theorem. 

Let G be a semisimple Lie group, and I" a discrete subgroup of 
it for which the factor space X = I’ \ G is compact, A the space of 
an irreducible unitary representation of G, and Q the linear 
topological space containing H, as constructed above. 
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Duatity THeorem. The multiplicity with which H occurs in the 
representation of G generated by X is equal to the largest number of linearly 
independent vectors in Q. that are invariant under 1’. 

Proof. We assume that the representation generated by X is 
realized in the space # of functions on G that satisfy the following 
conditions: 


FS (vg) =f(g) forevery ye; 
Wee = [If@r dg Ze 


where F is a fundamental domain in G relative to I’. The represen- 
tation operator T(g) is given by the formula 


T (go) f(g) =f (ggo)- 


Suppose that the space H in which the irreducible unitary 
representation of G acts occurs in #, This means that we have a 
correspondence: with every £¢H is associated a function 
¢e(g) € #, and 


I, Payty-tant,(&) = 1 Pz, (8) oe Xe Pe,(8), 
2. Priare(Z) = (880) for arbitrary go, g EG, 


3. (&1, &2) =| 75(8) 7B) dg. 

Observe that the set of functions y,(g) contains an everywhere 
dense subset of continuous functions. For this set contains together 
with 9,(g) also the function p4,(g), where A = J T (g) dg, U being 


an arbitrary neighborhood of the unit element of G. Clearly the 
functions y4.(g) form an everywhere dense subset. On the other 
hand, from the formula 


 4:(8) -| Pe( 81) 421 
U 


it follows easily that these functions are continuous. 

Now we associate with the space H a vector 7 € © that is 
invariant under the operators T(y), y¢ I. For this purpose we 
give a basis of neighborhoods of the unit element of G: 


U,. 2: Ug oS 0 Ss 


We consider the averages of the functions ¢;(g) on each of these 
neighborhoods: 


1 
venl®) = ae J vlc) dev 
Una 
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It is easy to verify that y;,,(e) is a continuous linear functional on H. 
Consequently, for every n there exists a vector 7, ¢ H such that 


Ve,n(é) = Ce, Nn)- 
Hence it follows that 


Wen) = W riare.n() = (T (g) £, Nn)s 
that is, 


Ven(8) =Se.n,(8)- 


If g,(g) is continuous, then the sequence of functions 
Ve.n(2) =Séna(Z) is uniformly convergent to y,(g) on every compact 
set in G. Consequently, by the completeness property, the sequence 
of the corresponding vectors 7, € H converges in the topology of 


Q to a vector 7 and 
Senl8) = 9(8)- 


This vector 7 is invariant under the operators T(y), y ¢ [. For we 
have 


Serinnl8) =Sen(v3g) = (y's) = 92(8) =Sen(8)- 


Consequently, T(y)n = 7 forall ye Yl. 

So we have associated with the irreducible subspace H contained 
in # a vector 7 € Q that is invariant under T(y), y € ’. Now we 
prove the converse: to every vector 7 € that is invariant under all 
T(y), y € T, there corresponds a realization of the space H in #. 

For let 4, be an invariant vector in Q. If & is an U-polynomial, 
then f,,,,(g) is defined. We set 


(8) =Se.ny (8): 


It is easy to see that 
e(v-*g) = #28) 
for every y € T. For we have 


g:(y~*g) =Seng(¥ 28) =Se.r0yn(8) = Fen(Z) = ¥2(8)- 


We introduce a scalar product in the set of functions ¢,(g) by 
the formula 


‘ 


(,(8), %:,(8)) =| ole) P:,(g) 4g. 


F 


By completing the set of functions ,(g) with respect to this 
scalar product we obtain a realization. of H in the form of a subspace 
of #. 

In this way we have associated with the vector 7 € 2 invariant 
under all-T(y), y ¢ [, a realization of H in #. It is easy to verify 
that linearly independent vectors 7 correspond to linearly indepen- 
dent spaces. This shows that the multiplicity with which 7 occurs 
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in # is equal to the largest number of linearly independent vectors 
in Q that are invariant under I’. The proof of the duality theorem is 
now complete. 


In the discussion of the group of unimodular matrices of order 2, the space Q 
is defined in a different way, namely as a space of all eigenfunctions corresponding 
to a given eigenvalue of the Laplace operator on a Lobachevskii plane. This 
definition of Q can also be given for an arbitrary semisimple Lie group G. 

We begin by giving a definition of © in case H contains a vector 7 that is 
invariant under the operators T(u), where u ranges over the maximal compact 
subgroup U. 

With every £ € H we associate a function on G, 


E> pe(g) = (T(8)§, 19). 
It is easy to see that the functions ¢,(g) satisfy the condition 


z(ug) = %2(g) 
for every u € U, that is, they are constant on the cosets of U in G. So they can be 
regarded as functions g,(x) on the symmetric space S = U\ G. 
We consider the Laplace operators on S, that is, differential operators A on S$ 
that commute with the group translations: 


(Age) (xg) = A(pe(xg))- 


From the irreducibility of the space of functions ;(x) it follows that all these 
functions are eigenfunctions of Laplace operators corresponding to a fixed 
eigenvalue (depending only on #) for the whole set of functions. 

It can be shown that our space Q consists of all eigenfunctions of the Laplace 
operators on S with a fixed choice of eigenvalues. 

A similar statement holds in the general case. Namely, every space 2 can be 
realized as a linear set of continuous vector functions f(x) defined on S and 
subject to the following conditions: 

1. Qis closed with respect to uniform convergence on every compact set in S. 

2. A representation of G acts in 2 and is defined by the following formula; 


T(g)f (x) = a, g) f (x8), 


where «(x, g) is some continuous matrix function of x and g. 
3. The original space H is contained in Q as an everywhere dense subset. 
More accurately, to every & € H there corresponds a function /,(x) € Q, where 


Srioye(*) = Tle) fe), 


and if (&, &,) > 0, then the functions f,,(x) tend to zero uniformly on every 
compact set in §. 

4. The space 2 consists of all eigenfunctions of a set of differential operators 
(with matrix coefficients) on G. 


§5. THE TRACE FORMULA FOR THE GROUP CG OF 
REAL UNIMODULAR MATRICES OF ORDER 2 


1. Statement of the Problem. In § 2.4 we obtained the trace 
formula for a locally compact group G and a discrete subgroup [ 
for which I \ G is a compact space. 
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We recall: let y(y) be a finite-dimensional representation of I’, 
and 7g) the unitary representation of G induced by it. Denoting 
by o,(g) the characters of the irreducible representations occurring 
in the decomposition of 7(g) we obtained the following relation: 


S f oedonte) de =F Te x a(r,\G,) | oletre) de. (1) 


G,\G 


Here I, and G, are the centralizers of y in I’ and G, respectively; 
Tr z(y) is the trace of the matrix z(y); y ranges over precisely one 
representative from cach class of conjugate elements in T'; 9(g) 
is a positive definite continuous function satisfying the following 
inequality 


| p(Zo)| <| ox(goe) dg, (2) 


U 


where U is a compact neighborhood of the unit element, and ¢,(g) 
a non-negative function summable on G. 

The formula (1) contains a lot of information about how T(g) 
splits into irreducible representations. For example, in the case of a 
compact group G we can easily obtain from the formula an expression 
for the multiplicity with which a given irreducible representation is 
contained in T(g). For by substituting for g(g) the character o(g) 
of the irreducible representation we find that the multiplicity N with 
which this representation occurs in T(g) is equal to 


1 
Ne Oy) en) 
(np is the order of T), see § 2.4. Note that when the multiplicities 
N are known to us, then we also know which irreducible representa- 
tions occur in T(g) and which do not. 

In this section we shall discuss the trace formula for a 
noncompact group—the group G of real unimodular matrices of 
order 2. 

To determine the multiplicities. in the case of a compact group 
we substituted in the trace formula for y(g) the characters o(g) of 
the irreducible representations. Here again we pass from the 
functions ¢(g) to the functions 


(a) =| o(g)ol) ag, 
where o ranges over the characters of the irreducible representations. 
The left-hand side of (1) permits passage to A(a) in an obvious 
fashion. The main problem consists in passing to h(a) on the right- 
hand side of the equation. This problem will-be solved in § 5.3 
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through 5.6. The final relation for the functions 4(c) will be obtained 
in §5.6. From this relation we draw important conclusions in § 5.7 
and § 5.10, namely: 

1. Formulae for the multiplicities with which the represen- 
tations of the discrete series occur in T(g). 

2. An asymptotic formula for the number of representations 
T,(g) of the continuous series with the index |s| < « that occur in 
T(g) (as a > o). 

Notwithstanding the somewhat lengthy computations to be 
given, we emphasize that they are all elementary, require no new 
ideas or arguments, and follow the standard workings in these 
branches of representation theory. 


2. The Function 4. Here we give without proof the formulae 
for the characters of the irreducible representations of I’. (These 
formulae will be derived in Chapter IT, § 4.) 

1. The character of the representation T+, s = ip, of the first 
principal series is concentrated on the set of hyperbolic clements 
(that is, on the set of matrices with real eigenvalues A 4-1) and is 
given on this set by the following formula: 

[oh 1 Lgl 
o%(g) = ST aeeT , (1) 
where 4, is an eigenvalue of the matrix g. 

2. The character of the representation T;>, s =p, of the 
second principal series is also concentrated on the set of hyperbolic 
clements and is given on this set by the following formula: 


JA? + [Agl 
[A, — 4,1 

3. The character of the representation T,, s = p, of the 

supplementary series is concentrated on the set of hyperbolic 
elements and is given on this set by the following formula: 

[Agl? + LA|-? 

A = —___*_, 0 1. 3 

tol) = EH <p< (3) 

(Therefore, this formula is obtained from the formula for the 

character of the first principal series by analytic continuation with 

respect to p.) 
4. The character of the representations of the first half of the 


discrete series is given by the following formulac: On the set of 
hyperbolic elements 


o5(g) = sign A,. (2) 


qn 
o,(8) =Z (4) 
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where A, is the eigenvalue of g of greatest modulus. On the set of 


elliptic elements 
ei"? 


Tae) a ag! (5) 
where 9 is the angle of rotation corresponding to the matrix g. 


. ; : cosy sin @ 
In other words, g is conjugate to the matrix . : 
—sin g cos @ 


5. The character of the representations of the second half of the 
discrete series is given by the following formulae: On the set of 
hyperbolic elements 


aon 
ox(8) = of) = 7—5- (6) 
g g 
On the set of elliptic elements 
eine 
g(g) = 7 gle? (7) 


where ¢ is defined as in (5). 
Now we associate the following collection of functions with the 
functions ¢(g) on G that satisfy the estimate (2) of § 5.1: 


h*(p) =| o(orle) dg, |" 

h-(6) =| oe) op) ds 

bvCip) =| ole) oie) ae () 
hy ={ ols) on(g) ag, 


kz =| o(@)ortg 


Our task is to pass to the trace formula (1) of § 5.1 from the 
functions p(g) to the functions A. 
Obviously the left-hand side of (1) can be written in the follow- 
ing form: . 
LA (px) + LA (pr) + LA pm) + Lhe + Lian 
where the sum is taken over those indices p,, 7,, n, of the represen- 
tations of the principal, supplementary, and discrete series that 


occur in 7(g). Thus, our main task is to express the right-hand 
side of the trace formula (1) of §5.1 in terms of the functions h: 


I ce xy) #(T,G,) { oye) dg (9) 
GyG@ 


tT In other words, h+(p) = Tr [J p(g)Ti,(g) dg). 
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—1 
We also assume that I contains the matrix —e = P 7 
(The case when —e is not contained in I will be discussed separately 
in § 5.11.) 
Since I. \ G is compact, I" does not contain parabolic elements; 
thus, the elements y # +e of TI are hyperbolic or elliptic. 
We shall find the contribution to the trace formula separately 
for hyperbolic elements, elliptic elements, and the elements e, —e. 


3. Contribution of the Hyperbolic Elements to the Trace 
Formula. Let /(5) be the integral of g(g) with respect to the class 


A 0 
of elements conjugate to the diagonal matrix 6 = ) 
AAI): 0 At 


1(8) = {f(g 68) d. (1) 
D-G 


(The integration is taken over the space of conjugacy classes of the 
subgroup D of diagonal matrices in G.) 
The following formula expresses (6) in terms of h(p): 


1(6)  reere (hM(p) + A-(p) sign 2) [al dp. (2) 


In order not to interrupt the exposition we shall derive the 
formula (2) at the end of this section. On the basis of (2) we can 
now find the contribution of the hyperbolic elements to the trace 
formula. 

We call an hyperbolic element y € I primitive if the following 
two conditions hold: 

1. y is not a power of any other element in I’. 

2. The eigenvalues of y are positive. 

The corresponding class {y} of conjugate elements is also 
called primitive. Clearly, every hyperbolic element y can be 


represented in the form y = -:y*, where y, is a primitive element. 
Let y be a primitive hyperbolic element. Then it is easy to see 
that the classes {y*} and {—y'}, k, /= 1, 2, ... are all pairwise 


distinct. Furthermore, if y, is another primitive element with 
positive eigenvalues such that {y,} 4 {y}, then the classes {y%}, 
{yp} and-{y*}, {—y"} are all distinct. 

On the right-hand side of the trace formula we examine the set 
of terms corresponding to the classes {y*} and {—y'}, where y is a 
primitive hyperbolic element. 
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Since Gye = G_y» =G,, Ty = T_,»=T,, the corresponding 
sum has the following form: 


u(T,\G,) > Tr x(y*) { p(g-ty*g) dg 
es Gy\G 
+ w(T,\G,) 2 Tr x(—y*) { o(—g*y*g) dg. (3) 
k=1 Gy\G 
Without loss of generality we may assume that y is a diagonal matrix 


(0 ae) 
| aon 0 aap 


where 4, > 1. Then G, coincides with the group D of all diagonal 
matrices, and I", is the subgroup generated by the matrices y and 


—a 


We calculate w(f,\G,). The invariant measure on the 


A 0 
subgroup G, = D of diagonal matrices 6 = ( | is given by 
the following formula: O a 
_ da 

| Al 
(here it is assumed that the measure dg on G,\G is normed so that 
dg — di dg when g = 6g). Since the fundamental domain in G, 


dé 


2 0 
relative to I’, consists of the matrices 6 = ( \, l<A<A,, 
we have 0 A} 


In (3) we substitute for the integrals their expressions in terms 
of i(p) in accordance with (2). As a result, after regrouping the 
terms, we obtain the following expression: 


2 In A, Tr x(y°) 
poem Wey AS 


-Loo 00 
[ ef ne (p)aeedp + +S | i(pyaye i), 


where A, is the largest eigenvaluc of y; « = 1 when y(—e) = E 
e = —1 when x(—e) = —E, where E is the identity operator. 

To find the contribution to the trace formula of all hyperboli 
elements, we sum the expression so obtained over the set of al 
primitive classes of hyperbolic elements, The final result is: 
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The contribution of the hyperbolic elements y to the trace formula is 
2 In A, Tr x(7*) 


hema 27 [Ay — A;4| 


+0 a) 
L= | pe(p)ayrdp +S | w(e)arrdp), (4) 


where the sum ts taken over the set of all primitive classes {y} of conjugate hyper- 
bolic elements; 4, is the largest eigenvalue of y; & = | when x(—e) = E, 
and « = —1 when y(—e) = —E, where E is the unit operator. 


Now we derive formula (2). This derivation is based on the following integral 
relation for the function / (6), which we give here without proof: 


[ rao db = if T(6)@(6) dé = ) p(g)a(g) la, — Ag? dg, (5) 


lal<1 {al >1 Grup 


where the integral on the right is taken over the set G,,,, of hyperbolic elements of 
G, A,, 471 are the eigenvalues of g; «(g) is an arbitrary function on G that is 
constant on each class of conjugate elements. 

From this integral relation it follows that for every real p the following 
equation holds: 


+2 
7,J# 4. |2,|-# 
1(8) [A — aH [a}iedaa = [ g(g) VAP tal ge He (9). 
4, — 43 
—_@® Grup 

Similarly, 
+0 
) 1(8) |A — a3] |aJ*?- sign Ad’ = h-(p). 
—_@ 

Hence, we obtain 


fr [A — AY 20-1 dA = E(H(p) + A-(p))- 
0 


Consequently, by the formula for the inverse Mellin transform 


+00 
1 re 
(6) = ay ema ST | (At(p) + h-(p)) 4” dp 
for 2 > 0. Similarly, a 
fe | 
(8) = gay (eo) — (9) LA? dp 
—-D 


for A > 0. 
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4. Contribution of the Elliptic Elements. Let J(u) be the 
integral of g(g) over the class of clements conjugate to the orthogonal 


cosé sint 
matrix u = ( : J,0<i <m 
—sint cost 
Iu) = | o(e*ug) dB. (1 


U\G 


(The integration is taken over the set of conjugacy classes of the 
subgroup U of orthogonal matrices in G.) 
The following formula expresses J(u) in terms of A(p) and h,: 


+0 
= 1 hy i “ry _ tint = “nt 1 i 
(Seat ee Gein 
cosh (2 |] ie 77) p sinh (2 \¢| x 7) p 
2) i le 
Tp iss ep 
cosh —- sinh ~>- 


As in the preceding subsection, in order not to interrupt the 
exposition, we shall derive formula (2) at the end of this subsection. 
On the basis of (2) we can now find the contribution of the elliptic 
elements to the trace formula. 

Observe, first of all, that all elliptic elements y € T° are of finite 
order. For if there were an clliptic element y of infinite order, then 
we could select from the sequence y, y’,..., y”,... a convergent 
subsequence of pairwise distinct elements, and this contradicts the 
fact that I is discrete. 

We call an elliptic element y eV primitive if the following 
conditions hold: 

1. y is not a power of another element of I° of higher order. 

2. Among the clements y, y?, ... y yields the rotation by the 
smallest positive angle. 

‘he corresponding class of conjugate elements {y} is also 
called primitive. 

Clearly every elliptic clement is the power of a primitive elliptic 
clement. 

We note that the order of a primitive clement is always even. 
For suppose that an elliptic element y is of odd order k, y* =e. 
Obviously, then —y is of order 2k, and (--y)*t! -= y 

Let y be a primitive elliptic element of order 2k, 
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From the definition it follows that y is conjugate in G to the 


é WT . 
Os sin — 
k k , ; 
matrix . Without loss of generality, we may 
. 7 7 
—sin— cos — 
k k 
assume that 
cOs— sin 
k k 
y = 
—sin= cos 
k k 


We examinc the classes of conjugate elements {y*}, {—y*} = {y***}, 
s,t =1,...,k — 1. Itis clear that all these classes are distinct. We 
say that these classes are connected with a given primitive element y. It is 
easy to verify that the classes connected with two primitive elliptic 
elements y and y, that are not conjugate in I are all distinct. 

In the trace formula we consider the set of terms connected with 
a given primitive elliptic element y, that is, the terms corresponding 
to the classes {7*} and {—y'},s,t=1,...,k —1. 

The corresponding sum has the form 


HE, \G,) STr xr) | oles) de 
+ MPG) ET tr) | (ere) de.) 


G\a 


Note that in this case, G, is the group of all orthogonal matrices 


cos ¢ sin ¢ 
( ) I’, its cyclic subgroup of order 2k generated by 


—sini cost 
y. Consequently, if the measure on G, is normed by the condition 
u(G,) = 2m, 
then 
7 
E( Yr, \ G,) = k i 


In (3) we substitute for the integrals their expressions in terms 
of h(p) and 4, in accordance with (2). Asa result, after regrouping 
terms, we find that the contribution to the trace formula of classes 
connected with a given primitive elliptic element y of order 2k is 
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equal to 
1 Tr x(y’) ht — he 
Tei Sas (he), 
is 
— > —(—1)%e) (htetasnie) ne) 
25 — k)p 
+. pe ac 
sy Qk 
+e Ef fa + 980) —=— 
a= sin = =e cosh 
Aisa 
2k 
dp. 
sinh 


J 


To find the contribution to the trace formula of all elliptic 
elements we sum the expressions over the set of all primitive classes 
of elliptic elements, 

As the final result we have: 

The contribution to the trace forntula of the elliptic elements is 


. ht —h ~ 
ae 2 Whi sin {a a oe 5) a a — (—1)"e) 
y) s= E ,- 
k-1 Tr xy) 
Ateittsnlk) _ fp—p—ilasnlk) a 
“ if | é 52.1 k sin 
k 
ve cosh fe ae 
| | + Oa*Ce) 3 
cos 9 
pe ca laemd l RFP 
2k 
sinh oy 


where the summation is taken over the set of all primitive classes {y} of elliptic 
elements, and 2k is the order of the primitive elliptic element y. 
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Now we derive formula (2). This derivation is based on the following integral 
relation for the function /(u) which we give here without proof: 


fa (u)w(u) dt = { p(g) let — e~*|-* w(g) dg, (5) 
—T Ce 
cost siné 


—sint cost 
elliptic elements of G; e*', e~* are the eigenvalues of g; w(g) is an arbitrary 
function on G that is constant on each class of conjugate elements. 

From this relation it follows that 


where u = ( ) the integral on the right is taken over the set G,, of 


et nt 


{ I(u)(e~# — ete *t dt = y(g) ot dg. 


= eit 
—T Ger 


We compare the expressions so obtained with the formulae defining ht and hy: 


+ gint yi 
hy = [ @a ae i i (8) 7— Ga &: 
Cer Gryp 
ewint Rn 
hy = — { P(g) an 8 + { (8) Zo &: 
Get Grup 


where the first integrals are taken over the set of elliptic elements and the second 
over the set of hyperbolic elements g, and A is the cigenvalue of greatest modulus 


ofg; n= 0. 
We find that 
T 
— 7 
| I(u) (ett ~ ette-int dt = Af — [ 98) 55 & 
ated Guy 
rs 
r rar am 
| T(u)(e # — ejeimt dt = —hy |b [ (8) 7a dg. 
fe Gigs 


On the basis of the formula for the inverse Fourier transform we find that 


1 ae ee ee 34 
1) = sepa | TB, tent — ha) 
ee) An (ent _ e int) 
- ——__—___—- dg}. 6 
2. (2) a (6) 
Ghup 


We now express the last term in this formula in terms of ht(p) and A-(p). 
First of all, we note that 


AMeit — ett) 


[s.2) 
A-M(eint — —int) . 
> ¢ ) 1 ~— 2A cost 4- A? 


n=l 
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Consequently, 
- 1 C) ( Arn (eint _ ew int) 
La yam 2, J} °O) “oa 
Gryp 


1 A 
9, | 8) GoEDG ties = wy B 


Ghup 


On the basis of the formulae derived at the end of the preceding subsection 
we obtain 


o +o 


1 ee Rip 
I -5a] j UP Co) ICO) Tox eoe = ane 
1 -@% 
; oO 4-00 . : jie 
aa] { e'(e) — Ce) ToT cost + a at 
1 —o 


We simplify this expression. First of all, using the fact that h+(—p) = h*(p) 
and h-(— p) = h-(p) we can rewrite it in the following form: 


a5 00 
! jie 
= 978 + = —— 
a Age {fo (p) + (0) Taye 
—200 


oO wo 
4 r: - jie 
1672 { fe (p) — & Ce) 1 -l- 2Acost + 4? ah ap 


—00 


Now we integrate over 2 by using the following standard formulae: 


00 
a sinh pt 
== 0 t 
Viera? ~ sinh prsint’ ol ede 
ie) 
ip a sinh p(t — 7) 

————————_—_— 4A = - O<t<n, 
{ 1 —2dAcost |. #? sinh prsint ” = = 
0 
Pd x 

aie a sinh p(t -|- 7) 

a) ee t<0. 
} 1 —2Acost + 2 sinh pz sin ¢ a 
0 

As a result we find that 
+0 
1 sinh p(t — 7) 
oe - ——— ht Z ———_—_—_—_— 
: a 167 sin ¢ Me Gp) teCR)) sinh par de 
-0 
+-00 
sinh pi 
- { (H¥(p) — Wr(e)) Sa del, 


v 
=a 
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where 0 <t < 7m. After regrouping terms we have 


+a 


cosh Gre s)e ae sinh GES ae esl, 


h*(p) ——————. — #-(p) ————— dp, 


cosh > sinh 7 


l 


16m sin f 
—o 


=, 


where 0 <?t < =. 
Substituting this expression in the formula (6) for J(u) we obtain the required 
formula: 


= } hg = hg ~ + int —p,—tnt 
is ai an | ae 2 ge ge) 
ef com Zl ae acl 
+ Tern |i { E—) —<$<$<——————— — (9) 4 
ae cosh Ft sinh > 


where |t| < 7. 


5. Contribution of the Elements ¢ and —e to the Trace Formula. 
Clearly the terms corresponding to y = +e in the trace formula are 


yu(T\ G)L ele) + ey(—e)] (1) 

where » is the dimension of the representation y(y); where u(T \ G) 

is the volume of [.\ G, ¢ = 1 when y(—e) = E and ¢ = —1 when 

y(—e) = —E, where E is the unit operator. So we have to express 

g(e) and g(—e) in terms of the function A. These expressions will be 

obtained in Chapter 2, §6. We quote them here without proof. 
The following formulae hold: 


+2 


] 7p Zz uta) 
= — + — peas 
ole) = gag | ((#t(o)p tanh 3 + A-(p)p cot) dp 
1 2 
+= Salty + i)s 2) 
7” n=1 


™p 
p(—e) = tat { (iC) p tanh = — h-(p)p coth 7) dp 


+s Simms +e). (2) 


Thus, the contribution to the trace formula of the elements e and —e 1s 
-b 00 
1 7p 
r ene + oe 
vp(T \ G) ce [ (#00 + &)p tanh 3 


+ h-(p)(1 — e)p coth 7 ap 
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6. The Final Trace Formula. We have now found the separate 
contributions to the trace formula of the hyperbolic elements, the 
elliptic elements, and the elements ¢ and —e, Let us note the final 
trace formula. 

Let h*(p), A-(p), 4+ (ip), ht, kz be the Fourier transforms of the 
functions g(g) corresponding to the various series of irreducible 
unitary representations of G (see formula (8) in § 5.2). 

Suppose that I is a discrete subgroup of G such that I contains 
—1 

0 
that y(y) is a finite-dimensional unitary representation of P and 
that T(g) is the representation of G induced by x(y). 

Then we have the following trace formula: 

ET ht(pe) + SA p) + LAMipm) + VAL + Thy 


+o 


= paral? G) { or a e)p tanh “> 


0 
the matrix ( i) and that the space I'\G is compact, 


7 
—o 


+ A-(p)(1 ~ #)p coth 2] dp 


+m G) Saf + (1) e\(h + he) 


+0 
ein A, Tr x(y*) fl +8 ( yi) ape 
> 2. dm ae — A 9 [a (p) Ai? dp 


+20 
l—e ; 
+= | (pyar 


—o 


kl 1 Tr y(y’) f sea 7 
~& 2 iki _ ms \ 2 (hy — fe) 
sin + 
— y [1 "— (—1)*e] ate free) ae all 
n=1 
\ (2s — k)mp 
te cosh 
k-1 1 Tr 8 Tk 
> 2 T6k ae h+(p)(1 + ¢) ——————— 
{y} s—1 coe — Pe: 
" F 
Son ee 
—h(p)(l— e) — dp. 
sinh 7 


On the left-hand side of this formula the sum is taken over the 
representations that occur in the decomposition of T(g); each term 
is counted with the appropriate multiplicity. 
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On the right-hand side the first two terms are the contribution 
of the clements e and —e; the third term is the contribution of the 
hyperbolic elements; the last two terms are the contributions of the 
elliptic elements. 

We recapitulate our notation: » is the dimension of z(y); 
u(1'\ G) is the volume of the fundamental domain; « = 1 when 
y(—e) = E, « = —1 when 4(—e) = —E, where E is the unit 
operator; Tr y(y) is the trace of the matrix y(y); A, is the largest 
eigenvalue of the primitive hyperbolic element to y; 2k is the order 
of the primitive elliptic clement y. The summation in the third sum 
is taken over the set of primitive classes {y} of conjugate hyperbolic 
elements; in the fourth and fifth sum, over the set of primitive 
classes {y} of conjugate elliptic elements. 


7. Formulae for the Multiplicities of the Representations of the 
Discrete Series. On the basis of the trace formula we obtain at once 
the formulae for the multiplicity with which a representation of the 
discrete series occurs in T(g). 

Our arguments are based on the following fact. We can 
construct continuous positive definite functions gi(g), 97(g), 
n = 1,2,...0nG that satisfy the following conditions: 

1. Tye =f o3(g)T(@) dg and T,- = § y,(e)T(e) dg are com- 
pletely continuous integral opcrators. 

From this condition it follows that the trace formula is applicable 
to the functions y=(g) and 9;(g). 

2. For the functions g*t(g) we have h+(p) =h-(p) = 0, 
hy =0,i=0, 1, 2,...; Aj =O forj An; kh, AO. Similarly, 
for the functions gz(g) we have At(p) =h-(p) =9, hf =9, 
i=0,1,2,...; 4 =Oforj #n; kh, #0. 

In order not to interrupt the exposition we shall construct these 
functions later, in § 5.9. 

Let us apply the trace formula to the functions ¢{(g). By 
condition 2, the only nonzero terms in this formula are those with 
At. As a result, after cancelling ht we obtain the formula for the 
multiplicity with which the representation 7}(g) of the discrete 
series occurs in T(g). 

The multiplicity N+ with which the representation T*(g), n > 0, of 
the discrete series occurs in T(g) is expressed by the following formula: 


P\G) mS LI) 3 
Nt = + —])nr-1 yp(P\G) =? a LANE ginsnlk \ 
n [1 ( ) é| = n oi = Ski a é 


(1) 
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Similarly by applying the trace formula to the functions y,(g) we 
obtain: 

The multiplicity N= with which the representation T~(g), n > 0, of 
the second half of the discrete series occurs in T(g) is expressed by the following 
formula: 


us n-1,) | 7H(E\G) tL Tr x(y) ican 
N, = [1 + (-])*"1t¢] gt + 2 i meer fey 
yt s=1 at 


(1’) 
In the particular case when I does not contain elliptic elements 

we have 
Nt = Nz = + (yg "AAS, 


n 


(2) 


8. Complete Splitting of the Trace Formula. We apply the 
trace formula to an arbitrary function y(g). From the result in 
§ 5.7 it follows that the terms with A* on the left- and right- 
hand sides of the formula are identical: consequently all these terms 
can be discarded. As a result we obtain a relation containing only 
the functions A+(p) and h-(p). We show that this relation, in its 
turn, can be split into a relation for A+(p) and one for h-(p). 


_ ¥(g) + ¥(-8) 
; 


Let us replace g(g) by *(g) Obviously 


for yt(g) and g(g) the functions h+(p) coincide; on the other hand, 
for the functions g+(g) we have A-(p) =0. Consequently, the 
transition in the trace formula from g(g) to g+(g) reduces to 
discarding the terms with A-(p) in this formula. Thus, finally we 
can separate the trace formula into two relations—one for the 
functions A+(p) and the other for the functions A-(p). These 
relations have the following form: 


-Fao 


ee oe P 
Tato) + TH o = Term EI + A [ h(p)p tanh “dp 


—o 


© In* Tr 
de) g igen | cone a 
{y} s=1 Y 
ze re oa 
ao Tp 
ket 1 T 
4 (1+ SS BZ fie) —— aps) 
Gierkr er ge cosh © 
ko 2 
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EM (ex) = pag HE \G)(1 — €) f A-(p)p coth 2P dp 


—@ 


2 In’ y Tr x(y*) 
HOD ny Se ONL, 
( ) 22 ar le A;*| 


+o 
( h-(p) a?" dp 


sinh 7p 
ka 1 Tr x(y*) o 2k 
+(L- 9) FS oe { rt) a 
k -—o sin D) 


We mention that the sum ) At (ip,) in formula (1) is finite, 
since T(g) can contain only a finite number of representations of 
the supplementary series. t 

It can be proved further that the number of primitive classes 
{y} of elliptic elements is finite; therefore the contribution of the 
elliptic elements to the trace formula contains only a finite number 
of terms. 


9, Construction of the Functions g;(g) and g;(g). In § 5.7 the 
formulae for the multiplicity of the representations of the discrete 
series were obtained on the basis of the following, and so far un- 
proved, proposition: For every natural number 2 there exist 
continuous positive definite functions g;(g) and gi(g) (on G) 
satisfying the following conditions: 

1. T,+ = § p2(g)T(g) dg are completely continuous integral 


operators. 

2. For the functions yt(g) we have ht+(p) = A~(p) = 0,4, = 0, 
ht = Oforj #n, ht #0. Asimilar condition holds for the functions 
P(g). 

We now describe a construction of such functions under the 
assumption that n > 1. (The excluded cases n =0 and n=1 
require a special discussion which we omit.) 

For the sake of exactness let us consider the representation 
T;(g). We recall that it is realized in the space Hz of functions f(z), 


Mm 


analytic in the half-plane Im z > 0, for which 


iftr= f Qe dmatdedy<to. (1) 
Imz>0 
The representation operator is given by the following formula: 
nip (Suz 7 S21 
gies Z) = (2812 + no (Eee), 2 
(g) F(z) = (2812 + Ba) F(T (2) 


+ Otherwise the set of numbers p; has an accumulation point (because 
0 < p,; < 1), and this contradicts the theorem on the discreteness of the spectrum (sec 
p. 26). 
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We now realize this representation in the space of functions on 
G itself. 
As a preliminary we introduce parameters on G. We specify 


the matrix g = e - by the complex number 
21 §22 
oe Sut + a1 (3) 
E12? + gee 
and the real number 
6 = arg (S22 — gist). (4) 


Note that Im z > 0. 
It is easy to check that under the translation g — ga, 


41, Qy2 : 
a= ( the parameters z and 6 are transformed according 
Ge, ae 
to the following formulae: 
44\Z + ayy 
Zz 
AyeZ + aoe 
Next, we express the invariant measure dg on G in terms of 
z=x +z and 0: 


> 6 = 6 = arg (ay2Z + 29). (5) 


dg = = dx dy d0. (6) 


We substitute for the functions f(z) from the representation space 
H+ the functions ¢(g) on G that are defined by the following formula: 


9(g) = gine eee ee (Zz); (7) 


where z = x + iy and @ is defined by (3) and (4). We have to 
establish some properties of (g). 

Obviously, ¢(g) is continuous. Next, on the basis of (6) and 
(7) we have: 


{ ole) |? dg = } Lf (2) ty"? de dy < ow. (8) 


Thus, g(g) of integrable square modulus. Finally, it is easy to 
check that y(g) is transformed under f(z) ~ TZ (go) f(z) according 


to the formula 
Tt (Bo) (g) = ¥(88o)- (9) 


So we have obtained a realization of the representation 7} (g) 
in a certain subspace of continuous functions g(g) on G with 
integrable square modulus. The representation operator in this 
space is defined by (9). 

Let f(z) be a vector of dominant weight in H7: 


fol2) = (2 Fi 
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(see § 4.5). We define a function p(g) by the following formula: 


P(g) = ert VUynt Nef, (Zz). (10) 


The function g+(g) is positive definite; this follows from the 
easily verified equation 


Pn(8) = (1 (8) Soto). 


We now show that g1(g) satisfies the estimate 
loilgo)l < | #608) 4, (11) 
U 


where U is a compact neighborhood of the unit matrix, and ¢(g) is 
a nonnegative function summable on G. 
First of all, we observe that for n > 1 


[iertenide = forme tire tdedy < +e, (12) 


that is, pt (g) is a summable function. 
Next, we observe that 


let (ga)| = p"tP?? lay, + taygl-7-1 [z+ 2-3, (13) 
4, 2 dy, +a 
where a = eo. 
ao, aoo ayy “= tie 


Now let U be a compact neighborhood of the unit matrix. 
From (13) it is clear that there exists a constant C > 0, depending 
on U, such that 


1p (B0)| < © len (802)! (14) 


for every go € G and every ae U. Consequently pt(g) satisfies the 
cstimate 


Ipz(So)| < | P(Sog) 4g; 
U 


C : 
where ¢(g) = mes U |?nlsils here ¢(g) is a summable function 


on G, From this estimate it follows (see § 2.2) that 


Ties i; pt(e) T(g) dg 


is a completely continuous integral operator. So the validity of 
condition 1 for the functions y+(g) is established. 
Now we show that the functions g{(g) also satisfy condition 2. 


For by construction, g*(g) is contained in an irreducible subspace of 


82 HOMOGENEOUS SPACES WITH A DISCRETE STABILITY GROUP 


the space of all functions g(g) on G for which 
floveoi? ae < 0, 


The irreducible representation T}(g) of G acts in this subspace. 
From this it follows that for every irreducible representation T,(g) 
of G, other than T7(g), the operator 


Teta = { o8(e) Tao) de 


is zero. Hence, the trace of T+, is zero. So we have shown that for 
gi(g) we have 


h+(p) =h-(p) = 0, hy =O and Aj =O for j An. 


Now we show that 4+ #0. For if ht = 0, then on the basis of 
formula (2) in § 5.5, which expresses y(e) in terms of h+(p), h-(p), 
h,; and h;, we have yt(e) = 0. However, pi(e) 4 0. 

So we have shown that the function gt(g) defined by (10) 
satisfies the conditions | and 2. 

The function g;(g) is constructed similarly. 


10. The Asymptotic Formula. The formula on pp. 78-79 
leads to the following asymptotic formula. Suppose, for the sake 
of exactness, that e = | so that 7(g) does not contain representations 
of the second principal series. We denote by M(t) the number of 
p, in the interval 0 <p, <¢. Then 


Nt sd 
jim YO _ Foal \ 6), (1) 


where »v is the dimension of the representation x(k), “(1° \ G) is 
the volume of the factor space ['\G. We note that in the absence 
of elliptic elements this formula enables us to find the genus of 1’, 
because the genus is uniquely determined by «(TI \ G). 

The idea behind the proof of this formula is as follows, If in 
the formula on pp. 78-79 we can substitute a function of the 
following form: 


" 1, lel < T, 
hy(p) = (2) 
ae 0 ipl > T 
and then show that the dominant term on the right-hand side is 
( in(p)p tanh 2? do, (3) 
a 2 


then we obtain (1) at once. 
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However, among the functions for which the formula on pp. 
78-79 is true there are no functions of the form (2). So the idea of 
the subsequent reasoning is to construct a family of functions h,(p) 
that approximate, in a certain sense, the sequence of functions 


hr(p)- 
Suppose then that A(p) is a sequence of functions with the 


following properties: 
1. h(p) is an integral function for which 


lkn(p)| <C exp « [Im (p)|, 


where « = min In /,, the minimum being taken over all primitive 
hyperbolic elements y € I’. 

2. hp(p) is an even function. 

3. hyp(p) = 0 on the real axis. 

4, There exists an ¢ > 0 such that hr(p) = o(|p|-* *) in the 


domain as Re p > o. 
5, Let Cr = max hr(p), Cr = min hy(p). Then 


O<psT O<p<T 


lim Cp = lim cp = 1. 
Tota T>+00 


T? 
6. | holo) p dp ~ as T+, 


0 
co 


7. [ We(e) p% dp = (7%) ae eee: 
T 


_ Let us show how to derive the asymptotic formula (1) from the existence of 
such a family of functions /y( p). 

First of all, from 1, 2, and 4, we can deduce that h+(p) = A>(p) is the Fourier 
transform (see the first formula (8) in § 5.2) of a certain function pp(g) on G. 
Moreover, this 7(g) can be chosen so that T,, = § px(g) T (g) is a completely 
continuous operator and has a trace; the trace formula (1) on pp. 78-79 is then 
applicable to gp(g). We examine the terms of this formula separately. 

From 1, it follows that the contribution to the trace formula of the hyperbolic 
elements is zero. Each of the finite number of terms corresponding to the elliptic 


elements contains under the integral the factor ———————— , which decreases 
7p 
cosh 9 
exponentially as p—» oo. Therefore these terms do not contribute to the 
asymptotic formula. Next we note that the sum > Ap(ip,) in the trace formula 
contains only a finite number of terms (sec p. 79), so that it also does not 
contribute to the asymptotic estimate. 
As a result, when we ignore in the formula (1) on p. 78 the terms that do 
not contribute to the asymptotic estimate, we obtain 


+00 
1 
> Arex) ra He \ G) { hy(p)p tanh dp. 


—2s 
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Using 5 and 7 we find that > hy pr) ~ N(T). On the other hand, 
+00 
from 6 and 7 it follows that § Ap(p)p tanh > dp ~ T*. Hence the required 


asymptotic formula (1) follows immediately. 


Thus, the asymptotic formula follows from the existence of a 
sequence h7(p) with the properties 1—7. 

A construction of a sequence of such functions /p( p) is not given 
here, but it is noted that the existence of functions g7(g) on G, for 
which #7(p) is a Fourier transform and for which the operator T,, 
is completely continuous and has a trace, is closely connected with 
the Paley-Wiener theorem on G.t 


11. The Trace Formula for the Case When —e Does Not 
Belong to ['. All the formulae of the preceding subsections were 
obtained under the assumption that I contains the matrix 


—| 0 
—e -( ; . However, there is no difficulty in obtaining 


similar results for the case when —e does not belong to I. 

Suppose then that [° is a discrete subgroup of G such that 
X = 1'\G is a compact space and that the subgroup does not 
0 


—1 
T(g) of G induced by a finite-dimensional representation y(y) of 
T. Let o(g) be a function on G, and f*(p), A-(p), AZ, Az its Fourier 
transforms defined by the formula (8) in §5.2. Our aim is to 
compute the multiplicity with which a representation of the discrete 
series occurs in 7'(g) and to obtain relations analogous to those in 
§ 5.8 for the function h+(p) and h“(p). 

Without detailed computations, the contributions elements of 
various types in [ make to the trace formula are: 

1. Hyperbolic elements. First, we modify the definition of a 
primitive hyperbolic element. A hyperbolic element y is called 
primitive if it is not the power of any other element in [', (Thus, we 
do not require here that the eigenvalues of y are positive, see p. 67.) 
By analogy with § 5.3 we find: 

The contribution to the trace formula of the hyperbolic elements 


—1 
contain the matrix ( ; | We consider the representation 


is 
+a 
2 In |A,| Tr x(y’) { ; 
7 ea eT h*(p) +:h-(p) sign A’) |A,|* dp. (1 
2 2, Qn jas — AS (A*(p) (p) sign 4) |A,\"*dp. (1) 
—% 
¢ An account of this theorem for the case of the group of complex matrices can 


be found in Generalized Functions, vol. 5 (27]; the case of the group of real matrices is 
treated by Ehrenpreis and Mautner (see [5] in the Bibliography to vol. 5). 
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Here the notation is the same as in § 5.3; the sum is taken over the 
set of all primitive classes {y} of hyperbolic elements. 

2. Elliptic elements. The definition of a primitive elliptic 
element remains unchanged (see p. 70). We note that in our case 
all elliptic elements are of odd order. For if an element y in I is of 
—1 


even order 2k, then y* -( ; 


0 
) Consequently, the matrix 


—] 0 
( ‘i ' belongs to I, which is not the case. By analogy with 
§ 5.4 we find: 

The contribution to the trace formula of the elliptic elements is 


= 1 Tr x(y*) 
~ 2 2 Tak + Uji 2a 
sm Ok +1 


hy — he = N2k+1) Qusn/(2k+1) 
+ pt2rsn{(2k+1 —,—t20snj(2k4+1 
aS (hee — hye ) 


2 n=1 


RL Tregly) + Tr gly) 
Rzeae es) Bas 
2k +1 


+o cosh oa a 7 Me 
h*(p) 


™p 
aah cosh — 
2 


a(4s — 2k — 1)p 


.. 7p 
sinh — 
2 
Here the sum is taken over the set of all primitive classes {y} of 
elliptic elements. 
3. The unit element. The contribution of this element is 


— h-(p) sinh dp. (2) 


efit “ 
»u(T \ G) Ce) at f ptanh 32 +(e) dp 


—@ 


+00 
l to) 
+3] pooth 3 A-(o) dp + Salty + Ae)}. (3) 
n=1 
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We emphasize that in this case the decomposition of T'(g) may 
contain irreducible representations of all series. 

By analogy with § 5.7 we find: 

The multiplicities N+ and NZ with which the representations 
Tt(g) and T;(g) of the discrete series (n > 0) occur in T(g) are 
expressed by the following formulae: 


1 1 a x(y’) 
oo gi2nsnl(2k+1) 
Ni ar2 vu(T\ G)n — > Saar aN ae 1)i - ons > (4) 


ok +1 
1 1 Tray). 
ae T + po ONE —i2msn](2k+1) | 
Nea Ge x Sa +i ns : 
ok +1 


(4) 
For the functions h+(p) and 4~(p) the following relations hold: 
+a 


SA(p,) + DAMip) = ara! \G) | b(p)p tanh Z dp 


—o 


1 


+00 
2 In |a,| Tr ur | : tie 
ep pS A*(p) |A,l*5 dp +¥3 > 52 


{y} s=1 2a | As —- 4;'\ os “te 1) 


es cosh (4s — 2k — l)p 
Tr : + Tr —3\ | ="O(OR as ty 
Pex) FEM) | e(9) A) ap, (5) 
= cosh —P 
2k + 1 ; 
+o 
7 
SI(px) = gq MP \G) | Hr(e)p coth 7 dp 
In |4,| Tr x(y) [ 
ais Sin {A,\ tr xy") = 4.1108 gi ad 
{y} scl Qa |As 3 A-5| dj h (p) y| sign A, ap 
; 1 Tr x(y*) -+ Tr x(y~) 
2, 2.80% ++ 1) as Ons 


2k -- 1 
+00 sinh eee TES sy l)p 
h-(p) : dp. (6) 
matt sinh —2 


2 
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APPENDIX I TO § 5 


A Theorem on Continuous Deformations 
of a Discrete Subgroup 


Throughout this appendix I denotes a discrete subgroup of the 
group G of real unimodular matrices of order 2 for which the space 
[ \ G is compact. 

In this appendix we try to clarify the degree to which the 
representation of G generated by X = I'\ G determines I’. To all 
appearances, although this is so far unproved, the representation 
determines I' to within transition to a conjugate subgroup. Here we 
obtain a somewhat weaker result. 

To begin with, we note that if two representations 7(g) and 
T.(g) of G, generated by the spaces X, = l',\ Gand X, = I, \G, 
are equivalent and I, and I, do not contain elliptic elements, then 
these groups are isomorphic. 

If the representations generated by X, and X, are equivalent, 
the indices p; of the representations of the principal series occurring 
in the decomposition of these representations are identical. But we 
conclude on the basis of the asymptotic formula proved in § 5.10 
that the genera of I, and [, are the same. We then apply the 
standard result that if two subgroups IT, and I, have the same 
genus they are isomorphic. 

Now we introduce the notion of a continuous deformation of a 
subgroup I’. We assume that every ¢ in the interval 0 <¢ <1 is 
associated with a discrete subgroup I’, C G, isomorphic to I, and 
1, = I. By y(¢) we denote the image of the element y € I’ under 
the isomorphism [> I’,. If all the functions y(t) are continuous, 
then the family of groups I’, is called a continuous deformation of 
the group [ = Ty. 

Every group I has a continuous deformation of the following 
form. Let g(t), 0 <¢ <1, be a continuous curve starting from the 
unit clement (g(0) =e) in G. We set T, = g-1(t)Tg(t). Clearly 
the family of groups I, forms a continuous deformation of ['; such a 
deformation is called trivial. 

It is known that for discrete subgroups (with a compact funda- 
mental domain) of an arbitrary semisimple Lie group other than 
the group of real matrices of order 2, every continuous deformation 
is trivial, This remarkable result is due to A. Weil. 

In this appendix we prove the following theorem. 

THeoreM. Let I, be a@ continuous deformation of T. If the 
representations of G generated by the spaces X, = \',\G@ are equivalent, 
then the deformation I’, is trivial. 

We shall use the following fact. 
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(*) The traces of the matrices of the discrete subgroup form a discrete 
set on the real line.* 

On the basis of this fact we shall now prove two lemmas. 

Lemma 1. If the representations T,(g) and T2(g) generated by the 
spaces X, = T,\ Gand X, = YT, \ G are equivalent, then for every matrix 
y, € I, we can find a matrix y, € UT, and conjugate to yy. 

Proof. If T,(g) and T,(g) are equivalent, then these two 
representations have the same trace. Consequently, for every finite 
continuous function ¢(g) we have 


> v(g-*vg) dg = | > v(g*v8) 4g (1) 
rie yely rie yel 
(see § 2.4 (3)). Now take y, eT). 

Suppose that I’, contains no element conjugate to y,. Then, 
by (*), for every function g(g) that is concentrated in a sufficiently 
small neighborhood of y, the right-hand side of (1) is equal to zero. 
But this is impossible, because for such functions y(g) the left-hand 
side of (1) is different from zero. 

Lemma 2. Let I, be a continuous deformation of G such that the 
representations generated by the homogeneous spaces X, = T,\G are all 
equivalent. 

We denote by y(t) the image of the element y = y(0) € I’ under the 
isomorphism Y + V,. Then the trace of the matrix y(t) does not depend 
on t. 

Proof. Clearly it is sufficient to prove the statement of the 
lemma for sufficiently small values of ¢. But for small ¢ the assertion 
follows immediately from Lemma ! and from (*). 

Now we pass on to the proof of the theorem. We denote by 
WM, the algebra of matrices of the form > A,y,(t), where the A, are 


k 
real numbers and the y,(t) elements of I,. 
It is not hard to verify that YM, coincides with the algebra 
of all matrices of order 2. 
‘We set up an isomorphic map UY, — U, of Ay onto U,. Let 
ae). We represent a in the form 


ae > AuY ks (2) 
k 
where y, € I’, and associate with it the clement a, € U, of the form 


ays 2 Anyel(t). 


} If the sequence {Tr y,} has a limit, then for a suitable choice of g, € G the sequence 
£4 'Vx8y also has a limit. We write g, in the form g, = yyy,, where 7, € T, g,EF. Since 
the fundamental domain F is compact, we may assume that {g;} is a convergent sequence. 
But then {({)-*7,y{} is also convergent, and this contradicts the fact that I’ is discrete. 
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We have to verify that the correspondence a — a, docs not depend 
on the expression (2) for az. In other words, we havc to show that if 
x Any, = 0, then also 2 Aye (t) = 0. 


Suppose that 2 Gy = 0. Then 2 Anyxy = 0 for every ye I, 


and so Tr ( ar) = 0. But by Lemma 2, 
k 


Tr (x Arar) = Tr (x ranrlr(0), 


Consequently, 
Tr (¥ Aral) = 0 (3) 


for every y(t) € T,. Since the algebra spanned by the matrices y(¢) 
coincides with Y, it follows from (3) that 


*({Fane)e) =e 


for every matrix a. Consequently, 
> apyu(t) = 0. 


So we have defined a map of U, onto U,. It is easy to see that 
this is an isomorphism. 

It is well known that every automorphism of the complete 
matrix algebra is an inner automorphism. Hence there exists a 
matrix g = g(t) such that 


E Aavalt) = oO (E Aare) (0 @ 


for arbitrary real numbers A, and arbitrary elements y, € I’. 

From the fact that the left-hand side of (4) is a continuous 
function of ¢ it follows that g(t) may also be chosen as a continuous 
function of ¢. 


In particular, for every matrix y € I’ we find on the basis of 
(4) that 


y(t) = g-*(t)yg(¢), 


that is, [, is the trivial deformation. The proof of the theorem is 
now complete. 
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The Trace Formula for the Group of 
Complex Unimodular Matices of Order 2 


Here we derive the trace formula for the group G of complex 
unimodular matrices of order 2. The complex case turns out to be 
considerably simpler than the real one, because it is easier to 
construct irreducible representations for the group of complex 
matrices than for the group of real matrices. The reader will see in 
2. that the trace formula for the group of complex matrices has a 
much simpler structure than in the real case. 

Since the results for the complex case are obtained by the same 
methods as those used in the real case, the details of the proofs are 
omitted. 


1. Irreducible Unitary Representations of G. The group G of 
complex unimodular matrices of order 2 has two series of irreducible 
unitary representations—the principal and the supplementary 
series. 

The principal series of representations is realized in the space H 
of functions f(z) of a complex variable z of integrable square 
modulus 


; [\f(eyie az dz < +0. 


The representation consists in associating with every complex 


( 


an operator T, ,,(g) in H of the following form: 


= m-|-ip—2 I —m aZ a 4 l 
Ty wl@)f(2) = 12 + amie (Bz + y-yg(Z=2), (1) 
Thus, the representation is given by a pair of numbers: a real 
number p and an integer m. It can be shown that two representations 
7 elf ) and Ty m ‘(g) are equivalent if and only if either p = p, 
m =m’ or p = —p',m = —m’, 
The character of T, m(g) is given by the following formula: 
[2gl'rtm am + aye 
Fp, Fp.m(g) = \A, — Aus (2) 


where 4, and 47" are the eigenvalues of g. 
If in (1) we allow p to be an arbitrary complex number, then 
we obtain, in general, nonunitary representations of G. There is 
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always a reasonable way of giving a space of functions f(z) in which 
this representation acts. The character of T, ,(g) in this general 
case is also given by (2). 

The supplementary series of irreducible unitary representations 
is obtained for m = 0, p =13s, pene —2<s<2,s#0. The 
Hilbert space in which the operators T’, o(g) of the supplementary 
series act consists of the functions f(z) for which 


ft = (5) fiz — 2 fen SG) da de de de < +0. 


The reader will find details on irreducible representations of G 
in Chapter II, and also in [28]. 


2. The Trace Formula for G. Let I be a discrete subgroup of 
G such that ['\ G is a compact space; y(y) a finite-dimensional 
representation of y; 7 (g) the representation of G induced by y(y). 
Since I \ G is a compact space, the representation 7'(g) splits into 
a direct sum of irreducible unitary representations. Information on 
what irreducible representations occur in this decomposition is 
contained in the trace formula of § 2: 


> | 96) opm(8) dg = > Tr x(y) MT, \G,) i y(g-tyg) dg, (1) 
vel Gia 
where the summation on the left is taken over all representations that 
occur in T(g).+ 
This formula is true for any function »(g) on G for which 
T= =§ y(g) 7 (g) dg is a completely continuous operator having a 
trace, in particular, for every smooth finite positive definite function. 
Our aim is to pass in the trace formula (1) from the function 
g(g) to its Fourier transform 


Ap, m) = | 9(6)%p.m(8) 4 


By the formulae for the characters o, »(g) under 1 this function 
h(p, m) is given by the following explicit formula: 


[A pete A-™ -- \A, ir ip—m Am 
os g a g dg. 9 
The left-hand side of (1) is transformed to h(p, m) in an obvious 
way. So our problem is to express in terms of A(p, m) the integrals 


e(g-*vg) dg 
G,\@ 
over the class of elements conjugate to the matrix y € YT. 


t+ We recall that by [, and G, in (1) we denote the centralizers of the element 
y ET inT and G, respectively. 
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Note that owing to the compactness of I‘ \ G, the group I has 
no parabolic elements. Hence every element y € I’, other than +e, 
is conjugate to a diagonal matrix 


A O 
6= ; 
0 A 
We introduce the function 


I(6) = { p(g-* dg) dg 
Gé\G 


and try to express it in terms of h(p, m). For this purpose we use an 
integral relation between the functions y(g) and J(6), which we 
give ae proof f 


pee 2 ee 
575 [10 WF = [ oleae) IA, A,*|* dg, 


where w(g) is an arbitrary function on G that is constant on classes 
of conjugate elements. 
When in this relation we set 


w(g) = |A, — As" | Oy,m( 8) 
= |2, _ Ase? (\4,\"?te A," ele [Age AP), 
we find that 


li da di 
as, to 6 —~ J-2 (| Jlterm Z-m l —ip—m ym _ ; : 
5 = {tC ) [A = aap (ayer Amm + al ) ae = Mp. m) 


Bearing in mind that (6) = J(6-1), we can rewrite this formula in 
the form 


J di dh 
5 f 1(8) 1d — a-ap[aproma-m SE = (p,m) 


So we see that h(p, m) is the Mellin transform of the function 
I(a) |A — A-4|%. Consequently, by the formula for the inverse 
Mellin transform, we have 
(= na 
I h 2 —tp—m Am dp. 
So we have expressed the siege over every proper class of conjugate 
elements in terms of h(p, m). On the basis of this formula we have: 
for y ~ +e 
+a 
2ar)- = 
[ otetye) de = Ga S| tem tare apa 
Gy\G u ee —# 
where 2, and A>" are the eigenvalues of y. 


+ A derivation of this relation can be found, for example, in [28]. 
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Now we examine the exceptional case: y =e and y = —e. 
In this case the class of conjugate elements consists of a single 
element, and the integral over this class degenerates into p(e) and 
g(—e), respectively. So we have to express p(e) and y(—e) in 
terms of hk(p, m). Without proof we give the final formulae 


+n 
1 00 
v0) =a S| mt + pA p,m) dp, 


we) = a5, (-)" | (mt + ptyh(e, m) dp 


—a 


These formulae immediately follow from results of Chapter 2, § 6; 
see also [28]. 

As a result, after going over from the functions y(g) to /(p, m) 
the trace formula assumes the form 


© Apes m) = gq ra(T\ G) 


Sy + (-)] i. (m? + p%)h(p, m) dp 


+00 
Tr G, 0 
where »v is the dimension of the representation y(y); « = 1 when 
q(—e) = E, « = —1 when y(—e) = —E, E is the unit operator. 

The summation on the left is over all the representations of the 
principal and the supplementary series that are contained in 7’(g). 

The formula can be split into relations for 4(p, m) for fixed 
values of m: 

+00 


SH pe, 0) = zor ralP\G)(1 + ©) [ p*h(p, 0) de 


—a 


Tr x(y)u(T,\G,) [- wr 
2 ta |, — J A{p, 0) {a,|-** dp; (4) 


yel* 


© HP ™) = Teg AME \ GEL + (1) 


—00 
+o 


{Ae m) 12," ap dp. (5) 


—o 
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The representations of the supplementary series are covered 
only by the first of these formulae. The derivation of the formulae 
from. (3) is left to the reader. 


3. The Asymptotic Formula. From (4) and (5) of 2 it is easy 
to derive asymptotic formulae for the distribution of the numbers 
py We give the formulae here without proof. We denote by 
N,,(p) the set of numbers pm, > 0 that do not exceed p. Then the 
following asymptotic formula holds as p — oo: 


vu(T\G 
Ng(p) ~ 2A) 


3 


§6. INVESTIGATION OF THE SPECTRUM OF A 
REPRESENTATION GENERATED BY A NON- 
COMPACT SPACE X¥ = [\G (SEPARATION OF 
THE DISCRETE PART OF THE SPECTRUM) 


In this section we continue the investigation of the representa- 
tions of the group G of real matrices of order 2 generated by the 
spaces X = I‘\ G, where I is a discrete subgroup of G. As before, 
we assume that I‘ contains the matrix —e. 

Earlier we investigated in detail the case of a compact space X. 
We proved that the spectrum of the representation generated by X 
is discrete. 

Here we assume that X is not a compact space, but has finite 
volume. The main task, as before, consists in studying the spectrum 
of the representation 7 (g) generated by X, in other words, to 
decompose this representation into irreducible ones. The solution 
of this problem will be given by the method of horospheres. 

The method of horospheres enables us to decompose the 
representation space into two invariant subspaces having much 
simpler spectral structures. The first of these subspaces to be studicd 
has a countable discrete spectrum. 

It can be shown that the discrete spectrum of the second 
subspace has only a finite number of points, and that the spectrum 
of its remaining part is of the multiplicity of the continuum. This 
multiplicity of the continuous spectrum is equal to the minimal 
number of parabolic vertices of a fundamental domain of T. ‘The 
proof is based on the perturbation theory of differential operators. 
To avoid overloading the book with special problems in the theory 
of differential operators, we give an account of this proof in another 
place. 
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1. Horospheres in a Homogeneous Space. Horospherical 
subgroups of G are subgroups Z of matrices of the form 


oa E, 


and all subgroups conjugate to Z. 
Horospheres in a homogeneous space X = I’ \ G are orbits of 
horospherical subgroups, that is, curves of the form 


x, = xgzg-', 


where x € X and g € G are fixed, and z ranges over Z. 

We note that the majority of horospheres on I \ G turn out to 
be noncompact and even nonclosed sets. Only those horospheres 
that are compact in I \ G play an important role for us. 

Let us state a compactness condition for horospheres. Since a 
horosphere is translated into a horosphere and a compact horosphere 
is translated into a compact horosphere, it is sufficient to restrict our 
attention to horospheres passing through a fixed point x): 


_ —-1 
X, = Xpgzg-'. 


For x) we choose the point corresponding to the unit class in I \ G. 
To begin with, Ict g =e. Then a horosphere has the form 


x, rt XZ. (1) 


We show that the horosphere (1) is compact if and only if the subgroup 
A=T AN Zits not trivial. 
Proof. We consider a continuous map 


Z—> XZ (2) 


of Z onto our horosphere C. Clearly the inverse images of the 
voints of C under this map are cosets of A = I A Zin Z. 
In this way the map (2) induces a continuous one-to-one map 


Z/A—>C 


of the factor group Z/A onto C. 

Let us assume that A = I /A Z is not trivial, and show that 
then C is compact. The horospherical subgroup Z is isomorphic to 
the additive group of real numbers; from this it follows immediately 
that its factor group with respect to A is compact, if the latter is 
nontrivial. But then C, as a continuous image of the compact set 
Z/A, is also compact. 

We now assume, conversely, that C is compact. Then the 
factor space Z/A is compact, and hence A is not trivial. This follows 
immediately from a general theorem, which we quote here without 
proof (see Pontryagin [57], Chapter 3, Theorem 20). 
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Let C be a locally compact homogeneous space in which a locally compact 
group Z having a countable open covering by compact sets acts. Then C is 
isomorphic to the space Z[A of cosets of Z with respect to the stability group 
A of one of the points of C. 

So we have established that for compactness of the horosphere 


Xz = Xz 


it is necessary and sufficient that the subgroup A = I’ /4 Z is not 
trivial. 

In a similar way it is easy to check that for compactness of the 
horosphere 

X, = Xgzg} 
it is necessary and sufficient that the subgroup 
Ko Ty eeg7> 
is not trivial. 

We say that two compact horospheres belong to a family if each 
arises from the other by a translation. The number of such families 
is an important characteristic of the homogeneous space X = ['\G. 
It is not hard to verify that this number is equal to the minimal 
number of parabolic vertices of a fundamental domain relative to I’. 


We shall derive from the last results of this subsection that this 
number is finite, provided the volume of X is finite. 


2. Statement of the Main Theorem. Let I be a discrete 
subgroup of G such that the volume of I \ G is finite. 

We consider the representation of G generated by the homo- 
geneous space X == I'\G. We recall that this representation acts 
in the space H of functions f(x), x € X, of integrable square modulus: 


[ feo a < 0. 


The representation operator is given by the formula 


T(g) f(x) =F (xg). 


Our task is to investigate the spectrum of this representation. 
In this subsection we separate the discrete part of the spectrum. We 
shall define an invariant subspace H° of H whose spectrum is discrete. 

First we state the precise result of this subsection. 

We consider the collection H° of functions from H whose 
integrals over any compact horosphere are equal to zero. It is not 
hard to check that H® is a closed subspace of H and that it is invariant. 

It stands to reason that the condition for the integral over one compact 


horosphere to be equal to zero by no means singles out a closed subspace. How- 
ever, the condition that the integrals over a given compact horosphere and all 
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horospheres sufficiently near to it are equal to zero in fact defines a closed 
subspace. 

Proof. We consider the set of horospheres that are sufficiently close to a 
given compact horosphere /. Since these horospheres do not intersect (see below 
in § 6.3), the domain K ¢ X they fill is the topological product 


K=Tx@ 


ofa compactum 7 and C. Let H, be the space of functions f(#, c) from H that are 
concentrated on K. The condition that the integrals of these functions over the 
horospheres close to / are zero can be written in the form 


[reo dc -~0 forevery tET 
Cc 


Obviously this condition singles out a closed subspace Hx in Hy (this can be 
seen, for example, by going over from the functions f(t,c) to their Fourier 
transforms with respect toc). But then this condition singles out a closed subspace 
of the whole space H, namely the subspace Hg +- Hj, where Hj is the orthogonal 
complement to Hy. 


TuHEeorem. The space H° splits into the direct sum of not more than 
countably many invariant irreducible subspaces. In other words, the 
spectrum of 7'(g) in H° is discrete. 

Leaning on results of § 2 we reduce this theorem to the proof 
of another proposition. 

We consider finite functions ¢(g) on G of the form 


p(g) = v(g) * v(g-?), 


where y(g) is a finite infinitely differentiable function on G that 
differs from 0 only in a sufficiently small neighborhood of the unit 
element. 

Our aim is to prove that 


T, ={ ole) Te) a 


are completely continuous operators in H®. From this it follows 
immediately by the Lemma in § 2.3 that H® splits into the direct 
sum of not more than countably many invariant irreducible 
subspaces. 

Since T, is a self-adjoint positive definite operator, to prove 
that it is completely continuous it is sufficient to show that its trace 
is finite. 

So the main theorem reduces to the proof of the following 
proposition. The operator T,, where p(g) is a function of the form 
v(g) = v(g) * p(g-!), concentrated in a sufficiently small neighborhood 
of the unit element of G, has a finite trace on H°. 
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3. Cylindrical Sets. For the proof of the main theorem we 
split the space X = I" \ G into eplindrical subsets whose structure is 
in a certain sense simpler than that of X. 

We call an open subset X; of X a cylindrical set if it can be covered 
by pairwise disjoint compact horospheres belonging to one and the 
same family. 

In other words, X;, is the set of all elements x € X of the form 


— ~1 
X = XoLo28q's 


where x, is a fixed point in X, gp a fixed element of G such that the 
subgroup [ A g9Zgz? is nontrivial (compactness condition for the 
horospheres); z ranges over Z and v over a certain set V in G. 
Here the element v—the index of the horosphere—is uniquely 
determined by x. 

The object of this subsection is to prove the following proposi- 
tion. The space X can be represented as a union of a finite number of pairwise 
disjoint sets 

X=X,4+ 8 +3: +X, 


where Xy is compact, and X,,..., Xp are cylindrical sets. 

The proof of this proposition is based on a result obtained in 
§ 1.4, and now restated. 

In § 1.4 we showed that on the Lobachevskii plane there exists 
a fundamental domain F relative to I that is the union of pairwise 
disjoint subsets 


F=Fy + 3 F(b,); (1) 


where F, is compact, b, are the vertices of F at infinity, and F(6,) 
are the triangles bounded by two geodesic lines /,, J, starting from 
b, and a horocycle ,, passing through b,,k = 1,..., p. Here the 
sides J, and U; of F(b,) are equivalent, that is, are obtained from cach 
other by a transformation y € Tr. Moreover, every point inside the 
horocycle w, can be carried into a point of F(b,) by a transformation 
y € T that leaves 5, in its place. 

With the decomposition (1) we associate a decomposition of 
X = [\G into disjoint subsets. 

For this purpose we observe that the Lobachevskii plane is the 
homogeneous space G/U of cosets of the group G of real unimodular 
matrices of order 2 by the subgroup U of orthogonal matrices. 
Consequently, the fundamental domain F on the Lobachevskii 
plane relative to [’ can be identified in a natural way with the space 
of double cosets [' \ G/U. We consider the natural map 


XE T(ESF= TV GU. (2) 
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We denote by X, and X;, the complete inverse images of the 
sets F, and F(b,), k = 1,..., p, under this map. Then we obtain 
the decomposition 

X=X,+X+--°+ Xp, (3) 


of X into pairwise disjoint subsets. 

It is clear that X, is a compact set (because its image F, and 
the kernel of the map U are compact scts). We have to show that 
the remaining sets X,, in this decomposition are cylindrical. 

We examine one of these sets X, and its image F'(b,) under the 
map (2). First we describe these sets in matrix form. 

Without loss of generality we may assume that b, = o. Then 
the subgroup of parabolic elements leaving 5, fixed coincides with 


1 
group Z of matrices of the form ( 
Z 


transformations y € [' leaving the point 6, fixed, the subgroup 
A = [. ¢* Z is nontrivial. 

It is easy to verify that the set F(b,) consists of all points of the 
form 


0 
} Since there exist parabolic 


(za) Zo» 
where Z) = i is a point of the Lobachevskii plane having a subgroup 


of U as its stability group, a ranges over the set of diagonal matrices 
of the form 


a O 
a= , 0<a<QN, (4) 
QO a} 

and z ranges over a fundamental domain Z, of Z relative to 

A =T[Z. This domain Z; is compact, because A is not trivial. 

Clearly the complete inverse image X, of F(5,) consists of all 
points of the form 

X = XoZdu, (5) 


where x, is a fixed point in X = I'\ G corresponding to the unit 
class, and z, a, and u range over the sets of matrices described above. 

Let us show that the X, are cylindrical sets. First of all we note 
that for fixed a and u the set of points (5) forms a compact horosphere. 

‘Thus, through every point of X;, there passes a compact horo- 
sphere from the given family. It remains to verify that distinct pairs 
a, u correspond to horospheres without common points. 

Suppose that the horospheres x, = xoZa,u, and x, = XgZdqup 
have points in common. Then there exist elements z,, Zz, € Z,; and 
y € [ such that 

Vz a tty = ZA us. (6) 

We consider the map G ~ G/U of G onto the Lobachevskii 

plane. Under this map the elements z,a,u, and z,a,u2. go over into 
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points in F(b,). The equation (6) means that these points can be 
carried one into the other by a certain element ye I’. But since 
F(b,) belongs to a fundamental domain relative to I’, this is possible 
only when these points coincide and y = 1. 

Thus, from (5) it follows that y = 1, and therefore 


ZA, = Zolotko. (7) 


Since every matrix g ¢ G may be decomposed in a unique way into 
a product of the form g = zau, we see from (7) that a, = a, and 
u, = Uy. Consequently the horospheres x, = x9Za,u, and x, = XoZdzUe 
coincide. 

So we have shown that the sets X,,k =1,...,9, im the 
decomposition (3) of the space XY = I’ \ G are cylindrical. 


4. Reduction of the Main Theorem. In § 6.2 the main theorem 
of this section was reduced to the following theorem. 
Every operator of the form 


T, ={ o(@) Tle) as 
where o(g) is an infinitely differentiable function of the form 


p(g) = p(g) * v(g7*), 


concentrated in a sufficiently small neighborhood of the unit element of G, 
has finite trace on H° 

We now make a further reduction of the main theorem. 

For this purpose we split the homogeneous space X into the 
sum of disjoint subsets 


X=XH+X%4+°:'4+ X,;, 


where X, is compact and each of the sets X, ..., X, is cylindrical, 
that is, splits into pairwise disjoint horospheres of one and the same 
family. The possibility of such a decomposition was established in 
the preceding subsection. 

We denote by H, the subspace of functions of integrable square 
modulus on X and equal to zero outside X,, and by P, the projection 
operator of H onto this subset, k = 0, 1,..., . Furthermore we 
denote by H® the subspace of functions of H, whose integrals over 
the horospheres of the family occurring in X, are equal to zero. 

Obviously we have the following inclusion: 


Hoc H,+ H9+---+ A, (1) 


Hence it follows that the trace of the positive definite self-adjoint 
operator T,, on the space H° is not greater than the sum of the traces 
of the operators P, TP; on the spaces Hy, H?,..., H9. 
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So the proof of the main theorem reduces to that of the following 
proposition. 

The trace of the operator PyT ,P, on Hy and the trace of the operator 
P,T ,P,, on the spaces H?,k = 1,..., p, are finite. 

We begin by showing that the trace of P)7,P, in H, is finite 
(note that X, is compact). 

For this purpose we recall that 7, is a positive definite integral 
operator of the form 


Tf (21) a) K(g1; 82) f (82) 482 (2) 
with the kernel if 
K (81 82) = 2. p(8i"782)5 (3) 


where F is a fundamental domain in G relative to the transformation 
g—vyg,yeET. Also K(g,, g,) is a continuous function of g, and gp. 
Let Fy be the inverse image of X, in F. The map Fy — Xj 1s 
one-to-one and bicontinuous, hence F, is also a compact set. 
It is easy to see that P, 7 ,P, is an integral operator on Fy of the 
form 


[ Kee) fC) dee 


Since the kernel K (g,, gz) is continuous, it is bounded on Fy. There- 
fore the trace of Py) T',P, on the whole space H, is finite, and equal to 


{ K(g, ¢) dg. 
Fo 


It now remains to show that the trace of P,T,P,,k =1,...,),; 
is finite. We pass on to the proof of this assertion. 


5. Proof That the Trace of P,7,P, in Hy is Finite. Let F bea 
fundamental domain of G relative to [', and F;, the inverse image 
of the cylindrical set X, in F. Without loss of generality we may 
assume that X,, splits into horosphcres of the form 


x = XyZg. (1) 


As we have shown in § 6.3, F,, then consists of all possible elements 
of the form 
zau, 


where z ranges over a fundamental domain of Z relative to 


A=TonZ, 


102 HOMOGENEOUS SPACES WITH A DISCRETE STABILITY GROUP 


a ranges over the set of diagonal matrices 


a O 
«= ( } 0<a<VN, (2) 


0 a7! 


and u over the set of orthogonal matrices. 
Obviously, P,7T,P, can be regarded in H, as an integral 
operator on F, of the form 


{ Ke gn) fles) den (3) 
where a 
K (81, 82) = 2. (81'782) (4) 


We are interested in P,T,P, not on the whole space H,, but 
only on its subspace Hp. It is convenient to replace this subspace 
H° by another subspace isomorphic to it. 

For this purpose we assume that the functions f(g), g € F,, are 
extended to the set AF, by the formula f(yg) = f(g) for arbitrary 
ye Aand geF,. 

We consider the map 


Q:f(e) wt | flee) dz (6) 
A\Z 
of H,, into itself, where u is the measure of A \ Z. Clearly the kernel 
of this map is our subspace H®, and the image is the subspace Hj of 
all functions in H, satisfying the condition 


f (28) =f(g). (6) 
From this it follows that H? is isomorphic to the orthogonal 
complement H, in Hi}. 


~ 


So we may replace H? by H,, the orthogonal complement to 
the subspace of functions f(g) € H, satisfying the condition (6). 


We show that the trace of P,7,P, in H, is finite. In other 
words, we have to show that the trace of the operator: 
P,T P). Pras OP,T P,Q, (7) 


where Q is the projection operator onto Hj given by (5), is finite. 
Let us find the kernel of this operator. By (5) QP,7,P,Q 1s 
given by the kernel 


Ky (81, 82) = w? | {x (2121, Z282) ¢Z, dZp, (8) 
A\Z A\Z 


where K is the kernel of 7T,. Consequently, the kernel of 
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P,TP, — QP.T P,Q has the form 


K (ey 2) — we? i) { K (zi 2980) dz, d2y (9) 
A\Z A\Z 


We have to show that this operator has a finite trace, that is, that 
the following integral converges: 


r= {[xtee) wf [x(a ea) desde] de, (9) 
FL a\z Aiz 
Let us transform this integral. 


Substituting in J the explicit expression (4) for the kernel K 
we obtaint 


IT =|)> | y(u-ta-1z-1yzau) — p-* 
ye 
| o(utarz-szpyzgzau) dz, t,| -adadzdu. (11) 
A\zZ A\z 
We simplify this expression. First, when we replace the function » 


by its average 9,(g) = f g(u-1gu) du over the subgroup U of 
orthogonal matrices, we may write 


I =\> | px(a-tz-tyza) =e 
yeL L 


@,(a-1z—1z,1yz_za) dz, tesla dxdz. (12) 
A\Z A\Z 

Now we show that the summation in (12) is, in fact, taken only 
over the elements y ¢ A = I. \ Z, In other words, we prove the 
following proposition: if y(a-1z,1yz a) #0, where z,, Z2,€ Z and 


a O 
c= (* ,0<a<WN, thnyead. 
0 «7 


As a preliminary we recall that the function 9 (g) is assumed 
to be equal to zero outside a sufficiently small neighborhood V of 
the unit element. 

Suppose then that g,(a~1z,1yz,a) # 0, that is, 


a-'z'yz,a =veV. (13) 
We represent 2 in the form 
v = za'U, (14) 


+ Here we have used a formula for the invariant measure on g in terms of the 
parameters z,a,andu: ifg = zau,thendg = a du dz du, where dz and du are the invariant 
measures on Z and on U. 
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where z € Z, u is an orthogonal matrix, and 


; a’ 0 
a= 3 
0 oa’! 


It is easy to see that if V is a sufficiently small neighborhood of 
the unit element, then the element «’ of a’ is arbitrarily near to the 
unit clement. 

From (13) and (14) we obtain that 

yZ_a = Z'aa'u, (15) 
Consequently, the horospheres x, = %9za and x, = X9zaa'u in X 
have a point in common. 

Now we recall that the set of points in X of the form 


xX = XoZau, (16) 
where z ranges over Z, u over the orthogonal matrices, and a over 


0 


a 
drical set in X. It is easy to check that for 0 < « < N + «, where 
e > 0 is sufficiently small, the elements (16) still form a cylindrical 
set. 


a 
the diagonal matrices a = | ) 0 <a <N, forms a cylin- 


Consequently, from the fact that the horospheres x, = x9za and 
x, = x,zaa’u have a common point of intersection it follows that they 
coincide entirely and that a’ = 1 and u = 1. But then it follows 
from (15) thatye I 2 Z. 

So we have shown that the summation in (12) is, in fact, over 
the clements ye A= IZ. Hence this expression may be 
rewritten in the following form: 


I= |> | wesertyae aa 
yeA 


{ ex(ertz-teztyzaz0) dz, dns dxdz, (17) 
A\Z A\Z 


Since Z is a commutative group, the expression under the integral 
sign does not depend on z. Therefore, on integrating with respect 
to z we obtain 


Lom b> [ es(a-tya) — po? { plartyza) a da. (18) 
eat A\Z 
In this expression we go over from the matrix to the elements, 
A is an infinite cyclic group. Thus, the elements y € A have the 
form 
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where a is fixed and n ranges over the integers. For simplicity we 
take o = 1. 
Then we have 


1 0O 1 0 
atya = ( \, alyza = ( } 
na? | (n + z)u? 1 


We introduce the function of a single variable 
v(x) = 9,(z), (19) 
where z = ( ‘| Then the expression (18) can be rewritten in 
x 


the form: 
ae 1 
I =| 2 ine — {v(x + z)«?) ts du, (20) 


where (x) is a finite infinitely differentiable function. 
So we have to show that the integral (20) converges. Since 


1 


{ocr + z)a%) dz = y((n + 8,)a), 0<0, <1, 


we have 
1 


(nat) —[ y(n + 2)a%) dz = —y'((n + 8,)a2),02, 
0 
where 0 <0, < 1,0 <6), <1. 
So the integral (20) is majorized by 


N 
+0 
1 =| Iw'((n + 0,)a)| @ da. (21) 
=—o 


Since y’(x) is a finite function, the summation in (21) is, in fact, only 
over those n for which |n + 6; [a2 <C. where C is a constant. 
Consequently, 

+00 C 

¥ y(n t ey <=, 


therefore, 
N 


i < | Cya da < 0, 


0 
Thus, we have proved that the trace of P,,T,P;, in H} is finite. 
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Arithmetic Subgroups of the Group G 
of Real Unimodular Matrices of Order 2 


1. Definition of an Arithmetic Subgroup. Here we discuss 
examples of discrete subgroups of the group G of real unimodular 
matrices of order 2. Among all discrete subgroups of G the most 
interesting and most important ones are the arithmetic subgroups, 
which we now define. 

Let g—» T(g) be any finite-dimensional representation of G. 
We examine the set of all elements g € G that correspond to integral 
matrices T(g). It is not hard to verify that these elements g form a 
discrete subgroup of G. All discrete groups so obtainable, and also 
all their subgroups of finite index, are called arithmetic subgroups. 
The simplest example of an arithmetic subgroup of G is the group l° 
of all integral matrices 


My, M2 
| ae ’ M4,Mo2 — MyM, = |. 


Mo, Moe 


It is called the modular group. 

In 4 we shall give other examples of discrete subgroups—the 
so-called quarternion groups. From results of A. Weil it follows 
that the modular and quarternion groups and their subgroups of 
finite index exhaust all arithmetic subgroups of G. 


Our definition of an arithmetic subgroup differs somewhat from the usual 
one. We now give the usual definition of an arithmetic subgroup of an arbitrary 
semisimple Lie group. 

First we introduce the concept of a linear algebraic group. 

We consider the group of all nonsingular matrices of order n over the field of 
complex numbers and a certain finite set of polynomial relations among the 
elements of the matrices. We single out the collection of all matrices that satisfy 
these relations. If this collection of matrices forms a group, then it is called a 
linear algebraic group. 

If the coefficients of the polynomials belong to the field of rational numbers, 
we say that the group is defined over the field of rational numbers. We denote this group 
by G, and understand by G not so much the set of points, but the set of polynomial 
relations. 

If k is any commutative ring over the field of rational numbers, we denote by 
G,, the set of matrices with elements from f, satisfying these relations and having as 
their determinant the unit element of the ring.. 

An arithmetic subgroup of a semisimple Lie group Gp (R is the field of real 
numbers) is any discrete subgroup obtainable by the following construction. 
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Let Cre > Gp be an arbitrary semisimple Lie group that contains Gp as a 
subgroup and is the direct product 


Gp =Gp:K 


of Gp and a compact group K. In Gy R we choose an arbitrary discrete subgroup 
I” that is commensurable with G, Z, where Z is the ring of integers. (This means 
that I’ A Gz is of finite index in Gy and in IY.) Let ! M Gp be the image of I” 
under the natural mapping G, rR — Gz. All subgroups I so Gbtainable are called 
arithmetic subgroups of Gp. 


2. The Modular Group. In this subsection we construct a 
fundamental domain of the modular group I and show that this 
domain has finite volume. 

From § 1.2 we know that the homogeneous space X = ['\G 
can be interpreted as the space of linear elements of a certain 
Riemann surface 9. 

Our next task is to describe this Riemann surface. We recall 
that according to §1.2 the surface 9 is constructed as follows. 
On the half plane Imz->0 we consider all linear fractional 
transformations corresponding to elements of I. By identifying 
points that can be carried one into the other by these transformations 
we obtain the required surface J. 

To describe this Riemann surface explicitly, we construct a 
fundamental domain of IT’ on the half-plane Im z > 0, where this 
group acts as a group of fractional-linear transformations. 

On the half-plane we consider the domain 9 given by the 
following inequalities: 


\z| > 1, |Re z| < &%. (1) 
or, what is equivalent, by 
|z| > 1, Iz + lf > fal, |z — 1] > {2| (2) 


(Figure 3). We show that this is a fundamental domain for the 
modular group I. 
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To begin with, we show that every point of the half-plane can 
be carried into by some transformation from I. 

Let z be an arbitrary point of the half-plane Im z > 0. We 
consider the plane lattice formed by the points 


w=mz ean, 


where m and n range over all integers. From the points of the 
lattice we select one that is closest to zero (in the sense of the ordinary 
Euclidean distance). Let this be 


Wy = MyoZ Tb Map. 


Next we inspect the points of the lattice that do not lie on the line 
through 0 and w,, and from among them we again select a point 
closest to 0. Let this be 

We = M,Z + My. 


By the definition of w, and we, the triangle with the vertices 0, 
w,, W, contains no point of the lattice other than the vertices. Hence 
it follows easily that the parallelogram with the vertices 0, w,, we, 
w, + w, also contains no point of the lattice other than the vertices 
(Figure 4).+ 
We show that 
M;Mo2 — My2M2, = +1. 


For this purpose it is sufficient to verify that every lattice point w,; 
and among them 1 and z, is an integral linear combination of w, 
and w,. We represent w in the form 


w= QA,Wy, + AzWs, 


where a, and a, are real numbers. We have to show that then a, 
and a, are integers. If we represent these numbers in the form 


q=mt+n, a, = Mz + Pry 


where m, and m, are integers and 0 <7,, 7, < 1, it is clear that the 
point 


w’ = W — MW, — Mo, = TW, + TeWe 
Wo Ws; v4 
e e e ® 
e e e 
Oo 7 
Figure 4. 


+ For if the triangle with the vertices w,, w,, w, -+ w, contains another lattice 
point w, then there is also a lattice point in the triangle with the vertices 0, w,, we, 
namely w, + wz — w. 
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also is a point of our lattice. But this point belongs to the parallelo- 
gram with the vertices 0, w,, w,, w, + w,. Consequently w’ = 0, 
that is, w = mw, 4- mW. 

So we have shown that m,,mo2. — m,.m,, = +1. By changing, 
if necessary, the signs of m,, and mz, we may assume that 


MM ;Mz2 — M2M2, = |. 
Now we consider the point 

' W, — MyyZ + Moy 
Wy My2Z + Mee 


We show that it belongs to 9. For from the definition of w, and 
w, it follows that 


|we| = ||, \w, + w,| = lwel, |w. — wWy| = |wel. 
Dividing all these inequalities by |w,| we find that 
[2’| = l, [z’ = 1] = IZ; \z’ a } = {z'|, 
that is, z’ belongs to J. 
So we have shown that every point of the half-plane Im z > 0 


can be carried by transformations of I‘ into the closure 9D of B. 


Now let us see what points of Z can be carried into one another 
by transformations of T. The only such point pairs are on the 


boundary of Z and symmetrical with respect to the imaginary axis; 
this shows that Z is a fundamental domain. 
Suppose that the point z, = x, + 4, of G is carried into 
another point z. = x, + ty, of 7) by a transformation y from I’: 
MZ, + May 
eee MZ + Mog 


(3) 


Our object is to show that z, and z, lie on the boundary of Q 
and that y, = J». 

Without loss of generality we may assume that y, >. First 
we show that y, <3,, whence y, =, To do this, we use the 
equation 

J1 
a |myeZ + Meal?’ 4) 
which follows immediately from (3). Next we show that 
|712Z, + Moo) > 1. For we have 


|MyoZ_ + Meg|® = mig(xz + rt) + QmyzMoox, + Mp. 
Since x? + y? > 1 and |x,| < % for points z, of Q9,, we find that 


2 2 2 
|myoZ, + Moo!* > mi, — |myymee| + m5, => | 
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(excluding the point m,, = mg. = 0, which in fact cannot occur, 
SINCE My,Moo — MyoMq, = 1). 

So 'm,.Z, + mge!2 > 1. By (4) this shows that y, <j, and 
consequently y, = jo. 

Now we show that the points z; = x, + 7), and z, = x, + pe 
lie on the boundary of Z. For since _y, =_y2, we have by (4) 


2 yet 
(myx, + oS + mny = 1. 


By taking again all possible values of m2, mz2, x1, x, we easily see 
that this equation holds only in the following three cases: 


l. M2 = +1, Moo = 0, x + yt = 1. 
2. my = +1, me = 11, x, = +) (the sign of x, is opposite 
; V3 
to the sign of m,9Mo2), 71 = ye 
3. mM = 0, Mo = tl. 
In the first two cases z, lies on the circle |z| = 1, that is, on the 


boundary of GY. In the third case we must also take m,, = +1, 
and therefore z, can be expressed in terms of z, as follows: 


Z2=% +0, 


where n is an integer (n 4 0). But then !z, — z,| > 1. Obviously 
this is possible only when z, and z, lie on the vertical parts of the 
boundary of 9. So we have shown that the domain @ sketched in 
Figure 3 is in fact a fundamental domain for the modular group I. 

Incidentally we have described the Riemann surface associated 
with the modular group [: it is the closure Y of Y, where points 
on the boundary of @ that are symmetrical with respect to the 
imaginary axis are to be identified. Hence, this Riemann surface 
is homeomorphic to the sphere with one point deleted (corresponding 
to the point at infinity on Z). 

Now we compute the area of this unbounded domain @ and 
show that it is finite. 

By definition, the element of area dv on the half-plane Im z > 0 
must be preserved under conformal transformations. From this 
condition we obtain easily that to within a constant factor the 
invariant element of area dv on the half-plane Im z > 0 can be 
expressed by the following formula: 

dy = <? 4 
Consequently, the area S(B) of D is expressed by the formula 


S(Q) = {[F a. 
‘7 


APPENDIX TO CHAPTER 1 111 


Computing this integral we find that 


So we have shown that the fundamental domain 9 of IT of 
the half-plane Im z > 0 has finite area. 

From this it follows immediately that on G a fundamental 
domain of [ also has finite volume. For this fundamental domain 
may be realized as the space of linear elements on J. 


3. Some Subgroups of the Modular Group. In this subsection 
we investigate some important classes of subgroups of the modular 
group of finite index. 

Let n be a fixed natural number, 2 > 1. We consider the ring 
Z,, of residue classes modulo n. We denote the residue class of a 
given integer a by a*. 

By I’* we denote the group of all unimodular matrices 


2 a* 5* 
Y = c* a* 

with elements from Z,,. 
We have a natural homomorphism 


a b a* 5* 
= (1) 
c od ch ae 
of Tinto ['*. The kernel Ij, of this homomorphism is called the 


principal congruence subgroup of degree n. Clearly 1", consists of 
all integral unimodular matrices y that are representable in the form 


y=etny’, 


where ¢ is the unit matrix, and y’ an integral matrix. 
We show that the map (1) is onto the whole group I", and 
consequently : 
rjv,, » VT". 


a* p* 
x 
Proof. Let y* = (" i 


a, b, c, d are arbitrarily chosen elements from the corresponding 
residue classes a*, b*, c*, d*. Then we have ad — bc = 1 (mod n), 
that is ad — be = 1 + mn, where m is an integer. Obviously the 
greatest common divisor (c, d) of ¢ and dis prime ton. Therefore we 
can find a q for which ¢ and d + qn are relatively prime. Without 
loss of generality we may assume that (c,d) = 1. 


be any matrix from I*, where 


112 HOMOGENEOUS SPACES WITH A DISCRETE STABILITY GROUP 


We consider the matrix 


- os 
y= 
e d 


Its determinant is ad — be + n(rd — sc) = 1 + n(m —1d — sc). 
Since d and ¢ arc relatively prime, we can select integers r and s 
such that m — rd — sc = 0, that is, that y becomes a unimodular 
matrix. So we have shown that every matrix y* ¢ I* has an 
inverse image in I’, 

We compute the index T':1%, of I’, or, what is equivalent, 
the order |T'*| of ['%. We show that 


irs = ont (1-5), (2) 


where the product is taken over the distinct prime divisors p of 2. 

Let p be a prime divisor of n. Then there exists a unique 
homomorphism Z, — Z,;,. This homomorphism induces a homo- 
morphism of the corresponding groups 


r+ ™,,. 
We denote by /,,, the kernel of this homomorphism. Then we have 
\Ts| = Pasa Rear 


Therefore, if we can find the order !J,, ,| of I,,,,, then by an elementary 
induction with respect to the number of prime factors of n we can 
compute the order |{*| of T%. 

Hence, we compute the order of J,,,. Obviously, the group of 
matrices J, , consists of all matrices y* € [* that are representable 
in the form 

n 
y* =e+ ; ret 


In other words, the elements of J,,, are the matrices of the form 


n n 
1 +-a —b 

p p 

n n 

—€ 1 -+--d 
p p 
where a, b, c, d are elements of the residue class ring modulo p. By 
hypothesis, the determinant of these matrices is congrucnt to | 
(mod n), that is, 


> 


1 aiae ¢ + d) cal er ae +. 1 (mod n) 
p p? - ; 
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When we subtract | and cancel the factor n/p, we find 
at+d +5 (ad — be) = 0 (mod f). (3) 


The order of J,, is equal to the number of solutions of this 
congruence. We consider the two possible cases: 
1. n/p is divisible by p. In this case (3) assumes the form 


a -\|-d =0 (mod p). 


Thus, a, b, ¢ may be arbitrary residue classes modulo p, and the 
element d is uniquely expressed in terms of a. Consequently, the 
order of J,,, is equal to p*. 

2. ‘The numbers p and n/p arc relatively prime. In this case we 
write (3) in the form 


a(t +34) = d — be = 0 (mod p. 


Ifl + rd + 0 (mod p), the elements 4 and ¢ may be arbitrary, and 
a is saiquayy expressible in terms of 5, ¢c, d. Consequently, the 
number of elements of J, ., satisfying the condition | -+ 3d 0 is 
equal to p?(p — 1). But if 1 +e = 0 (mod 9), then the product 
be has a fixed nonzero value, and a is arbitrary. Therefore, the 


number of elements of J, , satisfying the condition 1 + Td =0 
‘mod p) is equal to (p — 1)p. z 
Thus, the total number of elements of J,,, is equal to 


1 
(p ~ 1p" + (6 — Np = #* (1 — 5). 
So we have established that 


p? it, is divisible by p, 
bal =e 1 i 
p> 1 — “) if - is not divisible by . 
p p 
From the equation |I'*| = |J,,,| |T'*,,| we obtain immediately, by 
induction over the number of prime factors of n, the required formula 
ele nstI(1 -+). 


where the product is taken over the distinct prime factors p of n. 
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The result we have obtained can be used to compute the area 
v of a fundamental domain on the half-plane Im z > 0 relative to 
the subgroup I’. . 

We make use of the following obvious remarks. Let I” be a 
discrete subgroup of G and I” a subgroup ‘of finite index in I”, 
Then if F’ is a fundamental domain relative to I’, a fundamental 
domain for I is the union 


FF’ —_ U yF" 
Y 


of the sets yF’, where y ranges over one representative each from 
every coset I” \ I”. 

Hence, it follows that the areas 7,- and v,- of the fundamental 
domains of the subgroups I” and I are connected by the relation 


Ope == [IY )or. 


where [I’:I°’] is the index of [™” in I”. 

In 2 we have established that the area of a fundamental domain 
relative to the modular group I is cqual to 72/3. Consequently, on 
the basis of (2) we conclude: the area v,, of a fundamental domain 
relative to the congruence subgroup I’, is equal to 


aw 1 
Oe neti (1 -=) 
(the product is taken over all prime divisors # of n). 


Now we indicate another class of subgroups of the modular 
group I. We denote by I, the set of matrices of I of the form 


( ‘ 
nod). 
where a, 5, c, d are integers. It is clear that I’, is a group and that 
E> Te 
Let us compute the index [':T,, of T', in [. For this purpose 


we note that the factor group I,,/ I, is isomorphic to the group of all 
diagonal unimodular matrices 


F a* 0 
Vo ae? 
where a* and d* are elements of the residue class ring modulo n. 


Obviously, the number of such matrices is equal to the number 
y(n) of natural numbers x < z that are prime to 2, 


o(n) = ntt(1 —2), 
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where the product is taken over all prime divisors p of n. Conse- 
quently we have 


[(P:1] = att (1 -5). 


But then 
Per: 1 
—_ n — 72 = 
Dota | ae ie n(t a 


On the basis of this result we find that the area 7, of a fundamental 
domain relative to I’, is equal to 


2 
Ur, =F pet(1 +5), 


where the product is taken over all prime divisors of n. 


Finally, we mention the subgroups tr, of the modular group I’ 
that consist of the matrices of the form 


a nb 

c da] 
where a, b, c, d are integers. By arguments similar to the above we 
can easily verify that 


A 1 
p 


where, as before, the product is taken over all prime divisors p of n. 


4, Quaternion Groups. In 2 and 3 we have chosen examples 
of arithmetic subgroups of I’ for which the space X = I'\ G has 
finite volume, but is not compact. In this subsection we construet 
another class of arithmetic subgroups of G—the so-called quarternion 
groups. We shall show that for these groups X¥ == I’ \ G is compact. 
We construct the quarternion groups with the help of certain 
algebraic notions. 

We begin with the description of a.class of algebras over the 
field of rational numbers. 

We consider an algebra A over the field of rational numbers and 
with the basis 1, «, 8, y, where 1 denotes the unit element, and «, £, 
y are connected by the relations 


y= ap =—fs, a =a, n=) (1) 


a and 6 being positive integers. Thus, every element of A has the 
form 


X =X + X,% + XB + XY, (2) 


where X, x1, 2, ¥3 are rational numbers. 
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If A is a division algebra, it is often called an algebra of 
generalized quarternions or simply a quarternion algebra. We 
adopt this terminology here. 

First of all we show that with every element x of A we can 
associate in a one-to-one fashion a real matrix g, such that 


Se + 8y = iw Say = 828u- (3) 
For we set 


oe ( Xoo x,Va x.Vb + ee (4) 


xoV b — xyV ab X% — %Va 


The verification of the relations (3) is left to the reader. 
The determinant of g, is 


x2 — xta — x3b + x§ab. (5) 


The expression (5) is usually called the norm of x and is denoted by 
N(x). Obviously, 


N(xy) = N(x)NO), NI) =1. 


The role of the norm N (X) is clear from the following theorem. 
If N(x) = 0 for x =0 only, then A is a division algebra, Conversely, 
if A is a division algebra, then N(x) = 0 for x = 0 only. 

Proof. Suppose that N(x) #0. Then the element 


i 
x71 = —— (xX — %1% — X28 — xy) 


N(x) 


is easily seen to be inverse to x. Conversely, if A is a division algebra, 
then N(x) N(x-1) = 1 and hence N(x) 4 0. 


We give an example of a division algebra. Let 6 be a prime number and a an 
arbitrary number that is a quadratic nonresidue modulo 6 (that is, the congruence 
x? — a (mod 6) has no solution in integers). We show that then the algebra A 
defined by the relations (1) is a division algebra. 

For otherwise there exists an element x 4+ 0 of A with the norm 


x2 — ax? — bx? + abx? = 0. (6) 


Without loss of generality we may assume that xp, x1, %») 3 are integers without 
common divisor. From (6) it follows that x2 = ax? (mod 4); consequently, since 
ais a quadratic nonresidue modulo 4, the integers xg and x, must be divisible by 5. 
But then again it follows from (6) that x2 = ax2 (mod 6) so that x, and x, are also 
divisible by 6. This contradicts the assumption that the integers xg, +1, %2, x3 have 
no common divisor. 


Now we pass on to the definition of a quarternion group. Let 
A be a quarternion division algebra. We consider the set I of 
matrices g, with determinant | for which xo, 1, %2, 3 are integers. 
T is obviously a group, and we show that I is discrete. 
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For this purpose it is sufficient to indicate a neighborhood of 
the unit element of the group G of all real unimodular matrices of 
order 2 in which there are no elements of [ other than the unit 
element. Such a neighborhood is, for example, the set of matrices of 


the form 
(P a 
= ’ 
821 S22 
where 
gu — Lies , lZx2l < \, Zeal < 4, |Z22 — I< Vy, 


For suppose that this neighborhood contains the matrix g, € I’, 
that is, the matrix with the elements 


£1 = % + x,Va, 812 = x2Vb cs xyV ab, 
821 = xoVb re X3 V ab, £22 = Xo — xV a, 


where Xo, %1, %2, ¥3 are integers. From the inequalities it follows that 


211 + S22 — 2| <1, lie + gu! <1, 


that is, 7 
\2x, -2)< 1, |2xevWd] <1. 


Consequently, x» = 1, x, = 0. Next, from the inequalities 
lon —1 <%, lgel < % 


we find that x, = x3 = 0. Thus, g, is the unit matrix. 

Now we show that the factor space I'\ G 1s compact. First we 
show that for every matrix g with determinant 1 there exists a 
matrix g, with integral x9, x1, %2, *3, but not necessarily with deter- 
minant 1, such that g,g belongs to some fixed compact domain. 

We note that for a fixed matrix g the elements of g,g are linear 
forms /,, in X9, x1, Xz, X3- It is not hard to compute the determinant of 
this system of linear forms: it is equal to 4ab. Consequently, by 
Minkowski’s lemma, t there exist integers x9, %1, %2, X3, not all zero, 
such that |/,,| < ¢;;, where c,; are arbitrarily chosen positive constants 
whose product is equal to 4ab. 

We denote by F the set of real matrices g for which |g;;| < ¢,;. 
We have shown that for every matrix g with determinant | there 
exists a matrix g,, where x is an integral quarternion, such that 
£78 €F. 


+ The statement and proof of the Minkowski’s lemma will be given at the end of 
this Appendix on p. 118. 

The proposition we necd comes out when we apply Minkowski’s lemma to the 
parallelepiped \2:s| < ¢;;, i, j == 1, 2, in four-dimensional space. 
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The set F need not be compact. However, we shall show 
presently that g,g lies, in fact, in a certain compact subset of F. 

We have det (g,g) = det g, = N(x). Now we use the fact that 
A is a division algebra so that det g, = N(x) 40. Furthermore 
since N(x) is an integer, det (g,g) is also an integer, different from 
zero. We denote by F,,, m ~ 0, the set of elements g € F with deter- 
minant m. It is clear that F,, is compact and that for sufficiently 
large |m| the set F,, is empty. By what we have shown, g,g lies in the 
union of the scts F,,, m # 0, that is, in a compact set. 

So we have shown that for every unimodular matrix g there 
exists an integral, but not necessarily unimodular, matrix g, such 
that g,g lies in a compact sct. 

Let us call integral quarternions x andy equivalent if xy—1 1s a quarternion 
integer of norm 1. 

To complete the proof that I'\G is compact we prove the 
following lemma. 

Lemma. The set of integral quarternions with norm m consists of a 
finite number of classes of equivalent quarterntons. 

Proof. With every integral quarternion x (N(x) =m) we 
associate the matrix a, of order four that expresses the transformation 
y — yx in the basis (1). It is easy to verify that a, is an integral 
matrix with determinant m?. 

It is well known that among integral matrices of order n with 
a given valuc of the determinant A there exists only a finite number 
of matrices a,, ..., a, such that every matrix with determinant A 
is of the form a,«, where « is a unimodular integral matrix. Thus, 
among the matrices a,,(N(x) = m) there exist matrices a, (N(x) = m) 
such that every matrix a,,(N(x) = m) is equal to a,,a, where « is an 
integral unimodular matrix. Since the map x —a, carries the 
product of quarternions into the product of their corresponding 
matrices, we have a == a;'x. From the fact that « is integral it 
follows that the quarternion x;x is integral. This completes the 
proof. x & « 

Minkxowskr’s Lemma. Let a lattice in n-dimensional space be given, that is, a set of 
points (l,,..-54)), 4 = >; L; nj, where l;, are fixed real numbers and n, ranges over all 
trl 


integers: it is assumed that the determinant |l;;|? ;.1 = A is different from zero. Then 
+ This follows from the following easily verified statement: Every integral non- 


singular matrix a can be carried by multiplication by a suitable integral unimodular 
matrix « into the following form: 


a, O --+ 0 
a a 0 

aa =| 71 422 > 
@n1 Gn2 °°" Gan 


where |a,,| < |a;| forj <i; £7 =1,...,2. 
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Figure 5. 


every convex centrally-symmetric body with its center at O having a volume v > 2"A 
contains at least two points of this lattice (symmetric with respect to the set). 

Proof. Suppose that we have a convex body U with center at O and not 
containing any other points except 0. We reduce this body linearly to half its 
size, by applying a similarity transformation with center at O, and denote the 
body so obtained by Uy. Next we construct bodies equal to U, and situated 
parallel to Uy around all points of our lattice as centers. We show that the bodies 
so constructed have no common points. 

For let us assume that two such bodies U,, and U,, with centers, respectively, 
CA and CB and construct the parallelogram CAC’B (ligure 5). Let D be the 
point symmetric to C relative to A. This point belongs to U,, (because A is a 
symmetry center of U,). But then, since U, and U,; are equal and parallel, C’ 
must also belong to Uz. Since Uy is convex, the midpoint E of CC’ also lies in 
Uj. Similarly we can see that E belongs to Uy. So we have shown that if two 
bodics with centers at the lattice points A and B have at Icast one point in common, 
then the midpoint of AB also is 2 common point. But this contradicts the 
assumption that the original body U contains no lattice points except its center. 

Since these bodies with centers at the lattice points do not intersect, it is easy 
to see that their volumes are less than the volume A of the fundamental parallele- 
piped of the lattice. But then the volume of the original body U is less than 2"V. 

Thus, if a convex body with center at O contains no lattice points except O, 
its volume is less than 2"A, where A is the volume of the fundamental parallele- 
piped of the lattice. Consequently, if a convex body U with center at O has 
volume V > 27A, then it necessarily contains, apart from O, at least two lattice 
points. 
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In this chapter we study the representations of the group G of 
unimodular matrices of order 2 with clements from a locally compact 
topological field K. The complete classification of all such fields is 
well known (see § 1). 

In §§ 3 and 4 we construct the irreducible unitary represen- 
tations of G. 

The representation operators T'(g) are given by their kernels, 
which are generalized functions. The question is: what are the 
functions from which these kernels are formed? 

Two types of functions on a locally compact field play the 
fundamental role—-additive characters, which are generalizations 
of the exponential function, and multiplicative characters, which are 
generalizations of the power function. 


120 
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An additive character on K is a continuous complex-valued 
function x(x) satisfying the condition 


x(x +9) = x(*) x00) 


for arbitrary elements x and _y from K. 

For the field of real numbers these functions have the form 
x(x) = e%, where « is a complex number; for the field of complex 
numbers z = x + iy they have the form y(z) = e**+#", where « 
and # are complex numbers. 

A multiplicative character on K is a continuous complex- 
valued function (x) on K \ 0 satisfying the condition 


(xy) = (x) 7(y) 


for arbitrary nonzero elements x and y from K. For the field 
of real numbers these functions have the form a(x) = !x|* or 
a(x) = |x\* sign x, where « is an arbitrary complex number; 
for the field of complex numbers z = re’? they have the form 
a(z) = rte”, where « is a complex and n a real number. 

The entire stock of functions needed in the theory of represen- 
tations (Gamma-functions, Beta-functions, Bessel functions, the 
hypergeometric function) are formed from additive and multiplica- 
tive characters by rational. transformations of the independent 
variables and by integration with respect to parameters. In 
particular, we shall see in §3 that the kernels of the operators of 
irreducible unitary representations of G can be expressed in terms of 
Bessel functions, or after transition to another basis in the 
representation space, by the hypergeometric function. 

The group G has several series of irreducible unitary represen- 
tations. One of these (the continuous series) is connected with the 
ground field K; each of the remaining (discrete) series is connected 
with a certain quadratic extension of K. Thus, if K is the field of 
complex numbers, there is only one series, because the field of 
complex numbers has no proper algebraic extensions; if K is the 
field of real numbers, there are two series of representations, because 
the field of real numbers has only one quadratic extension, and, if K 
is a disconnected field, then there are four series of representations 
because a disconnected field has three quadratic extensions. + 

Within each serics a representation is given by a certain 
multiplicative character. More accurately, a representation of the 
continuous series is given by a multiplicative character 7 on K, and 


+ Apart from certain special cases when the number of quadratic extensions of K 
is greater than three (see § 1). 
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to the characters 7 and z~! there correspond equivalent represen- 
tations. A representation of the discrete series corresponding to the 
quadratic extension K( V7) of K is given by a character on the unit 
circle in K(r), that is, on the multiplicative group of elements 
t=x4+ Vr y for which ti = x2 — ry? = 1. Again, to the char- 
acters 7 and 7~! there correspond equivalent representations. 

So there is complete duality between thc irreducible represen- 
tations of G and the Cartan subgroups of G: every irreducible 
representation of G is given by a character on one of the Cartan 
subgroups. 

In the construction of the representations of the discrete series 
the following interesting fact emerges: these representations are 
realized not in the space of all functions on K, but in a space of 
functions that resemble analytic functions. (For a disconnected 
field the concept of a complex-valued analytic function docs not 
exist. Nevertheless there is a natural way of defining the concept 
of a function resembling an analytic function in the upper half-plane, 
see § 2.8.) 

In §5 we compute the traces (characters) of the irreducible 
representations. We obtain a single formula for them, independent 
of the structure of K. In fact, we shall see that the trace of the 
representation of the continuous series corresponding to the character 
a(t) is expressed by the following formula: 


Tr T,(g) = { 02, 4. at — a(t) [edt 
K 
where A, and A>" are the eigenvalues of the matrix g, and 4(¢) is 
the Delta-function. 

It is convenient to combine the representations of the discrete 
series corresponding to a quadratic extension K(V7) of K into 
pairs. Then the trace of the sum of the related representations of 
the discrete scries is expressed by the following formula: 


Tr T,(g) =2{ 


u=1 


_ 4-1 ~1 
sign, (A, + 47 —t—t ) (t) d*t, 
|A, + A — ft} 
The meaning of the notation |¢| and sign, ¢ for a disconnected field 
will be explained in § 1. 

In §6 we obtain the Plancherel formula, which gives the 
decomposition of the regular representation of G into representations 
of the continuous and the discrete series. Specifically, when we 
associate with each reprcsentation 7,(g) of these series the opcrator 


A) =| f@Tse) de, 
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where f is a function on G of integrable square, then we have the 
inversion formula 


f(e) =[ ulm) Tr (TL TAQ) dx 


wv 


and the Plancherel formula 
furor? de =[ulm) Tr (TAN TIN) dn. 


It will be shown that the “Plancherel measure” (7) occurring in 
these formulae may be given by the following single formula: 


(a) = of me) jl — ¢|-? dt. 


For representations of the continuous series the integration here 
is taken over K, and, for representations of the discrete series 
corresponding to a quadratic extension K(vr) of K, over the unit 
circle ti = x? — ry? = 1. The integral must be understood in the 
sense of the regularizing value. 

This integral can be computed without difficulty when K is the 
field of complex or real numbers. 

For the ficld of complex numbers we find 


B(m) = c(p? 4+ 2), where m(re*?) = r'?ein?, 
For the field of real numbers we have: for representations of the 
continuous series 
Tp 
Oo? 


(a) = cp tanh 5 


when a(x) = |x!*, 


u(7) = cp coth 2 ; when a(x) = |x|’? sign x; 


for representations of the discrete serics 


(mr) =c |al, when w(t) =¢", |t] = 1. 
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In this section we give an account of essentially well-known 
results on the structure of locally compact fields. Some of the 
results will be only stated. Their detailed proof can be found, for 
example, in [8] and [61]. 


1. Classification of Locally Compact Fields. We discuss only 
topological fields (that is, fields with a nondiscrete topology).t 


+ Hence, the field of rational numbers is excluded from this discussion. 
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Here are the classical examples of locally compact topological 
fields: 

1. The field R of real numbers. 

2. The field C of complex numbers. 

3. The field Q, of p-adic numbers, where f is any prime 
number. Let us recall the definition of the field Q,. 

The elements of Q, are formal power series 


*koo 
x= > ap’, (1) 

i=k 
where & is an integer, and the a, are integers satisfying the condition 
0 <a, <p. Thus, the scries (1) may contain an arbitrary finite 
number of terms with negative integral powers. The sum of the 


00 


two p-adic numbers x = > a,p* and y = s bp’ is the p-adic number 


a tk i=] 
z= Dc,p',m = min (f, J) such that 
2 ab! + 2 bib! = & esp'(mod p") (2) 


for every positive integer n. Obviously, the coefficients c; can be 
found successively from the relations (2). The product of p-adic 
numbers is defined in a similar fashion. A neighborhood of a 


p-adic number x = 5 a,p' is the set U,, of p-adic numbers y = > bp’ 
; a 


i=k = 
for which 6, = a; fori <n. It is not hard to verify that under this 
topology Q, becomes a locally compact space and that the operations 
of addition and multiplication are continuous in this topology. 


We mention that the field Q, can also be obtained by completing the field 
of rational numbers relative to a suitable topology. 

For let n(r) be the power to which the prime number # occurs as a factor in 
the rational number 7. We call p-” the p-norm of 7. A sequence of rational 
numbers is called fundamental if it is fundamental in the sense of the p-norm. 

Thus, Q, contains the field of rational numbers as an everywhere dense 
subset. 


4. The field K,(¢) of power series over the residue class field 
modulo p (p a prime number). By definition, the elements of K,(t) 
are power series 

x= >a, 
i=k 
which may contain a finite number of terms with negative powers of 
t; the coefficients of these series lie in the residue class field modulo 
p. Addition and multiplication of two power series is defined in the 


natural way. A ncighborhood of the power scries x = > a,t' is the 
i=k 
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set of power series in which all the coefficients up to a certain fixed 
index coincide with the a;. 

Now we can give the classification of all locally compact 
nondiscrete fields (theorem of Koval’skii-Pontryagin). 

The field R of real numbers and the field C of complex numbers are the 
only connected locally compact fields. 

Every disconnected locally compact field of characteristic 0 is a finite 
extension of the field Q, of p-adic numbers. 

Every locally compact field of characteristic p # 0 ts a finite extension 
of the field K,(t) of power series over the residue class field modulo p. 

For fields of characteristic p # 0 there is an even stronger result. 
Every locally compact field of characteristic p 4 0 is isomorphic to the field 


of power serves 
[<0] 
x= Dajt, 
i=k 


whose coefficients belong -to a finite field of characteristic p. The algebraic 
operations and the topology in this field are defined just as in the 
case of K,(f). 


2. The Norm in K. For an arbitrary locally compact field K 
we can introduce the concept of a norm. For this purpose we 
consider a measure dx on K invariant under addition: 


d(x +a) =dx 


for every a from K. Such a measure on K is known to be uniquely 
determined to within a constant factor. 

Let x, be an arbitrary element from K. It is easy to see that the 
measure d,,x = d(xxq) is also invariant under addition, so that it 
differs from dx only by a factor depending on x», which we denote 
by |xol: 

dx = |xol dx. 


Thus, we have introduced in K a continuous function |x|, 
which obviously has the following properties: 

l. |x| > 0 forx 40; |0| = 0, 

2. |xyl = Ix] - I. 

It can be shown that for a disconnected field K also the 
following property holds: 

3. |x +| < max ([s], |I). 

We call |x| the norm of x in K. 

Clearly, for the field of real numbers |x| is the absolute value of 
x; for the field of complex numbers |x| is the square of the modulus 
of x. 
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Let us see what values |x|, x 4 0, may assume. For this purpose 

we observe that the map 
x — |x| 

is a continuous homomorphism of the multiplicative group of K into 
the multiplicative group of positive real numbers. From this it follows 
easily that for a connected field ‘x! (x #0) ranges over all positive real 
numbers; but for a disconnected field \x\ (x 4 0) assumes only the discrete 
set of values q", where q is a fixed number and n is an integer. 

From the result just stated it follows that in a disconnected field 
K the set of points x for which |x| =, ¢ > 0, and the set of points 
x for which |x| < c, ¢ > 0, are both open in K. 

It can be shown that the sets of points x of a disconnected field 
K for which |x| < c¢ (when c ranges over the positive numbers) form 
a complete system of neighborhoods of the zcro element. Hence, 
the topology in a disconnected field K is completely determined by the norm 
in K. For connected fields the last result is obvious. 


3. The Structure of Disconnected Fields, Using the concept of 
norm we can describe the detailed structure of disconnected fields. 
Let K be a disconnected field with norm |x|. Then the following 
facts hold: 

1. The set O of elements of K for which |x| < 1 is compact and 
open in K. Obviously O is a subring whose clements are called the 
integers of K. 

2. The set of elements x in O for which |x| < 1 forms a prime 
ideal P of O. The residue class ficld # = O/P consists of a finite 
number g of clements, where g is a power of a prime number. 

3. P is a principal ideal, that is, P contains an element p such 
that P = pO. The norm of p is 


lpl = q3, 


where gq is the order of the residue class field O/P. 
Here arc some examples: 
1. K is the field of p-adic numbers. Here O consists of the 


elements of the form ¥ a,‘ and its prime ideal P of the elements of 
00 i=0 

the form > a,p'. Obviously P is generated by the number p, and 
i=l 

lel = po. 


2, K is the field of power series over the residue class field 

modulo p. Here O consists of the elements of the form > a,t’ and 
© i=0 

its prime ideal P of the elements of the form > a,t’. Obviously P is 


i=1 
generated by the element #, and |f! = p-}. 
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3. The multiplicative group of K contains an element e of 
finite order g — 1 (where q is the order of the residue class field 
O/P). Clearly, |e] = 1, that is, « belongs to O but not to P. The 
elements 0, ¢, ¢%, ..., ef 1=1 form a complete set of 
representatives of the residue classes of O/P. 

4. Every element of K has a unique representation as a 
convergent scries 


x= pa, +apt+ap?+---), a #0, (1) 
where p is a generating elementt of P, n an integer, and the 
coefficient a; may assume the values 0, ¢, e7,..., e2 = 1. 


4. Additive and Multiplicative Characters of K. As an 
algebraic object the field K functions on two planes: it is a group 
under addition, and at the same time the set of elements of K other 
than 0 forms a group under multiplication. Henceforth we denote 
by K* the additive group of K, and by K* its multiplicative group. 
The most important functions on K are additive and multiplicative 
characters of K. Later we shall see that on the basis of these 
functions we can construct the theory of group representations, and 
in particular, the theory of special functions. 

An additive character of K is a character of K+, that is, a continuous 
complex-valued function x(x) satisfying the conditions: 

1. x(x +_y) = x(x)x(y) for arbitrary elements x and y from K. 


26 |v(*)| = 1. 
A multiplicative character of K is a character of its multiplicative 


group K*, that is, a continuous complex-valued function w(x) on 
K satisfying the conditions: 
1. (xy) = a(x)z(y) for arbitrary elements x and y from K*. 


2. |r(x)| = 1. 

The additive and multiplicative characters themselves constitute 
topological groups, which we shall now describe. 

The group of additive characters of a locally compact topological field} 
K is isomorphic to its additive group K+. This isomorphism is realized as 
follows. Let x(x) 41 be a fixed nontrivial additive character. 
Then it can be shown that every character on Kt is of the form 


u(x) = x(ux), 


+ Thus, p = for the field Q, of p-adic numbers; for the field K,(¢) of power 
series over a finite field we have p = / (sec the examples above). 

We emphasize that for Q, the representation (f) is not equivalent to the usual 
representation of a p-adic number in the form of a series (see § 1.1). There the coefficients 
a; were integers, 0 < a; <p; here, they are p-adic integers such that cither apt = 1, 
or a, == 0. 

+ If K is a discrete ficld, then the group of additive characters is compact, and 
therefore not isomorphic to Kt. 
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where uw is an element of K. The correspondence u — y,,(x) gives 
the required isomorphism of K+ with its character group. 

We mention that for the field Q, of p-adic numbers every 
character y(ux) can be written in explicit form 


x(ux) = ettiuc 


The expression ¢?“? has the following meaning. Since ¢?" = 1 
for every integer n, the integral part of the p-adic number ux in the 
exponent on the right can be ignored. However, for extensions of 
Q,, such an expression for the characters is not available. 

Now we proceed to a description of the multiplicative group 
K* of K and its character group. 

In accordance with § 1.3 (Proposition 4) we write every element 
of the field in the form 


x = pre(l + ap + ap? +--°), (1) 


where p is a generating element of the prime ideal P (in the ring of 
integers O), and the a, take the values 0 or e«’ (e771 = 1). The 
elements p” form an infinite cyclic subgroup of K*, and the elements 
e® a finite subgroup of order gq — 1. It is clear that the elements 
1 + a,p + ap? +--+ also form a subgroup of K*, and this is 
compact. Note that this subgroup can be described succinctly in 
terms of the norm: its elements are precisely those elements of K 
for which |x — i] <1. 
Thus, the multiplicative group K* of K is a direct product 


Kt =ZxZ,,°A 


of three groups: the infinite cyclic group Z of the elements p", the finite cyclic 
group Z,_, of order q — | of the elements e*, and the compact group A of the 
elements x for which |x — 1] <1. 

From this we can deduce the structure of the group multi- 
plicative characters of K. The group of multiplicative characters of K 
is a direct product of three groups: the group of rotations of a circle, a cyclic 
group of order g — \, and a certain infinite discrete group (the group dual to 
A). Thus, every multiplicative character 7(x) is given by three 
quantities: a real number p, which is determined modulo 1; an 
integer x, which is determined modulo g — 1; and a character 9(a) 
of A. It is expressed by the following formula: if 


x = p"e*a, (2) 
where a belongs to A, then 


a(x) = g2tinpg2ai akl(a-1)9(q) , (3) 


In what follows we also consider nonunitary characters 7(x), 
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that is, continuous functions satisfying only the condition 


m(xy) = m(x)7()). 
It is easy to verify that every such character m(x), as before, is 
given by (3), in which p may now be an arbitrary complex number. 


5. The Structure of the Subgroup 4. The functions exp x and In x. 
Here we consider a disconnected field K of characteristic 0. Our aim is to study 
in detail the structure of the multiplicative group A of the elements x for which 
|x — 1! <1. We show that under certain additional restrictions on K_ this 
subgroup is isomorphic to the additive group P of elements x for which |x| < 1. 

The isomorphism A & P is established by means of the functions exp x and 
In x, which we define via the sums of the power series: 


x2 
2! 


x2 
In (1 + =x—-—+.... 
n(l +x) =* + 


‘expe = 14% +..., 


First we find out for what x these series are convergent. 

Note that K is a finite extension of the field Q, of p-adic numbers. The 
prime p is uniquely determined by K: it is the only prime number for which 
|p| < 1; the norms of all other prime numbers are equal to 1. 

The series for exp x converges if and only if |x| < |p\}/(?-»). 

To prove this we begin by estimating |n!]. Let p* <n < p*+1, Then it is 
easy to verify that the power to which p occurs as a [actor in n! ist 


be B 


\n!} = [ p|in/ pl . -+Un/p*) 


and therefore, (1) 
In|! > [pjr—p“/(p—1), 


Consequently, 


Suppose now that |x| < |p|!/(?-)) that is, |x| = |p|+#)/(P-)), where e > 0. Then 
we find on the basis of the estimate for |n!| 


Te 


< |plntet ep *)/ (p—A) (2) 


! 
iB 


The convergence of the series exp x for |x| < |p{!/(?-)) follows immediately 
from this. ’ 
On the other hand, let !x] > 'p!!/(9-)). Then for n = p* we have 


In!| = [plri-2)/(p—2), 
therefore, 


|= e 
=) p—*/(p-1) 
ni | > |pl ; 


From this estimate it is clear that for |x| > [p|1/(-)) the series exp x diverges. 
Let x belong to the domain of convergence of exp x, that is, |x| < | pil (e-2), 


+ The symbol [a] denotes the integral part of a. 
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Then 
Jexp x — 1 — x| < |x|. (3) 


For from (2) we have, since n > p*, 
xn 
Ee < |x| | p|’e-Ve/(e—2) 
das 


= < |x| for n > 2. Hence, (3) follows immediately. 

The series for In (1 + x) converges if and only if |x| < 1. 

If|\1 - 9] <|plVP-2, then [In y| — |1 —9I- 

We leave the verification of these statements to the reader. 

It is easy to show that the functions exp x and In x have the usual properties: 
exp (xy + X_) = expx, EXP xq In (x4x2) = Inx, — In x, (provided that the clements 
x, and x, lie in the domain of definition of the corresponding function). 

The function y —- exp x effects an isomorphic map of the additive group B of elements 
for which |x| <|p[}/'?-) onto the multiplicative group A, of elements y for which 
[1 —y| <|pl'/'?-)). The inverse isomorphism is given by the function x = \n y. 

For let x € B. Then the series y = exp x converges for x. From (3) it follows 
that |exp x -- 1| = |x| so that |} — »| <1. But then the series In y = In (exp x) 
converges. By formal operations on series we verify that 


Consequently, 


In (exp x) =x (4) 
for every x of B. 
Conversely, let y@A,. Then the series x =Iny converges, and 
\In y| =|1 |; consequently, the series exp x = exp (In_y) also converges. By 
formal operations on series we verify that 


exp (Iny) =y 
for every y in A). 

From (4) and (5) it follows that the function y = exp x effects a one-to-one 
map of B onto A,. The fact that this is an isomorphism follows from the relation 
exp (x, + %) = exp x, exp Xp. 

Now let us find out under what conditions the subgroup A, coincides with 
the multiplicative group A of all elements x of the field for which |1 — x| <1. 

Let O be the ring of integers of K, P the maximal ideal in O, p a generating 
element of P, and g~} = |p| its norm. 

Clearly, A consists of precisely those elements x for which |1 — x] < q7}, 
where the equality sign may hold. 

Consequently, the condition that A = A, can be expressed in the form 


1 
qt <|pleo. (6) 
Let |p] = g~-. This means that p pelongs to P*-1, but not to P*. Then (6) 
= 


can be rewritten in the form g-! < g®-!. From this we obtain the condition on s: 
s<p. 

We state the final result. Let K. be a disconnected field of characteristic zero, O the 
subring of integers of K, P the maximal ideal in O, p the characteristic of the residue class 
field O/P. We assume that p does not belong to P?—'. Then the multiplicative group A 
of elements x of the fisld for which |1 — x| <1 is isomorphic to the additive group P of 
elements y for which |v| <1. The isomorphism is effected by the function y = In x. 

In general this statement is not true: A may contain elements of finite order 
p”; then it is not isomorphic to any of the subgroups of the additive group P 
(because all elements of P are of infinite order). 
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6. Quadratic Extensions of a Disconnected Field. Let + be an 
clement of K that is not a square of another element of the field. 
By adjoining to K the square root V7, we obtain a quadratic 
extension K(Vr) of K. The elements of K(V/7) have the form 
z =x + V1r¥y, where x and y belong to K. Addition and multiplica- 
tion of such clements proceed in the usual way. Let us find out how 
many distinct quadratic extensions a disconnected field K has. 

Obviously, two quadratic extensions K(V x) and K(vVy) of K 
coincide if and only if the quotient xy~! is a square in K. In other 
words, there are as many quadratic extensions of K as there are 
nontrivial cosets of the multiplicative group K* with respect to the 
subgroup of all squares (K*)?. 

We determine the index K*:(K*)?, From § 1.4 we know that 
K* is a direct product 


K* —=~Z2x2Z,.1,XA 
of an infinite cyclic group Z, a finite cyclic group Z,.., of order 


q —1, and the subgroup A of the element x in K for which 
jx — 1] <1. Therefore, 


K*:(K*)? = (Z:Z?) x (Z,4:2? 


ai) x (4:4?), 
where Z?, Z?_,, A® are the subgroups consisting of the squares of the 
elements of the corresponding groups. 

We now assume that q is an odd number, so that the residue class field 
O/P is of characteristic p #2. In this case Z,_; is a cyclic group of 
even order, and Z,..,:Z?_, = 2. Also Z:Z* = 2. 

We show, finally, that A = A’, that is, that the equation 
x2 = a has a solution in A for every ae A. For let 


a=I1 + a4,p + ap? --.... 


We are looking for a solution x of the equation x? = a in the form 
of a series x = 1 +%x,p +x,p? +..., where x, =0 or x; = &” 
(e an element of O* of order g — 1). The equation x? = a reduces 
to a system of congruences 


2x, =a,(mod P), 2x, + (2x, + x?)p =a, + aap (mod P?) 


and so forth. Clearly, under the assumption made on q, *;, %2,... 
can be found successively from these congruences. 

So we obtain: if the characteristic of the residue class field O/P is 
different from 2, then the squares of the elements x ~ 0 of K form a subgroup 
of index 4 of the multiplicative group of K. There are then three distinct 
quadratic extensions of K. Clearly, these quadratic extensions are K(V>p), 
K(vV ep), and K(Ve).¢ 


+ Observe that the cases 7 = ep and + = p are not distinct, because the element 
ep may play the role of p. 
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This result is not true when the characteristic of O/P is 2. For 
example, if K is of characteristic 2, then A:A* = oo. 


7. The Multiplicative Characters sign, x. Let K be a locally 
compact disconnected ficld. We assume, as before, that the finite 
residue class field O/P associated with it is not of characteristic 2. 
In this subsection we associate with every quadratic extension 


K(v 7) of K a certain multiplicative character sign, x assuming the 
values +1 on K. 


Suppose then that K(V7) is a quadratic extension of K. We 
consider the product 
zZ = x* — ry® 


of the element z =x + V7 y from K(WV7r) by its conjugatet 
z=x—WV7 ye 

The sect of elements zz, z #0, forms a subgroup K* of the 
multiplicative group K*; and K* obviously contains (K*)?. 

Let us show that the index K*:K* zs 2. 

It is enough to verify that K*¥ 4 K* and K* + (K*)?. Our 
assertion then follows immcdiately from the fact that K*:(K*)? = 4 
(see § 1.6). 

We begin by showing that K* 4 (K*)?. For if 7 =p or 
7 = ep, then —7 is not a squarc of an element from K*, but belongs 
to K*. Now let 7 = e. It can be shown that there exists integers x 
and y such that x? — ey? = e(mod P)t It is obvious that then 
x? — ey? is not a square, but belongs to K¥. Hence Kf + (K*)?. 
Now we show that K* #4 K*. For in the case r = p or tr = ep the 
element ¢ does not belong to K*. But for 7 = ¢ the subgroup K? 
cannot contain p (otherwise we have a congruence x? — ey? =0 
(mod P) for certain x 4 0 (mod P) and y 4 0 (mod P), which is 
impossible). 

Hence K* + (K*)?, K* + K*, and K*: K* = 2. 

Now we introduce the function sign, x on K*. We set 


sign, x = |, 


when x ¢K*, that is, when x is representable in the form 
x = x? — rx? and 
sign, x = —l, 


when x is not so representable. 


+ The expression zZ is often called the norm of z relative to K. 

+ This results from the following theorem. Let F be a finite ficld, and ¢ an element of 
the field that is not a square; then every element x of the field can be represented in the 
form x == x7 — ex?, where x,, x, € F (see [42]). 
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From the fact that K* is a subgroup of index 2 in K* it follows 
immediately that sign, x is a character on K*, that is, 


sign, (xy) = sign, x sign, y 
for arbitrary x andy of K*. 

We call elements x of K positive or negative (it would be more 
accurate to say r-positive or 7-negative) according to the sign of 
sign, x. 

It can be shown that the functions sign, x, where r = Pp, ep, é, 
are independent. Therefore, together with m9(x) = 1 they form 
a complete system of characters on the factor group K*/(K*)?. 


8. Circles in K(V'r). Let K(vr) be a quadratic extension of 
a disconnected field K. The set of elements z of K(V'r) that satisfy 
the equation 
ae 6, c +0, 


is called a circle in K(V7) (with center at 0). 

Observe that in contrast to the field of real numbers there are 
two types of circles: circles of “real” radius for which ¢ is a square 
of an element of K, and circles of “imaginary” radius for which ¢ 
is not a square. 

A special role is played by the circle 


ZZ = x* — ey = 


whose elements form a group under multiplication and which we 
denote by C,. 
We now give a parametric cquation for the circle 


ge = 79" =I, 


We use the parameter = t. From the equation of the 


circle it follows that 


x—1 Bs er 
Pol ape 
hence, 
1 + rt? Qt 
eae ee een ae 


Thus, the circle x? — ry? = 1 is given by the following parametric 
representation ; 
ae 1 + rt? 2t 


TT ep ee ae 


(1) 


Next we show that all circles are compact. 
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It is sufficient to consider the unit circle, because every other 
circle consists of the points w = az, where z ranges over zZ = l. 
Obviously the set of points of the circle zZ = 1 is closed. On the 
other hand, from the parametric equations (1) it follows that 
|x| <1, |y| <1; consequently, the set of points of the circle lies 
in a bounded domain and is therefore compact. 


‘Let us study the detailed structure of the group C, of elements z, 
zz = x2 — ry? = 1, To begin with, let + = p or + = ep. In this case we have 
|x2] = 1, |zy?| < 1. Consequently, |] — x?| < 1, and therefore either |1 -. x]< } 
or |1 + x] <1. Hence we conclude: for 7 = p or r = ep the group C, is the 
direct product 

C, = Z, x C; 


of a cyclic group of order 2, Z, = {1, —1}, and the subgroup C; of elements of 
C, for which |z -. 1| < 1. 

Now we take the case tr = ¢. The elements of the circle zz = 1 may be 
written in the form of a serics 


z = (a) + Vebq)[1 + (a, + Veb,)p + (a, | Vebo)p? +---], 


where a; and 6, take the values 0 and e*,k = 0,1,...,q —1. From zz = Lit 
follows that 
az — eb? =1 (mod P). 


It can be shown that this congruence has g ‘| solutions, where q is the 
order of the residue class field O/P.¢ 

We conclude: let Cj be the subgroup of C, that consists of the elements z for which 
|z — 1| <1 then the index of C, inC, is q + 1. 


9, Cartesian and Polar Coordinates in K(V/r)._ Every element 
of K(v7) has a unique representation in the form 


zon 4-Vry, 


where x,y €K. Hence, it is given by a pair of elements x and _y from 
K, which we call the Cartesian coordinates of z. 

Now we introduce polar coordinates of z. Let 22 =c¢. Then 
two cases are possible: either ¢ is a square of an element of K, or it 
is not a square. 

First, let ¢ = r?, r €K. Then we define the polar coordinates of 
z as a pair: the element p = 7eéK and the element ¢t = p “z, 
which belongs to the circle ¢? = 1. Clearly the point z is uniquely 
determined by its polar coordinates. 


+ We define the norm |z! on K(V7) relative to the norm |x| on K by the following 
formula: |z| = !zz|. 

+ This follows from a theorem on finite fields: the equation x? — wy? = 1, where 
w is not a square has g + | solutions in the finite field of order g. (The theorem then 
follows immediately from the parametric equations of the circle.) 
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Observe that p is determined to within its sign, Consequently, 
(—p, —¢) can equally well be regarded as the polar coordinates of z. 
Thus, the polar coordinates of z are determined to within a sign. 

Now we take the case when ¢ is not a square. In K(V7) we 
fix an arbitrary element » such that v# is not a square in K. Then 
c can be represented in the form c = (»r)(#r), wherer eK. We now 
define the polar coordinates of z as the pair of elements p = »7 and 
t = v~!z, of which the latter is again a point of the unit circle. As 
in the first case, we have 


(p, 4) =(—p, —2). 


10. Invariant Measures on K and Its Quadratic Extension 
K(V7). There are two invariant measures on K: a measure dx, 
invariant under addition (d(x + a) = dx), and a measure d*x, 
invariant under multiplication (d*(xa) = d*x). These measures 
are very simply connected: 


d*x = |x|—* dx. (1) 
For by definition of |x|, we have d(xa) = !a| dx. Consequently, 
|xa|-1 d(xa) = |x|"4.dx, so that the measure |x|~! dx is invariant 


under multiplication. 
We always normalize dx by the following condition: 


dx = 1. 


lz <1 


We now consider the measures dz and d*z, z =x + Vr, on 
K(\v7) that are invariant under addition and multiplication, 
respectively. Expressing these measures in terms of the Cartesian 
coordinates x and y of z we find 


= (oO 
dz = dx d, d ear ee 

Next we express the measures dz and d*z in terms of the polar 
coordinates (p, t) of z. We recall that the coordinate p is determined 
to within its sign from the equation pp = 22, and that the second 
coordinate ¢ = p~1z.is a point on the circle ¢/ = 1, 

Since the circle té = 1 is a group under multiplication, there is 
an invariant measure d*f on it, and we normalize the measure by 
the condition 


a*i = 1. 
t=1 


It is easy to check that in polar coordinates the measures dz 
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and d*z are expressed by the following formulae: 
d(zz) d*t 


= * +7 
dz = a,d(zz) d*t, d*z=a i221 


T > 


where d(zzZ) is the measure on K and a, = 2(1 + q~4)(1 + Ir|)7?- 


11. Additive and Multiplicative Characters on the “Plane” 
K(\V7). The additive group of K(v7) is the direct sum of two 
groups isomorphic to the additive group of K. From this it follows 
that every additive character y(z), z =x + V7, of K(vr) is of 
the form 

4(z) = xa(x) zal), (1) 
where x, and y, are additive characters on K. 

Now we proceed to a description of the multiplicative characters 
on K(V 7). 

For this purpose we study in detail the multiplicative group of 


K(V +). In accordance with § 1.8 we represent every element of the 
field in the form z = 7t or z = vrt, where r EK, ti = 1, and visa 


fixed element from K(7) for which ¥% is not a square of an element 
from K. 


Let 7(z) be a multiplicative character on K(vVr). We denote 
by 7, and 7 its restrictions to K and to the circle tf = 1, respectively. 
Then we have 

a(rt) = 7,(r)73(t). (2) 


From the equation rt = (—r)(—#) we obtain a condition connecting 


aw, and 7: 
m™(—1) = m,(—1). (3) 


Furthermore, since vi = 7, € K, we have v? = roto, where toig = 1. 
Consequently, a(»?) = 11(19)79(to), that is, 


*(v) = m(05)73 (2). (4) 


Suppose, conversely, that 7, and 7, are arbitrary multiplicative 
characters on K and on ¢f = 1, respectively, and connected by (3). 
We define (7) so that (4) is satisfied and then give the function 7(z) 


on K(V t) by the following formulae: 
a(rt) = 74(7)72(2), (5) 
a(vrt) = 2(v) (rt). (6) 


I 


Obviously, this function is a multiplicative character on K( Vt). 
Thus, @ multiplicative character of K(4/7) is given by its values on the 
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ground field K and on the circle t! = 1 and its value at a fixed point » such 


that vi ts not a square in K.+ These values are linked by the relations 
(3) and (4). 


§2. TEST AND GENERALIZED FUNCTIONS ON A 
LOCALLY COMPACT DISCONNECTED FIELD K 


In this section we discuss certain problems of analysis on a 
locally compact disconnected topological field K. 


1. The Space of Test Functions. Let K be a locally compact 
disconnected field. We recall that K contains a decreasing sequence 
of subrings 

Pato Le o>* 


(where P is the maximal ideal of the ring of integers in K) that are 
open compact sets and form a complete system of neighborhoods of 
zero. 

We wish to lay down a set of sufficiently well-behaved functions 
on K. For this purpose we consider the set S of all complex-valued 
functions f(x) on K that satisfy the following two requirements: 

1. The function f(x) is finite, that is, equal to 0 outside some 
compact open set. 

2. There exists a positive integer n (depending on f(x)) such 
that f(x) is constant on the cosets K/P”. 

From 2. it follows automatically that f(x) is a continuous 
function on K. Clearly, the set S of these functions f(x) forms a 
linear space. We now introduce a topology in S. 

We say that a sequence of functions /,(x) tends to zero if: 

1. The functions f;(x) are zero outside some fixed compact set 
(independent of 7). 

2. There exists a positive integer n such that all the functions 
f(x) are constant on the cosets K/P". 

3. The sequence f,(x) tends to zero uniformly in x, as 7 —> ©, 

It is easy to verify that with this topology S becomes a complete linear 
space, which we call the space of éest functions. A generalized function 
y(x) is a continuous functional (g, f) on S. 

By analogy with S we can also define the space S,, of functions 
S(*%1, ..., *,) of variables from K. 


+ Observe that the value of the character z at the point v is determined to within its 
sign, in accordance with (4), by its values on K and on the circle ¢7 = 1. 
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2. Generalized Functions Concentrated at a Point. As usual, 
we define the generalized function 6(x) by the following formula: 


(d(x), f(x)) =f(). 
It is not hard to see that every generalized function concentrated at x — 0 
is, to within a factor, the function 5(x). 
This follows immediately from the fact that every test function 
f(x) €S is constant in a neighborhood of x = 0. 
Of course, this statement is also truc for generalized functions 
of n variables. 


3. Homogeneous Generalized Functions. Let (x) be a multi- 
plicative character on K, that is, 


m(xy) = m(x)r()) 
for arbitrary x and » from K (we do not require that |7(x)! = 1). 


We call a generalized function g(x) homogeneous of degree w if for every 
function fe S and ¢t 4 0 we have 


(pf (tx) = a(t) él (ef (%))- (1) 
Our task is to describe all the homogeneous generalized func- 


tions. According to § 1.4 the multiplicative character a(x) can be 
represented in the form 


a(x) = |x|*-? A(x), (2) 


where s is a complex number, and 6(x) is another character on K 
such that 


}6(x)| = 1, (3) 

(p) =1. (4) 

By (4), 6 is given by its values on the compact subgroup of 
elements x of norm |x| = 1. Consequently, the set of these characters 


9 is discrete. 


With the character a(x) we associate a generalized function 
a(x) defined by the formula 


(m(2),Fla)) =[ mle) fla) ax = [ait O(a) F(2) ae. (8) 


For Res > 0 this integral converges in the usual sense and is an 
analytic function of s. For Res <0 we define it by means of 
analytic continuation. 
It is not difficult to sce that w(x) is a homogeneous generalized 
function of degree 7, provided s is a nonsingular point of the integral (5). 
We show now that the only singularity of the generalized function 
a(x) = |x|*-10(x), regarded as a function of the discrete argument 6 and 
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as an analytic function of s, is the point 8 = 1,5 = 0. At this point r(x), 


—] 
lag 6(x). 


Proof. Without loss of generality we may assume that f(x) is 
concentrated in the domain |x| < 1. We rewrite the expression (5) 
in the form 


(,f) = i Il26(x)LF() —F(O)] ee +F(0) | ixi-* 6(H) de. 


[x| <1 lal <1 


as a function of s, has a simple pole with the residue 


The first integral converges for arbitrary s, because the function 
F(x) — (0) is equal to 0 in the neighborhood of x = 0. Therefore 
we examine the second integral. We split it into the sum of the 
integrals 
{ |x|°- 2 (x) dx = > q-Fs-) | 6(x) dx. 
tel <1 a jzl=o* 


If 6(x) Al, then f (4) dx = 0 for every k. Thus we are left with 
lal=q7 
the case 6(x) = 1, that is, we are led to compute the integral 
Ixls—1 dx = 5 a dx. 
k-0 


fal <1 Izle@* 


We recall that the measure dx is normalized so that 


dx = 1, 
|e] <2 
It follows that 
[ a= fai) =". 
lzl<a* lvl <1 
Consequently, 
dx = dx — | dx = q-*(1 — q7). 
|zl=a-* |e] <q-* jal <q -*-! 
Thus, ; 
fo) _. qvw7l 
|x|*-2 dx = (1 — q-3) ) 24 —ke — = , 
Jel'<1 nom q 


So we see that the only singularity of this expression is a simple 
pole at s = 0, and here 
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Thus 
Res (Ix|"-,f(x)) -= —* 0), 
pias qing 
that is, 
q—l 
Res |x|*-! = 6(x). 
oe. qing **) 


This proves the assertion. We formulate the final result. 

To every multiplicative character w(x), except ao(x) = |x!—1 there 
corresponds a homogeneous generalized function m(x) of degree 7, defined by 
(5). Obviously the function 6(x) is homogeneous of degree 79. 

We show now that other homogeneous generalized functions do not 
exist, 

Let g(x) be a homogeneous generalized function of degree 7, 
a(x) # |x|-3. It is not difficult to check that for functions f(x) that 
are zero in a neighborhood of x = 0 we have 


(9,F) = c(m,f); 


where ¢ is some constant. Consequently, the function (x) — em(x) 
is concentrated at x = 0, and so y(x) — ca(x) = c¢, 6(x). But the 
functions g(x) — ¢z(x) and 6(x) have different degrees of homo- 
geneity. Consequently, c, = 0, that is, g(x) = ca(x). 

Now let g(x) be a homogeneous generalized function of degree 
To) T(x) = |x|. We show that (x) is concentrated at x = 0 and 
therefore that g(x) = c 6(x). For suppose that g(x) is not concen- 
trated at x. = 0. Then we can easily show that 


(Pf) =e) WAS a) dx R26, 


for every function / that is zero in a neighborhood of 0. We introduce 
the generalized function 9: 


(orf) = fxr Lfe) FO de +e f AF) de (6) 


lel S1 Jal >1 


For every function f that is equal to zero in a neighborhood of « = 0 
we have (9,f) = (91). Consequently, the function g — 9 is 
supported at x = 0, and so » — gy, =¢ 6(x). But the functions 
g(x) and 6(x) are homogeneous of one and the same degree 7. 
Hence ¢, must also be homogeneous. However, as is easily verified 
from (6), ¢, is not homogeneous. This contradiction shows that 
6(x) is the only homogeneous function of degree 29, 79(x) = |x|". 
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4. The Fourier Transform of Test Functions. Let y(x) 4 1 be 
an additive character on K. We define the Fourier transform of 
f(x) by the formula 


Fu) =| xlus) fo) de (1) 


The Fourier transform is defined for every function f(x) of integrable 
square modulus; the integral (1) must then be understood in the 
sense of the mean square value. It is known that f(x) is expressed in 
terms of its Fourier transform by the formula 


Fla) =e x( —un fw) du (2) 


where ¢ is a positive constant dependent on the choice of the character 
y. Moreover, the Plancherel formula holds: 


| Lf (x)? dx = cfI7@)P du. (3) 


Let us find out how the constant ¢ depends on the choice of 
the character y. From the continuity of x it follows that y(x) = 1 
on the subgroup p*0O for sufficiently large k, where O is the subgroup 
of elements x of norm |x| < 1. We define the rank of the character 7 
as the least integer n such that x(x) =1 on pO. Clearly, if x 
is of rank n, then the character y’(x) = x(p*x) is of rank 2 — k. 

We show that the constant ¢ in the inversion formula (2) and 
the Plancherel formula (3) can be expressed in terms of the rank 
of x as follows: 


c= q", (4) 


with g-! = |p|. For this purpose we denote by y the characteristic 
- function of O and compute its Fourier transform. We find 


alu) =f vl) x(us) dr =f (ur) a 


K O 
We represent the element u in the form p*z, |v| = 1. T hen 
alu) =| xlptex) de = tpt-* | xls) & (5) 
O po 


Suppose that the rank of y is n. For k > 2 the function under 
the integral sign in (5) is equal to 1, and we obtain 


#(u) = iwi | ay = [ax Soa 


vo ra) 
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But if k <n, then x is a nontrivial character on p*O; and therefore, 
the integral is equal to 0. 
This result can be written as follows: 


1, when |u| <q7’, 
$(u) = (6) 
0, when |ul > q-", 
that is, # is the characteristic function of p"O. 

Substituting y and @ in the Plancherel formula we obtain the 
required equation (4). In particular, if the rank of x is zero, then 
=, 

Henceforth we always assume that the character x in the 
definition of the Fourier transform is of rank 1 so that 


c=. 


First, we discuss the Fourier transforms of the test functions. 

The Fourier transform of a function f € S is also a function in S. 

Proof. Let f(x) be a function in S. This means that: 

1. There is an m such that f(x) == 0 for |x| > q”. 

2. There is an 2 such that for every ¢ of norm |t] <q~” we 
have f(x + t) =f(x). 


Consider the Fourier transform of f(x): 


Fu) = | xlur) fla) a 7) 


First let us show that /(u) is a finite function. For this purpose 
we replace x by x -- funder the integral, where |t| <q~". By 2. we 
obtain 


Fw) = xlut) | xlwe) f(a) a 
that is, 
Flu) = x(ut)f(u). (8) 


If |u| > 9g”, then |u| > 1 and hence y(ut) 4 1. But then it follows 
from (8) that /(u) = 0 when !u| > g”. This shows that f(u) isa 
finite function. 

Next, we show that f(z) satisfies condition 2. 

Since f(x) = 0 for |x| > ¢”, we have 


Fy = { xlux) fle) dx. 
lzl se” 


Consequently, for |t| < q-™ we find 


Fut = ( xltx)x(ux) f(x) de =f), 


gd m 
lal<¢ 
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because (tx) = 1. Hence f(u) satisfies condition 2, and the 
proposition is proved. 
Note that f(x) = f(—x). Hence it follows immediately that: 


The Fourier transform effects a one-to-one map of the space S of test 
functions onto itself. 


Now we give a definition of the Fourier transform of a 
generalized function. As a basis for this definition we use the 
Plancherel formula 


[ o(a) FOR) ax = [ e(u) FW) 9) 


which holds for arbitrary test functions f and g. It is not difficult 
to see that the function f(u) is the Fourier transform of f(—x). 
Thus, if in (9) we replace f(x) by f(—x), we obtain 


| ocos(—2) ax =| oa) (10) 


The equation (1) means that the function ¢(u), regarded as a 
functional, satisfies the following relation: 


(9, F(u)) = (e,f(—*)). (11) 
We take this relation as the definition of the Fourier transform of the 
generalized functions g(x). Thus, the Fourier transform of the 
generalized function q(x) ts the generalized function ¢(u) defined by (11). 


5. The Fourier Transform of Homogeneous Generalized 
Functions. The Gamma-Function and Beta-Function. From the 
definition of the Fourier transform we deduce immediately that 


~ Ca 

1 = 6(x), 6(x) = 1. (1) 
Now we show that the Fourier transform of a homogeneous generalized 
function of degree = is homogeneous of degree 1~11,1, where mo(x) = |x\~. 


For let g be a homogeneous function of degree 7. This means 
that for every ¢t 4 0 from K we have 


(9, f(t-*x)) = am(t)( 9, f(*)), 
mo(t) = |tl(a79(t) = a(t) 7 o(?)). 


Now we observe that when f,(x) = |t|_f(¢x), then fi(u) =f (tu): 
Consequently, 


(GF (tu) = Cw IF (—t)) =. 4) (9 F(—4)), 
that is, 
(@,f(Eu)) = 2-1(t)(¢, F(u)). 


4 


where 
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This equation means that ¢ is a homogeneous function of degree 
Gs 

Thus, the Fourier transform of the homogeneous generalized 
function (x) |x[—1 is, to within a factor, the homogeneous generalized ~ 
function 7—!(u). We denote the factor arising here by ['(z) and 
call it the Gamma-function. So we have 


——__ 
a(x) |x|? = P(m)a*(u). (2) 
Let us find an integral representation of ['(7). For this purpose we 


. oe eae . . 
write 7(x) |x|~! in the form of an integral 


V'(a) 7-1 (u) = { x(ux) (a |x]-1 dx. 
By taking wu = 1| we find 
(mn) = | xls) (a) bal-8 de (3) 


Clearly, this expression is reminiscent of the formula for the classical 
Gamma-function, + 

We can give a meaning to the integral (3) by writing it as the 
sum of the two integrals 


(em) =f aladetx) balmtde +f x(a) m(a) xt 


[z|<1 Ja|>1 


Each of these integrals converges in a certain domain of values of 7 
and is in this domain an analytic function of 7. By analytic 
continuation we define these integrals for arbitrary 7. 

By splitting the integrals (3) into a sum of integrals over 
domains |x| = const we find, after a suitable change of variables, 
the following expression for the function I'(7) (expansion in a Fourter 
series) : 


Pm) = S w(p*) f x(pts) ml) a (4) 


=-29 
|x| =1 


+ We mention that in the case of the field of real numbers the Gamma-function we 
have introduced does not coincide with the classical one, but differs from it by a factor, 
For example, if a(x) = |x|‘, then 

+00 
$ 
T(7) = fetes dx = 2 cos > T(s). 
—o 
where I(s) is the classical Gamma-function. Similarly, for m(x) = |x|*sign x we have 


T(z) = 2i sin T(s). 
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The following properties of the Gamma-function are immediate 
consequences of the definition: 

1. The only singular point of ['(z) is 7 = 1. 

2. The only zero of I'(7) is mo(x) = |a|. 

3, V(r) T(m7-) = a(—1). (5) 


To obtain (5) we apply the Fourier transform to both sides of (2). 
Note that the formula (5) is reminiscent of the relation (for 
the classical Gamma-function) connecting T(f) and I(1 — #). 
Now we give a definition of the Beta-function. 
The Beta-function of the multiplicative characters 7, and 7.2 
of K is the following expression: 


B(m, 72) =| m0) |x|-1 w(1 — x|7} dx. (6) 


The integral diverges and must be understood in the following sense. 
We split (6) into two integrals: 


Bm, 72) = ( a(x) |x|-1 wa(1 — x) [1 — x]? dx 
lal <1 
+f mals) belt mg — 2) 1 — ah de, 
{al>1 

Each of these integrals converges in a certain domain of the characters 
a, and 7, and is, in this domain, an analytic function of 7, and 7. 
By analytic continuation we define these integrals for all 7, and 7.. 
In this way we define B(7,, 72) as an analytic function of 7, and 7». 

It is easy to show that the function B(m, 7,2) has the following 
expression in terms of the Gamma-function 


['(7) T(z) 
T'(7472) 7) 


The derivation of this formula proceeds just as for the classical 
Beta- and Gamma-functions. 


Bim, 72) = 


6. Additional Information on the Gamma-Function. We recall 
that the multiplicative group K* of a disconnected topological field 
K is the direct product of the infinite cyclic group generated by p and 
the compact group O* consisting of all elements of norm 1. There- 
fore the group II of all (not necessarily unitary) characters of K* is 
the direct product of the multiplicative group C* of complex 
numbers 4 # 0 and the group O* of all characters 6 of O*. Thus, 
every character 7 on K* can be given by a pair (A, 8), where a 
AeEC*, 6€ O*, 
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Every element x € K* has a unique expression in the form 


x= p*y, 
where y €¢ O*. The value of the character 7 on x is equal to 
a(x) = A*O(y), (1) 


The following expression for 7, which is equivalent to (1), is 
also convenient. We cxtend the character 0 to the whole of K* by 
setting 6(p) = 1. Then we have 


a(x) = |x|§ O(x), (1’) 
where s is a complex number connected with 4 by the relation 
A=\|plPi Hq’. 

We note that the set O* of characters 6 is countable and discrete 
so that II is the union of a countable number of complex planes with 
zero deleted. 

From the integral representation of the Gamma-function 


Pn) =| xla)a(x) as (2) 


we can derive the expansion of the Gamma-function in a Laurent 
series in A. For this purpose we represent K* as the union of the 
sets p*O*,k =0, +1, +2,.... 

Then we find 


Pin) =E J xled)al(o') & 


=H [ x(p9)0() &. 


ly}=1 


Thus the coefficients of the expansion of I'(zr) in a Laurent series 
in A are of the form 


ra(6) = | x(v's) (>) & (3) 


lyl=2 


Observe that the integrals (3) converge, in contrast to the 
integral (2), which must be understood in the sense of generalized 
functions. 

We shall sce presently that almost all cocfficients r,(6) can be 
computed explicitly. From this computation it follows that 
I(r) =: I'(A, 0) is a rational function of 4 for every fixed 0. 

First we recall that we subjected the character x that occurs in 
the definition of the Gamma-function to the following condition: 
y(x) = 1, when |x| <1; x(x) #1 on the sct |x| <q. 
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We now introduce the concept of the rank of a character 6. 
We consider the group O* of elements of norm 1. This group has 
a decreasing sequence of open subgroups O* consisting of the 
elements of the form 1 -+ p%x, |x] <1. From the continuity of 6 it 
follows that when n is sufficiently large, 0(x) = 1 on O%. We define 
the rank of 6 as the smallest number n for which 0(x) = 1 on OF. 
Obviously, the set of characters of a rank not exceeding 2 is finite. + 
In particular, there is only one character of rank 0, namely 0) = 1. 

We now prove the following proposition. 

If the rank of the character 6 is equal to m, m > 0, then T,(0) = 0 
fork 4 —m; moreover, 


[P_m(9)| == 9-7! (4) 
If the rank of character 0 equal to zero, that ts, O(x) = 1, then 
0 fork < —1 
V,(6) = { —q"? fork = —1 (5) 


1— gq} fork > —1. 
Thus, on a disconnected field K the Gamma-function is of a 
very simple type. Specifically, if 0(x) 4 1, then 
P(A, 6) = P_a(0)a-™, (6) 
where m is the rank of 6 (m > 0), and |IT_,(0)| =q™. If 
6 = 6, = 1, then 
00 1 — g-!A-} 
P(4, 9) =(L—-g) Ya — grata. (7) 
ae bead 


Proof. We begin by diseussing the case when 6 is a character 
of rank m > 0. Let us show that then [',(6) = 0 fork # —m. 
If k > 0, then we have, since y(p*y) = l, 


P46) = | (9) dy =0. 
Iyl=1 


Now take k < 0. We write_y in the form 
youtapt...ta,p?t+... ; 


(see § 1). Since the rank of 0 is m, 0(y) depends only on a, %,..., 
m3, and the dependence on «,,_; is nontrivial. On the other hand, 
the function x(p*y) depends only on a, %, ..., x1, and the 
dependence on «_,_, is nontrivial. 

If0 > k > —m, then —k — 1 <m — 1, and so x(p*y) does not 
depend on «,,_,. When we split the integrals (3) into integrals over 


+ This set is the group dual to the finite group O*/O*. 
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the cosets of O* _,, we find that each of these integrals is equal to 
zero. Thus, if0 > k > ~—m, then I',(6) = 0. 

Finally, if k < —m, then m — 1 < —k — 1, and so 0(y) does 
not depend on a_,_,;. When we split the integrals (3) into integrals 
over sets of the form y + p—*—10, and bear in mind that the character 
y(x) is nontrivial on p—!O, we see again that each of these integrals 
is equal to zero.t So ifk < —m, then [,(6) = 0. 

We have now shown that if @ is a character of rank m > 0, then 
T,,(0) = 0 fork # —m. It remains to compute I_,,(6). 

For this purpose we consider the function 


6(x), when |x| = I, 
p(x) = (8) 
0, when |x| 4 I, 
and compute its Fourier transform. Let u = p*z, |v] = 1; then 
Blu) =| os) xlux) dx = | 6()x( oy) dy = 14(6)00). 
K tuj=1 
But I',(6) is different from zero only for k = —m. So we have 
ial when u = p-z, |v| = 1, @ 
7 0, when |u| 4 q™. ) 


By substituting this value of ¢ in the Plancherel formula for the 
Fourier transform we obtain the required equation | I"_,,(@)|? = q-™. 

Now we proceed to the case 6 = 6, = 1. The integral to be 
investigated has the form 


Pe(60) = { 8(9) xv) & = | xed) & 

[v|=1 |yj=1 

= | xp») — | x0) 
lvI<1 IW[<1 

-¢ f ao-# [ we 

lu] <e7* |vj<qo*? 
We note that 
( (5) d gq’ fork >0 
Pe NO= 0 fork <0. 


The formula (5) for I°,(69) follows immediately from this, and 
the proposition is proved. 


+ Note that the splitting of O* into domains of the form y = p~*-10, which we have 
used here, is possible only under the condition that —k — 1 > 0, that is, fork < —1. 
This condition is automatically satisfied for m > 0, because we have assumed that 
k< —m, 
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We mention that the relation (4) may be presented in the 
following form. If a(x) = |x|* 0(x), where 6(p) = 1, and the rank 
of @ is m > 0, then 

|P(m)| = gree), 
Thus, in this instance it follows that on the set of characters of the 
form a(x) = |x|+7? @(x) we have 
[P(m)| = 1. 
(The character m,,,,(*) = |x|+7” is not excluded, because by (7) 
we have |T(m1,,,,)| = 1.) 

Now we show that if the rank of 0 is m, m > 0, then the following 
relation holds: 

P_,(8) P__(0-2) = g-"6(—1). (10) 

To prove this we consider the function g(x) defined by (8). 
Its Fourier transform ¢(u) is expressed by (9). We now compute 
the Fourier transform (x) of ¢(u). Let x = p*y, |y| = 1. Then 


B(x) = i G(u)y(ux) du 


K 


= T_,,(6)q" { 6-1(0) x(p*-™uy) do 
Jof[=1 


= T_,(9)9" Ve-m(O-?) 8(y) 


But T,_,,(9-1) is different from zero only for k = 0. So we have 


x T_,,(9) C_,,(9-1)q76(x), when |x| = 1 
x0 =| 
0 when |x| 4 1 
that is, 
P(x) = T_m(9) P_n(8-1) 9" (4) (11) 


On the other hand, from general properties of the Fourier 
transform it follows that 


G(x) = o(—*) = 6(-1) o() (12) 


Comparing (11) and (12) we obtain the required relation (10). 
The relation (10) enables us to compute the value ' 


['(m) = I(A, 8), 


to within its sign, when 0? = 1, and 041. For in this case the 
rank of @ is 1, and by (10), we have 


Pr? ,(9) = q-10(—}), 
whence T_,(0) = +V6(—1)q-%. Consequently, by (6), 
T(A, 0) = £V0(—1)q-42-3. (13) 
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The values of I\(7r) for certain special values of the character 7 
are as follows: 

lL. w(x) = |x|’. In this case A=—g', 6=1. Consequently, 
by (7) 


i + qe 
T(x) = age (14) 
2. a(x) = |x|* sign, x. In this caset A = —q-*, 0 = 1. Conse- 
quently, 
1 + g?-} 
(7) =——>° 15 
(") =T (18) 
3. w(x) = |x|° sin, x, where 7 = p or ep. In this case A = g-*, 
6(y) = sign, y, that is, 02 — 1. Consequently, by (13) we have 
T(z) = £vVsign, (—1)9*-”. (16) 


We give two other relations for the Gamma-function. These can be obtained 
as consequences of (10). Let a be a character of rank m > 0 on O*. Then we 
have 

I(n) Tn) = ™n(—1). (17) 


Further, by comparing this relation with 
T(x) (27?) = a(-1), 
where a(x) = |x| (see § 25 (4)), we obtain 
T (nm) = g"T(n). (18) 


‘The relation (18) may be regarded as an analogue of the relation 
T(x — 1) = xI°(x) for the classical Gamma-function. 
In the excluded case, when a(x) = 1 on O*, that is, 


n(x) = |x/', 


(Cee, 
ieee ae) eee oy a 
(-q )(l —9)_ ,, : 
(en) = ——=—————_ F(2). 18 
( 0) (1 _ gs) (1 — q-*}) ( ) ( ) 
We now introduce the concept of the incomplete Gamma-function, 
and define it by the formula: 


PO) = THA, 0) = { x(x) a(x) d *x. 
|z|<e* 


On the basis of (4) and (5) we have the following result. If the rank 
of the character 0 is equal to m > 0, then 


: (0 fork < m, 
TO (7) = ; 
\(n) fork <m. 


we obtain from (14): 


T(n) P(r) = (17) 


+ The case 2 is obtained from 1 when s is replaced by 5 -+ =m ‘ 
nq 
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In the excluded case, when 0 = 6, = 1, 


_ g-l)\ 2k 
coe Be for k < 0 
T(r) = 
l Pa g-1A-} 
a ee oe for k > 0. 


So we see that every fixed 7 the sequence 
DO Cary, POM ar), oe eeg TU r)y oe 
stabilizes at a sufficiently large index k. 
7. The Integral {y(uéi) dt. In what follows we nced the integral 
P(u) =| x(ut®) ae, (1) 
where the integration is taken over the plane K(V +), which we shall 


now compute. First of all, (1) can be rewritten as an integral over 
K (see the formula on p. 136): 


F(u) =a, { x(ux) dx 
a a ehece 
= 3 { x(ux dx +- a | (us) sign, x dx, 
K 


K 


where a, = 2(1 + q74)(1 + |r|)~1. According to § 2.5 we have 


fx dx = 6(u), {xox sign, x dx = I'(7) ae , 
where a(x) = |x| sign, x. Thus, 
{ a(t dt = A “BE 4S 5), (2) 
|u| 2 
where we have set 
-1 
Note that the coefficient c, satisfies the relation 
c, = ¢, sign, (—l). (4) 


Hence ¢, is real when sign, (—1) = 1, ¢, is purely imaginary when 
sign, (—1) = —l. 

The coefficient c, can be calculated to within its sign on the 
basis of the results in § 2.6. For by § 2.6 (15) we have 


c,=1 when r=e (5) 
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and by § 2.6 (16) we have 
= 4+[sign, (—1)]4qg-4 when 7 =por ep (6) 


8. On Functions Resembling Analytic Functions in the Upper 
and the Lower Half-Plane. Let K (V7) be a quadratic extension of 
a disconnected field K. We define the upper half-plane of K(Vr) as 
the set of points z = x ++ v7 y, sign, y = 1; and the lower half-plane 
as the set of points z = x + V7), sign,y = —1l. 

It is easy to verify that the upper and the lower half-planes are 
homogeneous spaces relative to the group of fractional-linear transformations 

? az+y 
Per You by =1. 

For disconnected fields the concept of a complex-valued 
function analytic in the upper or the lower half-plane does not exist. 
However, we may introduce the concept of a function resembling 
an analytic function. 

With this aim we introduce on K generalized functions 
analogous to (x + 20)~1 and (x — 20)~} in the case of the real field. 

We define the generalized function (x + V70)~! as the 
Fourier transform of the ies function 


fi (u) = (1 + sign, u), 


which is equal to | when sign, u = 1, and to 0 when sign, u = —1. 


Similarly we define the generalized function (x — V7 0)-1 as the 
Fourier transform of the generalized function 


SF (4) = va(1 = sign, u), 


which is equal to | when sign, u = —1, and to 0 when sign, u = 1. 
On the basis of results in § 2.6 and § 2.7 we may express these 
sign, x _ 


|x| 


functions in terms of the generalized functions 6(x) and 


sign, x 
“ag? 


sign, x 
‘ 2 
ial (2) 


(x + V7 0)-? = d(x) + aptert (1) 


(x -- Vr 0) = ¥6(x) — antes 


The coefficients c, were calculated in 7, 
We call a function f(x) resembling an analytic function in the upper 


half-plane if its convolution with (x — V7 0)-! is identically zero: 


Jo — V7 0)-1f(x — £) dt =0 
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(or, what is equivalent, if its Fourier transform is concentrated on 
the half-line sign, u = 1). 

The concept of a function resembling an analytic function in 
the lower half-plane is defined similarly. 


9. The Mellin Transform. We define the Mellin transform of 
a function f(x) by the formula 


F(n) =| m(a) f(a) de, (1) 


where a ranges over the unitary multiplicative characters, f 
ae = |a|+* de, 

Thus, the Mellin transform may be regarded as the Fourier 
transform on the multiplicative group K* of K. 

The Mellin transform is defined for cvery function f(x) for 
which 


furcon aes < ©, 


The integral (1) must be understood in the sense of the mean square 
value. 
The inversion formula 


F(a) = 6 a-Ma)F (a) dn (2) 
and the Plancherel formula 
furan aes = of F(a) 8 da (3) 


are valid. The integration is taken here with respect to the invariant 
measure dz on the character group; ¢ isa positive constant depending 
on the normalization of dz, which we shall take in what follows so 
that c = 1. 

In studying the Mellin transform we have to take as the space 
of test functions not S, but another space S*, which we now define. 

By S* we denote the set of functions f(x) satisfying the following 
requirements: 

1. The function f(x) is finite on K*; in other words, there are 
positive numbers a and 4, a > b, such that f(x) =0 for |x| >a 
and for |x| < 5. 

2. There exists a sufficiently small open subgroup of K* such 
that f(x) is constant on its cosets. In other words, 


f (xa) =f (%), (4) 


if the norm |! — a| is sufficiently small. 


t That is, |z(x)| = 1. 
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A topology in S* is introduced in the natural manner. 
It is not hard to verify that S* consists of precisely those 
functions f(x) for which 


f(x) eS and f(x) eS. 


Now we define the Mellin transform of a generalized function. 
As the basis of this definition we take the Plancherel formula (3). 
Using the notation 


(ote), Fle) =| ola) Fla) ax 
(®(7), F(z)) = { (mF) dr, 


we can rewrite the Plancherel formula in the form 


(p(x), f(x)) = (O(7), F(z). (5) 
Observe that the Mellin transform of f(x~1) is F(a). Conse- 
quently, by replacing in (5) f(x) by /(x—1) we find 
(o(*), f(x74)) = (®(x), F(z). (6) 
Formula (6) defines the Mellin transform as a functional in the 
function space of the test functions. And so we take this formula as 
definition of the Mellin transform of a generalized function. 
DEFINITION OF THE GENERALIZED FuncTION I'(z). We use the 
name generalized Gamma-function for the Mellin transform of the 
generalized function (x). Thus, formally, ['(a) can be written as 
an integral 


T\(1) = | a() x0 [x|—1 dx. (7) 


DEFINITION OF THE GENERALIZED BesseEL FuncTION J(7; u). 
We use the name generalized Bessel function J(7;u) for the Mellin 
transform of the generalized function y(u(x -+ x—1)), that is, 


Tors u) = | m2) aula + 29) [a8 (8) 
We write down another integral representation of J(7; uz). We know that 
y(t) is inverse Mellin transform of I'(7), that is, 
x(t) = ( r(m,) 7%) dy. 
J 
It follows that 


(ux) = [T6m) 74) azMx) dy 


av 


a(ux-*) ~| T\(7q) 7g "(u) q(x) damp, 
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and therefore, 
x(u(x 4- x71) = {TW T'( 1g) 7y 7g °(u) ay 79(x) dary dp. 


Substituting this expression in (8) for J(7;u) and integrating with respect 
to x and to 7, we find 


J(niu) = { T(n’'~1) P(en’—2) 71’2(u) do’. (9) 


10. The Relation Between the Gamma-Function Connected 
with the Ground Field K and the Gamma-Function Connected with 


the Quadratic Extension K(V 7) of K. Apart from the Gamma- 
function connected with K we consider the Gamma-function 


T'(1), connected with the field K(V’r) : 
Pm) = f x(dmto om, (1) 
K(V7) 
where 7 ranges over the set of multiplicative characters on K(v7). 


We assume that the additive character 7,(¢) on K(v7 7) is given by 
the following formula: 


a(t) = x(t + 4), (2) 
where x is the given additive character (of rank 0) on K. We note 
that the rank of y,(¢) on K(V7) is zero when 7 = «, and | when 
rT = por ep 

We ese that the following relation holds: 


C(at) = !7\-1¢,P (7) TP (r7,), (3) 


where a(t) denotes the character w(t) = 7(E) 


a,(x) =sign,x and ct = 3 | x(x) a,(x) dx. 
We set 


fm) = (4) 


Since ['y1(az) = |r| T,(2-4#-102), where mo(t) = |dé|’*: (see § 2.5 
(4)), we have 


f(a) = Ir] P(r) Pra) P(0 a4) 
= irl {x (x+y ttt jn (2 2) sign, y |xl-? | p17? dx dy dt; 


the integration is taken with respect to the variables x, y « K and 


tt 
t © K (7). By making the change of variables x = ru and ¢ = yt’ 
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the integral reduces to the form 
fm) = lol fal aoe +1 + E+ D) om a)wmers) yds dt 


= | xl a(stl + 1 — 5-4))mam(y)mt(s) dy ds a 


(The transition to the last integral is effected by the substitution: 
t =t' — s—1,) Integrating with respect to _y, we find 


fon =A PGs | mcm, (ste + 1 — 573) wme(s) det ds 
=< lel Dans) | meta(t +s ~ 1)mmc3n,(s) dtds. (5) 


(Change of variable ¢ = s~2’.) 
We compute separately the integral 


p(x) = | mtn (et + x) dt. 
Passing from g(x) to its Fourier transform we obtain 
G(u) = | alu) mtn, + x) dt dx 
f alee) mgtma(a) ae xl —me at 


= V(ap'2,) 7977, (u) ccna, ( —u) + 3 a(u) | 
(see § 2.7 (2)). 


So we have 


I 


P(u) = ey D(aq'7,) 7, —1), 


p(x) = ot P(mo*z,)7,(— 1) 6(x). 
Thus, we have established that 


hence, 


[rote.(e 45 —1) dt =e T(m5'x,)n,(—1) 6(s — 1). 


Substituting this expression in (5) we find that 
f (7) = |r] e+ P(mg*a,) P(g) 7-1). 
Finally, observing that 
T(mpm,) = P(mom,), Prom) = Poon) 7-(~—1), 
we obtain the end result: f(7) = |r| c71, that is 
D(a) = |rt-¥ 6, P(n) F(a). 
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§3. IRREDUCIBLE REPRESENTATIONS OF THE 
GROUP OF MATRICES OF ORDER 2 WITH 
ELEMENTS FROM A LOCALLY COMPACT 
FIELD (THE CONTINUOUS SERIES) 


In this and the subsequent sections we study representations 
ag 
of the group G of matrices ( 5)’ ad — By = 1, whose elements «, 


B, y; 6 belong to a locally compact topological field. In § 3 we give 
a description of the continuous series of irreducible unitary represen- 
tations of G. Other (discrete) serics of irreducible unitary represen- 
tations of G will be discussed in § 4. In §5 we compute the traces 
(characters) of the irreducible representations of G, and in § 6 we 
obtain an expansion of a function f(g) on G as a Fourier integral 
(Planchcrel’s theorem). 


Instead of G we frequently consider groups related to it: 

1. The factor group G, = G/3 of G over its center 3 (3 consists of the two 
elements ¢ and —e, where e¢ is the unit matrix). 
ax by 
px + 6° 

It is easy to show that G, is isomorphic to the group of all automorphisms of 
G, and that G, is isomorphic to the group of all inner automorphisms of G. ‘Thus, 
G, is a (normal) subgroup of G,. It is not hard to show that 


G,/G, = K*/(K*)?. 


Thus, G, = G, when K is the field of complex numbers, G,:G, = 2 when K is the 
field of real numbers, G,:G, = 4 when K is a disconnected field. f 

All the results to be expounded below carry over to the groups G, and G, 
without any essential modifications. 


2. The group G, of all fractional-linear transformations x’ == 


1. The Continuous Series of Unitary Representations of G. We 
begin with a description of the continuous series of representations 
of G. For the field of complex numbers this series of representations 
was discovered by Gel’fand and Naimark. The construction given by 
them carries over directly to the case of a locally compact topological 
field K. ‘ 

A representation of the continuous series is given by a unitary 
multiplicative character m(x) on K. 

The representation is constructed in the space of complex- 
valued functions g(x) on K for which 


(?, 9) ={ p(x) |? dx < 0. 


+ The special case when the characteristic of the finite field O/P associated with K 
is 2 is excluded (sce § 1.5). 
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The representation operator T, corresponding to the matrix 
x 

Zg= ( ) has the following form: 
Y 


T,(g) p(x) = ots 


The fact that the operators T,(g) form a representation, that is, 
that T,(g.g2) = T,(gi) T,(ge), is established by direct verification. 


) m(ex + 8) |Bx + 6|-1. (1) 


A similar construction of representations is available for the group of matrices 
with elements from a finite field K, of order g. To describe these representations it 
is convenient to go over from the functions g(x) to homogeneous functions 

St (x1, %_) of two variables. Then we have the following. description of the 

representations. Each representation is given by a multiplicative character 7(¢) 
on K,. It is constructed in the space of functions f(x,, x.) on K,, (x1, x2) # (0, 9), 
that satisfy the condition of homogeneity 


SF (tx, tx) = w(t) f (*1, %9)- 


The representation operator T,(g) has the form 
Ty(g)F (1) 2) = f(a%y + XQ, Bx, + dxQ). (2) 


These representations are irreducible except when 7 = | (in this case a one- 
dimensional representation splits off), and when z(t) assumes only the values =::1 
(in this case the representation decomposcs into two representations of equal 
dimension). As in the case of an arbitrary locally compact topological field K, 
the representations T,(g) and T,-1(g) turn out to be equivalent. The traces of 
the representations T,,(g) were first computed by Frobenius. 

Apart from the representations (2), the group of matrices over a finite field 
K, also has an “analytic” series of representations, which we shall discuss in § 4. 


Let us show that the operators T,(g) are unitary, that is, 
(T,(g) p, T,(g)~) = (% 9). (3) 


Indeed, we have 


(Tale) 9, Tole) =| lo(2)F pe + area 


By making the change of variable x’ = et and using the 


equation dx’ = |Bx + 6|~2 dx we obtain equation (3) at once. 


Now we give a derivation of the formula dx’ — |Bx -+ 6|-2 dx. We set 

dx’ = a(x, g) dx. An immediate consequence of the definition of a(x, g) is the 
functional equation 

a(x, £482) = a(x, 81) (x83; 82): (4) 


(Here xg is the result of applying to x the fractional linear transformation 
corresponding to g.) The same relation (4) is easily seen to be satisfied by the 
function |Bx + 6|—?. 

Now we observe that every matrix g can be represented as a product of 
matrices of the following types: 


(a) (oa) (so): ® 


§ 3. IRREDUCIBLE REPRESENTATIONS 159 


Therefore, by virtue of (4), the function a(x, g) is uniquely determined by its 
values on the matrices g of the form (5). So it is sufficient to verify that 
a(x, g) = [Bx ~ d|-? (6) 


for matrices g of the form (5). But for these matrices (6) is obvious. For if 


1 0 “1 0 
go , then x’ =x-+y, hence, dx’ =dx. If g = ( , then 
y 1 0 6 


1 1 
x’ = 62x, hence, dx’ = |6{-* dx. Finally, if g = ( \ 0 then x’ = —-; 
me x 
since the multiplicatively invariant measure d*x = |x|— dx is preserved under 
this transformation, we have |x’|~! dx’ = |x|~! dx, hence dx’ = |x|—? dx. 


2. Another Realization of the Representations of the Continuous 
Series. We obtain another realization of the representations of the 
continuous series by going over from the functions g(x) to their 
Fourier transforms 


(a) =| o(2)x( —us) de, (1) 


Let us find the expression for the operator T,(g) in this realization. 
The operator 7,(g) acts on the function ¢(u) by the following 
formula: 


T,(g) G(u) = { [T.(e) o(x)]x(—ux) dx 


=| (2) a(pu + 8) IB + att x(—us) de. 2) 


It remains for us to express the right-hand side of (2) again in 
terms of ¢(u). 
By the formula for the inverse Fourier transform we have 


ae = | (0) x(ox) do. 
Consequently, 
ax + 


To(g) 6a) =| x(—ue + oA? 


Henceforth we call this realization of the continuous series the 
y-realization. ‘ 

Thus, in the y-realization a representation of the continuous series is 
constructed in the space of functions o(u) for which 


) w( Bx -+ 6) [Bx + d|-! ple) do dx. 


(yp, ») =] 'y(u)|? du < o. 


fe 
The representation operator T,(g), g = ( ‘) is given by the formula 
Y 


T,(e) 9(u) =[K,(g} u, 2) 9(2) do, (3) 


oe 
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where 


K,(g | u, v) =| x(-u + Fe 2) (Bx + 6) |Bx + d|-2 dx. (4) 

Let us examine the expression (4) in detail. To begin with we 
assume that 6 4 0. Then it is convenient to write (4) in a somewhat 
different form, by making the change of variables Bx + 6 =t. 
After an elementary transformation we find 


Kelg]us2) = 181 x( =) fa(— 5 (ue + 0-)) w(t) eee. (6) 


We mention a peculiarity of this formula. It tells us that 
K,(g | u,v) is a product of two functions—the function 


rn (=>*), 


one and the same for all the representations of the series, and the 
Bessel function 


fa(—5 we + 0) ter de 


which does not depend essentially on g. 
Now we discuss the special case when 8 = 0. Then we have 


K,(g| 4,2) = (2 2) x(8) arf x((—x + ; s)x) dx 


= x(t 0) w(8) [8] 4(—u + So). 


Bearing in mind that in this case « =: 6-1, we may rewrite this 
formula as follows: 


K,(g!u, v) = (4) |6] x(dyu) d(v — 6x). (6) 


: 0 
So the operator T,(g) corresponding to the matrix g = fe 4 has 
the following form in the y-realization: ? 


T,(g) p(u) = m(6) 16] x(dyu) p(d%u). (7) 

There is one further convenient realization of the represen- 

tations of the continuous series, which we call the z-realization. We 

obtain it by going over from the functions g(x) to their Mellin 
transforms 


F(a) ={ o(x)mi(x) [xt de; (8) 


vy 


where 7, ranges over the unitary multiplicative characters. From 
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the inversion formula for the Mellin transform (see § 2.9) it follows 
that 


[roca de = (UF) de. 


Let us find the expression for the operator T,(g) in the z-realization. 
By definition, 


Teg)F (os) = {[Ta(@) o(8) rs) bal de 


=[¢ (" - 2) a(8 x + 6) |Bx + 6|-* (x) |x| dx. (9) 


It remains to express the right-hand side of (9) again in terms of the 
function F (7). 
By the inversion formula for the Mellin transform we have 


= | Flor) @4(2) ba doy 
Consequently, 


riaries [ur G9) 


ax + y{-4 
ea) 7b + 8) 
|Bx + d|-? a,(x) |x|[-* F(a) dx dre. 


Thus, in the x-realization a representation of the continuous series is con- 
structed in the space of functions F(7,) on the group of multiplicative characters 
ay for which 


(FF) = { FG day = 8. 


x 


The representation operator T,(g), g = ( ip is given by the formula 


ig 


T(@F(m) =| Kelg| ty me\F (9) dy (10) 
where 


K,(g| ™, 72) = | wna( 6s + 6) |Bx + 6|-% ‘ 
matax + y) jax + y|-4 a(x) |x|“ dx. (11) 


The expression (11), which gives the matrix element of the operator 
T,(g) in the z-representation, can appropriately be called the 
hypergeometric function of 7, 7, 7. For the field of real numbers 
K,(g| 71, 72) can be expressed immediately in terms of the 
hypergeometric function of Gauss. 

Note that if one of the elements of g is zero, then the hyper- 
geometric function (11) degenerates into a Beta-function. For 
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example, if « = 0, we have 
K,(g Wy) 1.) 


= mz(y) ly { m7e(Bx + 8) [Bx + 5|-% mry(x) [al de. 


The formulae for the representation operators corresponding to 
the matrices 


; 6-1 0 ( 4 ; 
= ? = ’ z ? 
0 6 zl _ 


1 
and t= ( } C#0 


0 1 
have a very simple form. 

For on the basis of (10) and (11) we find after elementary 
transformations that 


T,(8)F (m) = 73(8)F (m1), (12) 
Ty(2)F(m) =| Sth Patna) mang'(2)Fm) dra (18) 


D(a7rg719) 


Te) (a) =f GE) Demag neta DF (me) dr. (14) 


It is convenient to go over from T,(g) to the equivalent representa- 
tion T'(g) = A-1T,(g)A, where A is the operator of multiplication 
by I'(7,7). Clearly, the kernels of the operators 7;(g) are obtained 


from those of T,(g) by multiplying by a “ . So we obtain 
Ti (O)F (ay) = wai(6)F (a), (15) 
Ts(2)F (mn) = { (ape) )F (a) de, (16) 


T:()F (m) = { petite) haat) 


TemilGae) ore ee oe 


(17) 


This realization of the representation has the advantage that 
the operator 7’(z) in it does not depend on the “index” of the 
representation. Since the matrices z and { generate the whole 
group G, the representation 7’(g) is completely determined by the 


formula for the operator 7/(¢). In this formula the only factor 
depending on the index of the representation is 


D'(227%) D(a779) 
V'(a 79) ['( a7 719) : 


under the integral sign, and this then gives us our representation. 


a(7 | TT Te) = 
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In §4.5 we shall show that similar formulae hold for the 
representations of the discrete series. 


3. Equivalence of Representations of the Continuous Series. 
We are going to show that the representations of the continuous series 
T,(g) and T,..(g) are equivalent. 

To prove this we consider the operator 7,(g) in the y-realiza- 
tion. The kernel K,(g|u, v) of T,(g) is given by the following 
formula: 


K,(g|4, 2) = pi (™ 7 2) f(— 5 (w + >) ald \t|-1 dt. 


Making the change of variable ¢ == ou—'t’-! under the integral, we 
obtain 


K,(g | uy, v) 


= gps (BE) x fx(— 5 tw + at-1)) nM) [ede 


_ 72) 
K,(g | u, v) — a (u) 
So we have shown that 
T,(g) = A“T,a(g)4, 
where A is the operator of multiplying by 7(u): 
Ag(u) = m(u) 9(u). 
Hence, the representations T,(g) and T,-:1(g) are equivalent. 


In § 5 we shall see that there are no other pairs of equivalent 
representations in the continuous series. 


K,1(8g | u, v). 


4. Irreducibility of the Representations of the Continuous Series. 
We show that the representations 7,(g) of the continuous serics are 
irreducible, apart from certain special values of 7. ; 

We recall that a unitary representation T (g) is called irreducible 
if the representation space contains no invariant subspace other 
than zero. The following is an cquivalent definition: @ unitary 
representation T(g) is called irreducible if every bounded operator in the 
representation space that commutes with all the operators T(g) ts a multiple 
of the unit operator. 

The following propositions hold. 

1. For the field of complex numbers all the representations T,(g) are 
irreducible. 
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2. For the field of real numbers all the representations T,(g) are 
irreducible, except w(x) = sign x. In this special case w(x) = sign x, the 
representation T,,(g) splits into two irreducible representations. 

3. For a disconnected field all the representations T,(g) are trreductble, 
except when m(x) = sign, x, r = p, ep, or € (see § 1.7). In each of these 
special cases the representation splits into two irreducible representations. 

We give a proof only for the case of a disconnected field; for 
connected fields the proof is similar. T 

We consider the representation 7,(g) in the y-realization. 
Our aim is to describe all the bounded operators A that commute 
with the 7,(g); 

AT,(g) = T,(g)A. 


First, we see what we can derive from the permutability of A 


1 0 
with the operators 7,(g), where g = ( } These operators are 
of the form y | 


T,(g) p(u) = x(yu) plu). (1) 


Hence, A commutes with the operators of multiplication by x(yz), 
and therefore, with every operator of multiplication by a bounded 
function. From this it follows that A itself isan operator of multiplica- 
tion by a bounded function a(u): 


Ag(u) = a(u) p(u). 
Next, we see what we can derive from the permutability of A 


-1 0 
with the operators T,(g) where g = ( } These operators are 
of the form 0 64 


T,(g) p(u) = 7(4) |d| p(d7u). (2) 


The condition that A commutes with the operators T,(g) can be 
written in the form 
a(d?u) = a(u) 


for every 6 £0. So the function a(u) is constant on every coset of 
K*/(K*)?. We can show, in fact, that in the nonexceptional cases 
a(u) is constant on the whole of K, and that in the exceptional cases 
it can assume only two distinct values. ‘This then will prove the 
theorem. 


+ Another proof of the irreducibility of the representations for the field of complex 
and the field of real numbers can be found in Gel’fand, et al. [27]. 
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We now write the condition that A commutes with the operator 


0 1 
T,(s), where s = ( : ») This condition takes the form 


K,(5|u, 2)a(2) = a(u)K,(s| 4, 2), (3) 
where 


K,(s| 4, 2) = | x(ut +- vt-1) w(t) d*t. (4) 


Let K' and K‘®) be distinct cosets of K*/(K*)?. If we can show 
that K,(s | u, v) 4 0 whenu € K”, »v € K"), then it follows from (3) 
that a(u) assumes identical values on K'? and K*), 

Let ue K™, v eK"), We assume that |u], |v| are sufficiently 
small so that y(ut) = 1, y(vt) = 1 for |t] <1. Then the expression 
for K,(s|u, v) can be written in the following form: 


K,(s | u, 2) 


= i x(vt-1) a(t) d*t + i y(ut) a(t) d*t + |} w(t) d*t. (5) 
\t{<1 [t{>t oe 
First, we take the case 7(t) = 1. Here we find, after a change of 
variables, 
K,(s|u, 0) = { y(t) d¥t -+ | y(t) d*t + (1 — g-}). 
el> Ie] 1e)> el 


Since x(t) = 1 when |é| is sufficiently small, this expression cannot 
possibly be constant, and hence K,(s|u,v) #0. So we have 
shown that for 7 = 1 the function a(u) is a constant and therefore 
the representation 7,(g) is irreducible. 

Now let z(t) # 1. Then we have 


f xloryate ate +f alutya(e) ave — f m(e) att 


je]>1 {¢{<1 [¢j=1 i 
2 { n(t) d*t = 0. 
Adding this to (5) we find 
K,(s | u, v) =| x4) x(0 d*t + [xu ao d*t, 
where the integrals are taken over the whole of K. By a change of 


variable we obtain 
K,(s|u, 2) = P(a-4)m(v) + P(m)a-X(u). 
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Here the coefficients (7) and ['(7~?) are different from zero. We 
assume that z(uz) is not constant on (K*)*, Then z(2) is not constant 
when v ranges over a coset of K*/(K*)?, and hence K,(s | u, v) 4 0. 
This shows that a(u) is constant and therefore the representations 
T,(g) are irreducible when x(t) # 1 for ¢ ¢ (K*)*. 

Finally, we discuss the special case w(#) = 1 for ¢e (K*)?*. 
Such characters 7 have the form 7z,(t) == sign, ¢, where r = p, ep, 
or « (the case 7 = | was considered above). 

Here we have, because 7, = 7;', 


K,(5|u, 0) = P(z,)[sign, « + sign, 2]. 


Hence, if sign, u = sign, v, then K,(s | u,v) 4 0. 

This shows that for 7(t) = sign, ¢ the function a(zv) is constant 
on the set of elements v where sign, v is constant, that is, a(v) assumes 
not more than two distinct values. Hence, the representation 
T,(g), 7(#) = sign, ¢, if it splits at all, splits into no more than two 
irreducible representations. This fact will be shown in § 3.5. 


5, The Decomposition of the Representations 7, (g), 7,(t) = 
sign, ¢, into Irreducible Representations. We decompose the space 
of functions g(u) into the direct sum of two subspaces: the subspace 
H+ of functions (uz) that are zero for sign, 1 = —1 and the subspace 
H~- of functions g({u) equal to zero for sign, 1 = 1. We show now 
that these subspaces H+ and H~- are invariant under the operators T,,(g), 
a,(t) = sign, t. 

First, we recall that every matrix g can be represented as a 


1 0 6-1 0 ; 
product of matrices of the form oe ee and the matrix 
Y 


0 -l 
= ( i) Therefore, it is sufficient to verify that H* and H~- 


are invariant under the operators corresponding to these matrices. 
Clearly, the operators T,,(g) corresponding to the matrices 


1 0 6-1 \ 
( 1 and ( 0 3) preserve the spaces H+ and H~- (because the 
Y 

first reduces to multiplying g(u) by the function y(yu) and the 
second carries g(u) into 7(d) |d| p(y) (sec § 3.4 (1) and (2)). 
Thus, it remains to show the invariance of H+ and H~ under the 
operator 77,,(s): 


Ti (Soli) i x(ut + vt-) sign, to(v) d*t do. 


To prove this we pass from the functions y(u) to their Mellin 
transforms 


F(z) ={ vw) jul’? a(u) d *u. 
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We write down the action of T,,(s) on F(z): 
T,,(s)F (7) = | x(ut + vt-1) sign, ty(v) |u| a(u) d*t do d*u. 
Integrating first with respect to u and then with respect to ¢ we obtain 
Ta (s)F (m) = (orm) E(rmin,) { 2 *n5 (0) (2) de, 


where 7,(v) = |v}. On the right-hand side we substitute for (uv) 
its expression in terms of the Mellin transform F(z): 


o(o) = aio) [a'\(\F (a!) de 
After integrating with respect to v and to 7’ we obtain the following 
formula for T,,(s): 
T,,,(8)F (a) = Va) P(aay7,)F(a-7,). (1) 

Let us show that the operator T, (s) defined by (1) preserves 
the subspaces H+ and H-. For this purpose we write down the 
condition that F(7) belongs to H+. The condition that y(u) belongs 
to H+ can be written as follows: 

p(u),(u) = eu), 

where 7,(u) = sign,u. Obviously in the Mellin transform this 
condition can be written: 


F(nn,) =F(n). (2) 


Suppose now that F(7) belongs to H*, that is, that it satisfies (2), 

and let F(z) = T,,(s)F (7). Bearing in mind that 7? = 1 we then 

obtain from (1): 
Fy(am,) = P(rayz,) D(a) F (77) 

T\(amyr,) (a7) F (2-127,) 

= F,(z). P 


Hence, together with F(m) the function F,(7) = T,,(s)F(m) also 
belongs to H*. And so the invariance of the subspace H~* is proved. 


I 


\ 


6. The Quasiregular Representation of G and its Decomposition 
into Irreducible Representations. Quasiregular representation of G is 
the name we use for the representation in the space of functions 
FT (%1, %2)) %1, %_ © K, for which 


(AA) =f I len xl dey dey < 0, 
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The representation operator T(g) corresponding to the matrix 


x 
g= ,) is given by the formula 


T (g)f (%1 %2) =f (ax, + yxe, Bx, + dx). (1) 
It is obvious that 7(g.g.) = T(g:)T(g2) for arbitrary g, and gp 


from G and that 
(T(g)f, T(g)f) = (LS). 


So the operators T(g) form a unitary representation of G. 

We now obtain the decomposition of 7(g) into irreducible 
representations of the principal series. 

We call a function f(x,, x.) homogeneous of degree 7, where 7 
is a multiplicative character on K, if it satisfies the condition 


SF (tx, tx.) = a(t) |t{-*f (x1, %2) (2) 
for every ¢ # 0. 


Every function {(x,, x.) can be decomposed into homogeneous 
functions: we assign to every multiplicative character a the 
function 


Fula) = flee tr) (0 dt 8) 


Clearly, f,(*1, ¥2) is a homogencous function of degree 7. 
By the formula for the inverse Mellin transform we have 


FR; ) = if fale x_)m(t) dar, (4) 


where dz is a suitably normed invariant measure on the character 
group. From (4) we obtain for ¢ = 1 the required expansion of 
f (x1, ¥,) into homogencous functions 


Flay #2) = | fal a2) dr (5) 


The functions /,(x,, x.) being homogeneous are uniquely determined 
by their values on the line x, = 1. We set 


g(x) =f,(*, 1). (6) 
We show now that the following Plancherel formula holds: 
{ | F (x1, %2) |? dx, dx, =| | p_(x)|? dx dz. (7) 


For according to the Plancherel formula for the Mellin transform we 
have by (4) 


i \f (tx, Exg)!? le! dé -{ | f (15 2) |? dar. 
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Substituting x. = 1 we find 
J tftes, 8 at = J pa (8) 


Integrating both sides of (8) with respect to x we obtain the 
Plancherel formula (7). 


Let us see how the operator 7(g) acts on the function ¢,(x). 
We have 


(6) 9e(2) = Tle) fale Xe 
= filax + y, Bx + 4) 


ax --y a 
= F(Z 1) (Bx + 8) \px + at. 


Thus, 


T (6) (x) = a(S 2) (Bx + 8) Ife + 8% 

So we see that the functions g,(x) are transformed according to 
the representation of the continuous series corresponding to the 
character 7. 

Hence, the formulae (5) and (7) give us the decomposition of 
the quasiregular representation of G into irreducible unitary 
representations of the continuous series. 


7. The Supplementary Series of Irreducible Unitary Represen- 
tations of G. Here we give a description of yet another series of 
irreducible unitary representations of G. The series is defined by 
analogy to the case of the field of complex or the field of real numbers 
(see Gel’fand et al. [27]). 

Each representation of this scries is given by a real number 
p #0 in the interval —1 < p <1, and is constructed in the space 
of functions g(x) on K for which 


1 ae 
(% ~) = =| |x; — x2|?—! p(x) p(%e) dxy dxg < ©. 
I'(z,) ‘ 
Here z, denotes the character ,(x) = |x|?, 
D(a) = | x(x) |e (1) 
The representation operator T,(g) corresponding to the matrix 


(0 a 
g= ( ‘ is given by the following formula: 
4 


T,(e) 93) = o(F*2) 1px -b air (2) 
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An immediate verification shows that 


T (182) _ (E31) T,,(g2) 
for arbitrary matrices g, and g, from G and that 


(7,(g )@ P; T,(g)~) = 7 (9, 7). 


So the operators T,(g) provide a unitary representation of G. 

We call the series of representations so constructed the 
supplementary series. 

It can be shown that the representations 7,,(g) and T_,(g) are 
equivalent (for a proof in the case of the field of real or of complex 
numbers see [28]; for disconnected fields, the proof is similar). 
Thercfore we may henceforth assume that 0 < p < 1. 

Another realization of the representations of the supplementary 
serics is obtained by passing from the functions g(x) to their Fourier 
transforms 


atu) = | (2) (ua abe 


In this realization the formula for the operator T,(g) takes the 
following from: 


T,(¢) o(u) =[ Kyle! ») (2) do, (3) 


where 


K,(g | 4, 2) ={x(—w oe an Bx il [Bx + d|-°-1 dx. (4) 


The expression for the kernel K,(g | u,v) can be written in a 
somewhat different form. Namely, 


K,(g | u,v) = |B\-? i(™ 7 **) | 4(- j (ut + w)) é|--2 dt, 


when 6 + 0, and 
K,(g | u, 2) = |6|-°+! x(dyu) 6(67u — 2), 


when f = 0. 

Let us find the expression for the scalar product (gy, y) in the 
new realization. We observe that the Fourier transform carrics the 
convolution of functions into their product. Since the Fourier 
transform of |x|?—+ is 

Ixjo-* = D(a) ful-?, 


where 7,(x) = |x|?, we have 


(m, @) =| bul-* Low du (5) 
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So the representation T,(g) of the supplementary series 
(0 < p <1) may be realized in the space of functions g(u) on K 
with the scalar product (5). The representation operator in this 
realization is given by the formulae (3) and (4). 

All the representations of the supplementary series are irreducible. 

The proof of this proposition is word for word the same as in the 
case of the principal continuous series (see § 3.4). 


8. The Special Representation of G. In§ 3.7 we constructed 
the supplementary series of irreducible unitary representations T,(g), 
where 0 < p <1. Let us see what representations arise in the 
limiting case when p = 0 or p = l. 

Obviously, for p =0 we obtain the representation of the 
principal continuous series corresponding to the character 7 = 1. 

We shall see presently that for p = 1 a new representation of G 
arises. 

So we examine the representation 


T(8)9(0) = o( =?) pa + ar (1) 


Let us clarify how we must define the space of functions (x) 
so that the operators 7,(g) are unitary operators in this space. 
We note that the formula for the scalar product 


1 Jo 
(9) = Tey] AI oe) dn de 
is meaningless for p = 1, because I'(z,)|,_. =0. Therefore we 
impose on g(x) the additional ee 
i wile deceit: (3) 


For such functions we have 
[be — aah ols eG) ds dil a = 0, 
and the expression (2) tends, as p — 1, to the finite limit*’ 
(9, ~) = c| In |x, — %2| p(%1) p(x2) dx, de. (4) 


We show now that the functions g(x) satisfying condition (3) 
form an invariant space under the operators 7\(g). For we have 


ea (g) p(x) ax =| 9 (= +2) tae + att dx =| ote 


{ In |x| is the adjoint homogeneous function of degree of homogeneity 7 = 1. 
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Consequently, if f(x) dx = 0, then also 
| Tile) (2) ax = 0. 


So we have obtained a representation in the space of functions 
g(x) for which 
| o(2) dx = 0, 


v 


(9, 9) ={ Inte — x41 ols) 90) di diy < 0. 
The representation operator 7;(g) is given by the following formula: 


Ox 
T(s) 98) = oF) pe + at 
We call this representation 7\(g) the singular representation. t 
If we go over from the functions g(x) to their Fourier transforms 
@(u) = J(x)z(—ux) dx, we obtain another realization of the 
singular representation, in which it is constructed in the space of 
functions y(u) with 


(P, %) =| Ju|-+ | @(u)|* du < oo 
(and so g(0) = 0). The representation operator 7,(g) has the form 


T,(8) 9(u) =| Kile |, ») (0) do 
where 


pe 
K,(g | u, 2) =| 1(—w +o - 72 2) [Bx + 6|-? dx. 


9, Representations in the Spaces Y,. In this subsection we 
give a brief description of nonunitary representationst of G. 

With every multiplicative character 7(x) of K (here we do not 
require that |7(x)| = 1) we associate a function space Z,. This 
space consists of the functions f(x), %2), %1, %, € K, that satisfy the 
following two requirements: 

1. For a connected field K the functions f(x,, x.) are continuous 
and infinitely differentiable everywhere except at (0,0). If K is 


a p 
disconnected, then for a matrix g = ( sufficiently close to the 
unit matrix y 6 


SF (ae, + yXe, Bx, + 6x2) = f(xy, *2)- (1) 


+ In the case of a connected field the representation 7, (g) is one of the representations 
of the continuous or the discrete series. Therefore the term “‘singular representation” 
refers only to disconnected fields. 

+ For details on these representations in the case of a connected field K see [28]. 


§ 3. IRREDUCIBLE REPRESENTATIONS 173 


2. The functions f(x,, x.) are homogeneous of weight 7, that is, 


S (t1, tx2) = a(t) lS (1, 2) (2) 
for every ¢t # 0. 
There is a natural way of introducing a topology in Z, under 
which it becomes a complete space. ol 
Now we give a representation of Gin J,. If g = ( } then 


we define the corresponding representation operator T,(g) by the 
formula 


T,(g)f (%1 *2) = f (ax, + ye, Bx, + dx2). (3) 


The question of the irreducibility and equivalence of the 
representations T,(g) arises.t The problem for the field of complex 
numbers and the field of real numbers is discussed in detail in 
[28]. Here we state; without proof, the analogous results for a 
disconnected field. 

We defined the singular points in the group of multiplicative 
characters 7 as the characters (x) = |x| and a(x) = |a|~}. 

1. Two representations T,(g) and T,,(g), where 7, is a 
nonsingular point, are equivalent if and only if 7, = 7, or 7, = 773°. 

2. For nonsingular points 7 the representations T,(g) are 
irreducible, except when a(x) = sign, x. In this case (x) = sign, x, 
T,(g) splits into the direct sum of two irreducible representations. 

3, Let a(x) = |x|. Then the space 9, contains a one-dimen- 
sional invariant subspace Y,. It consists of the functions 
f(%1, ¥2) = const. The space Y,. also contains an invariant 
subspace F ,-1 consisting of the functions f(x, x2) for which 


[r0, 1) dx = 0. 


Clearly, the factor space 9,./¥#,-1 is one-dimensional and 
consequently, ,-1/F 1 ~ Y,. Itcan be shown that 9,/9,~F,1 
that is, the representation in ¥,-: is equivalent to that in the factor 
space Z,/G,. 

Now let us find out for what 7 we can introduce in Z, a scalar 
product invariant under the representation operators. When this 
is possible, we can complete J, relative to this scalar product and 
obtain a unitary representation of G. For connected fields the 
problem was investigated in [28]. Here, without proof, are the 
analogous results for disconnected fields. 

An invariant scalar product exists in 9, if and only if one of 
the following conditions is satisfied : 


+ For the definitions of irreducibility and equivalence in the spaces see 9, [28]. 
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1. |a(x)! = 1; the corresponding unitary representation of G 
is the representation of the principal continuous series discussed in 
§ 3.1. 

2. a(x) = |x|’, where p is a real number, 0 < |p| <1; the 
corresponding unitary representations of G are the representations 
of the supplementary scrics discussed in § 3.7. 

Furthermore, for a(x) = |x|! an invariant scalar product 
exists in the subspace F , of functions from J, satisfying the condition 


ic 1) dx =0; 


the corresponding unitary representation of G is the singular 
representation discussed in § 3.8. 


In the classification of all irreducible representations of G, we mention one 
essential difference between the case of a connected field and a disconnected field 
K. In the case of a connected field it is sufficient to consider the space Y, and 
all its invariant subspaces and factor spaces, if D, is reducible. It can be shown 
that in this way we obtain, to within equivalence, all the irreducible representa- 
tions of G [27]. For a disconnected ficld K this is not so: the representations of 
the discrete series, which will be constructed in § 4, are inequivalent in the 
spaces D,. 


10. Spherical Functions. We say that an irreducible represen- 
tation of G is of class I if the representation space contains a vector 
that is invariant under the subgroup U of integral matrices, that is, 
matrices whose clements are all p-adic integers. 

Let us find that representations of the continuous series that 
belong to class I. As we know, a representation of the continuous 
series T,(g) can be realized in the space of functions f(x) = f(x, *2) 
satisfying the condition of homogeneity 


Sf (tx) = m(Z) le7F() 
for every ¢ ~ 0. 


In this space we look for a function invariant under the 
operators 7(u) with ue U. 

We define the norm !x! of a vector x = (x), x.) as the maximum 
of the norms of its coordinates: 


|x] = max (1x |, [*el). (1) 


It is easy to verify that any vector x’ can be carried into another 
x” of equal norm by a transformation from U. Hence it follows 
immediately that every function invariant under the compact 
subgroup U is of the form 
f = F(x"). 


From the condition of homogeneity we obtain that 
SF = Cn(Ix|) [xf-? = C [x]*?. 


§ 3. IRREDUCIBLE REPRESENTATIONS 175 


From this we conclude: the irreducible representations of the 
continuous series having a vector invariant under the subgroup U of 
integral matrices are precisely those that correspond to the character 


a(x) = |x]*. 


This vector is uniquely determined to within a constant factor 
and has the following form: 


— q s—1 
So V1 ze ? 


where |x| is the norm of the vector x = (x, x2) defined by (1). The 


factor f i t j is adjusted so that |! fp! = 1. 


We define an elementary spherical function on G corresponding 
to an irreducible representation of class I as a function g(g) on G 
determined by the following formula: 


g(g) = (T (2) fo So) 


where f is a vector in the representation space that is invariant 
under U and such that |f,!' = 1, and the parentheses denote the 
scalar product. From the definition it follows immediately that the 
function y(g) is constant on the double cosets of U, that is, 


p(uigus) = 9(g) for arbitrary u,, u, € U. 


It can be shown that every matrix g € G can be represented in 
the following form: 
= U,0Up, 


where w,, vu, € U and 6 is a diagonal matrix of the form 


—n 0 
o= (’ | n=O. 
0 p” 


Thus, a spherical function g(g) is completely determined by 
its values on the matrices 6. 

Let us compute (6). Suppose, for the sake of definiteness, that 
T(g) is a representation of the principal series, that is, s = ip is 
a purely imaginary number. Then the scalar product is given by the 
following formula: 


(fuse) ={ AU 1) f2(t, 1) dt. 


So we have 


9(8) =— {tmax (9” \el, g-")}#-2[max (|¢\, 1) ]-*-! dé. 
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We split this integral into three parts—the integral over the domain 
\t} <q-2*, the integral over the domain q-?" < |t! <1, and the 
integral over the domain |é| > 1. Then we have 


ae gone | dt ate gris-v { jt|e-2 dt + gris-)) fu dt. 


le] <a-2” ge <t] <1 jel >1 


All the integrals in this expression are easily computed. Namely, 


{ dt = q°*"; | lt{-? dt = gq, 


[t] <g72" |é] >1 


( tod = (lL—g)(ltq%+q%4ee-4+ g-(2"—28) 


oc |t<i 
1 —_ ga 
—f}]—¢ 
Cay Ge a ae mz 
As a result we find 
q + 1 _ g™ = g- 8? 


6) = g7"-* + (1 — gq! 
j 9(6) =4 (l—q"")q¢ Lag 


After elementary transformations we obtain the following final 
form for a spherical function: 


+ | ee 


1 ae 1 -} 2 ates 
g2(girt4)s ~q (n+/A) 8) —¢ “(gr Vs __ q (n A) $) 


YP 6) = q” 7 =g T =I 
2 (git g "\(9* + 9-7) 

11. The Operator of the Horospherical Automorphism. Follow- 
ing Chapter 1 we define the horospherical subgroups of G as the 


subgroup Z of matrices of the form ( ; and all subgroups 
z 


conjugate to Z. Horospheres in a homogeneous space X relative to 
G are orbits of horospherical subgroups. Thus, every horosphcre on 
X consists of the points of the form 


Xz = X%9812825 (1) 


where x, is a fixed point in X, g, and g, fixed elements of G, and 
z ranges over Z. 

From the definition it follows that every transitive family of 
horospheres on X either coincides with the space of cosets Q = Z\G, 
or is obtained from © by an additional identification of points. We 
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call Q the space of horospheres. This space Q is isomorphic to a two- 
dimensional affine space over K from which the origin has been 
deleted. 

Let us find all the horospheres in Q. We give them by formula 
(1), where x, is the point of Q corresponding to the unit class. We 


consider the matrix 
(" 
£1 = a. 


in (1). Let us show that if B = 0, then the horosphere (1) degenerates 
to a point. For in this case we have g,z = z’g,, where z’ € Z, 
Consequently, x, = 9812 for every z, because xyz = Xo. 

Now let 8 40. Then g, may be represented in the form 


£1 = 2,5 62Z,. 


where Z,, Zz, € Z, 6 is a diagonal matrix, and 


: 0 1 
s=( ) (2) 


Thus, the equation of the horosphere (1) takes the following 
form: 


X, = XoSZ Oe. (3) 


So we see that nondegenerate horospheres in Q form a homogeneous 
family. For they are all obtained by group translations from 
x, = Kz. 

When we go over in (3) to coordinates and bear in mind that 
x9 = (1, 0), we obtain the following equation of horospheres: 


x, =azty, x =f6z+6, zeK, «d—fpy=l1. (4) 


Thus, the horospheres in the space Q of points x = (x1, *2), x #0, 
are all the lines that do not pass through the origin of coordinates. 

Let (x) be a test function in Q. We associate with it integrals 
of g(x) over all the horospheres (that is, lines) in Q: 


y(g) = | olsosze) dz. (5) 
Zz 


Observe that y(zg) = y(g) for every ze Z. Thus, y may be 
regarded as a function in the space Q = Z\G, and we can write 
y(x) instead of p(g). 

Hence, the map 


B: p(x) — y(x) (6) 
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carries functions on Q again into functions on Q. We call this map 
B the horospherical automorphism. 

In coordinate notation the operator B is given, as is easy to see, 
by the following formula: 


Bolen x) = [ olsiz +I 2 +92) de. (7) 


K 


where y, and y, are arbitrary elements from K connected with x, 
and x, by the relation 
X12 — MW = 1. 
For example, when x, 4 0, (7) can be written in the form 


Bo(*1 *2) = fol, #52 aT) de: (8) 
K 


The fundamental properties of B are the following: 

1. The operator B commutes with the operators of group translation 
SF (*) +f (*8)- 

This follows immediately from (5). 

2. The operator B carries homogeneous functions of weight m into 
homogeneous functions} of weight 71. 

This follows immediately from (8). 

From property 2 of B it follows that the operator B? carries every 
space D, of homogeneous functions into itself. Since Y, is irreducible 
and B? commutes with the representation operators, this operator 
is a multiple of the unit operator on each space J,. 


Bo, = A(z) Py 


for every function y, € Y,. 

Our main task is to compute the factor of proportionality (7). 
In this subsection we find 2(7) for the field of real numbers and for a 
disconnected field; sec formulae (15) and (30). 

We introduce two homogeneous function of weight 7. To 
construct them we extend the character 7 to a multiplicative 
character on the quadratic extension K(Ve) of K. We denote the 
character so obtained, as before, by 7. We set 


p(x, 9) == a(x + Vey) x + Ve rts 
p(x, 9) = a(x — Vex) |x — Vert, 
where x, y € K. 


+ That is, functions satisfying the relation 


p(tx) = w(t) [e-p(x), teK 
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Let us compute By and By’. 


a 


To begin with we consider the field K of real numbers. Here 
we have (Ve = i): 
+a 
= { a(xz + i(yz + x71) [xz + t(gz 4+ x7-4)[-1 dz. 
We transform this integral. We have 
t+ 2) 
x2 + y? 


xz +i(yz +x) = (x + oy (2 + 


= (x — i) >| («2 ee (- oe ae) 7 i. 


Consequently, after a suitable change of variable we find 
+0 


Bo (x,9) = Xx — iy) |x — DIO { n(z +4) lz + if-az. 


—@D 


Thus, 
Bo (x, 9) = AM (x) oP (%,9)5 (9) 
where 
+a 
(mn) = | eee ie eae: (10) 


—@ 


The integral (10) can be expressed directly in terms of the 
classical Beta-function. For let 


a(x) = |x|* sign” x, y =0, 1. 


We extend the character 7 to the field of complex numbers by the 
following formula: 


ar(z) = |z[fe""F*. (11) 


It is not hard to check that then 


o(-$.3), wher =0 

IY(n) = (12) 
4 s—l1 1 
iB\——z—> 9) when » = 1. 


Similarly we find that 
Bo? (x, 9) = A‘) (ar) Pros (x, 9), (13) 


Me) = (—1)YAY (az). 


where 
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From this formulac it follows that 


BoP = Amer, BP = An) oP, (14) 
where 
Qa mS 
eT Ot when » = 
Aa) = AM a7) AP (a7) = (15) 
Qa 7S 
— tan—, when » = l, 
5 2 


Now we consider a disconnected field K. In this case we have 
Bol (x, 9) 


-| a(xz + Ve (yz + x7) [xz + Ve (yz + x72) [-1 dz. 


As in the case of the field of real numbers, we find 


Boy (x,9) = AY (7) 972,459), (16) 
where 
MY (a7) =| xz + Ve) |z + Vel“? dz. (17) 


Now we compute the integral (17). 
The character (x) is given by the following formula: 


a(x) = |x|* 0(x), (18) 


where s is a complex number and @(p) = 1. 
We begin with 6(x) = 1. Then we have 


- Lig" 
PETS) NEO ees | ee, (19) 
[z|>1 Jz] <1 q 
Now we consider the case 6 4 1. Let n be the rank of @ in K. 
We recall that the rank is the smallest natural number n for 
which 
6(1 + px) =1, jx] <1. 


The rank of @ is the same, whether regarded as a character on K or 
on K(V e). 
First we show that 
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For we have 


I= 9° | O(p-*t + Ve) dt = pt ( O(t + peve) at. 
\t|=1 e]est 


Hence it follows that for every x € K, |x| <1, 


[,0(1 + px) = q™* i O(t(1 + px) + p*v/e) dt 


Ge 


= gi (| O(t + p'Ve) = I, 
[e]=1 
But 0(1 +. p*-1x) # 1. Consequently, J, = 0. By what we have 
proved we obtain the following expression for A‘) (7) : 


AY (7) = i A(z + ve) dz=q" > O(z+ Ve). (20) 
ree z€O/P"O 
On the basis of this formula we can show that 
| AY (a) |? = go>”. (21) 
Proof. We have 


> po Ve 
[AQ (a)|2 = gree o( ‘). 
re ut Ve 


(z and u range over a set consisting of one representative from each coset of 
O/p”O.) In this sum we separate the term with z = u. We find 


-L 
JAM) (a7)? =gqrt+ que" >» o( : “). 
z#u Ue -|- Ve 


We show now that the second term is zero. For this purpose we consider the set 
z+Ve 


u+ € 
under multiplication by elements of the form x, = 1 + p—}s, |s| < 1. Hence, 


z+ “) ( ook: “) (2 -|- ) 
6 = 6 = 6 - 
2 (: ge >» Nes We () 2 awe 


Since 0(x,) & 1, it follows immediately that 


229 


atu \U > é 


of values mod p” of . It is not hard to verify that this set is preserved 


We give another derivation of the formula (21) based on results of § 2.6. 
We introduce the Gamma-function I',(7) in K(Ve) by the following 


formula: 
Kini | (5) a(t) d*t, (22) 


K(Ve) 
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and show that 
T, ( 119) 


ia er 


(23) 
where 1(x) = I+]. 


By the substitution ¢ = xy -:- vey, where x, y € K, the integral (22) reduces 
to the form: 


P,(z) = {= | 9[-? dy {ts + Ve) |x + Vel-® dx. 


Equation (23) follows immediately from this. 
To obtain (21) from (23) we use the following formula, which was derived 
in § 2.6: 
| P'(m)| = griBes—'4), (24) 
We show that 
[T.(7)| = griBer—d, (24’) 


Indeed in passing from K to K( Ve) the number g (the order of the residue 
class field O/P) is replaced by g?, and the rank of the character 7 is preserved. 
Hence, by (24), we have |I',(7)| = q2™Res/2—1/2) = gn(Res—l), 

(21) is an immediate consequence of (23), (24), and (24’). 


We have now obtained the final formula for the operator B: 
If a(x) = |x|* 0(x), 6(p) = 1, then 


Boy (x, 9) = AY (7) P(x 9)» (25) 


— gqs-l1 
aoe when 0(x) = 1, 
IM(n) = ( 1-9! (26) 


qo"? u(r), when O0(x) € 1. 


Here n is the rank of 0, and 


(uw (ar)| = 1. 


The computation of py‘) (2) is a task of considerably greater 
complexity. However, for our purposes the value of u‘)(7) is not 
required. 

Similarly, we have 


Boy (x, 9) = AM (nr) pal, 7). (27) 
Next we show that the functions 2'?(7) and Aa‘(m) are 
connected by the following relation: 


AY (a7) A (a) == (1) qe. (28) 
For by analogy with (20) we have 


where 


MDa?) = | O-(z — Ve) dz 
J 
= 6(—1) i O-(z + Ve) dz = 0(—1)A% (x). 


\7(s2 
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Consequently, 
2(m) AB(a-2) = 6(—1) |A%(m) |? = O(—V) qm 


On the basis of these results we have 


Bey = A(r) gp, Beg?) = acm) p?’, (29) 
where 
Ge hates | a 
~—__—_+_____+__* , when 6 = 1, 
As) = A (ar) A?) (ar-2) = (1 nat q*)(1 _ q-*) when 
q~"a(—1), when the rank of 6 isn 4 0, 
(30) 


that is, in accordance with § 2.6 


A(m) = Tm) T(r). (31) 


§4. THE DISCRETE SERIES OF IRREDUCIBLE 
UNITARY REPRESENTATIONS OF G 


1. Description of the Representations of the Discrete Series. 


Here we show that with every quadratic extension K(Vr) of K, 
a certain discrete series of irreducible unitary representations of G 
is connected. Thus, for the field of real numbers there is one 
discrete series, and for a disconnected field there are three discrete 
series of irreducible unitary representations of G. 

As a preliminary we recall the formula for the operators of the 


a 6 

continuous series in the y-realization. If g = | ): then the 
- 

corresponding representation operator 7,(g) is given by the formula 


T(g) plu) =| Kala |u,») #(2) d, 


where 


Ky(g|u 0) = 1art x(@S*) fax(— 3 = ut)) w(0) de 
when 6 <0; 


K,(g | u, v) = (64) 1d] x(dyu)d(d%u — »), 


when f = 0. 
Here 7z is the multiplicative character on K that generates the 
representation. 
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We define the representations of the discrete series by similar 
formulae. 


Let K(v7) be a quadratic extension of K, a(t) a multiplicative 


character on K(7). We.consider the space H of functions p(u) on K for 
which 


(Co = [tou en 


oO 
With every matrix g = | 5) we associate the operator T,(g) that is 


Y 
defined in H by the following formula: 


T,() o(u) ={Ke(g |, ») 9(0) ao (1) 
where 
Kylg| us») = af, SF sign, ux(@ =) 
{ u(- z (ut + a-*)) a(t d*t, (2) 
tl=vu-? B 
when £6 + 0, sign, u = sign, 2; 
K,(g|u,v) =0, (3) 
when sign, u sign, 2; 
K,(g | u, v) = sign, 6 - +(4) |d| x(dyu)d(d2u — 2), (4) 


when 6 = 0. 

Here d*t denotes the measure that is uniqucly determined on 
the circle 2 = vu~ by the condition d*(tt,) = d*t for every ft) with 
toto = 1; Sd*t=1; a, = 2(1 + ¢-)(1 + |7l)71. The coefficient 
c, is determined by the formula 


ct = [ x(t) dt (5) 


where the integration is taken over the plane K(vr). The precise 
meaning and the value of this integral were indicated in § 2.7. 

In § 4.3 and § 4.4 we shall show that the operators T,(g) form 
a unitary representation of G. 

We make some preliminary remarks on the representations 
T,(g): 

1. We see that the operators T,(g) are defined essentially by 
the same formulae as those for the representation operators of the 
continuous series. The only important difference is that the 
integration in (2) taken not over a “line,” but over the circle 
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ti = vu-1 on the plane K(V7). The points ¢ of this circle are 
characterized by the condition that ut + vt~! must belong to K. 

2. In § 4.6 we shall show that if 7, = 7, on the circle ¢# = 1, 
then the representations 7, (g) and T,,(g) are equivalent. Hence 
the representations 7,,(g) are, in fact, given by the characters on 
ti = 1, and so the set of these representations is discrete. This is the 
explanation of the name “discrete series.” 

3. The representations 7,(g) are reducible. For let H+ be 
the subspace of functions g(u) for which g(u) =0 when 
sign, u = —1; H- the subspace of functions for which g(u) = 0 
when sign, u = 1. 

From the formulae for the representation operators it is 
immediately clear that H+ and H~ are invariant subspaces. 

From now on we denote the representations in H+ and H-, 
respectively, by T7(g) and T7(g). These representations are 
irreducible (see § 4.6). 

So we see that every discrete series of irreducible unitary representations 
consists of two halves—the representations Tt(g) and T7(g). The first 
are realized in the subspace of functions p(u) for which p(u) =O when 
sign, u = —1; the second in the supplementary subspace. 

A similar series of representations arises in the case of a finite field K,. We 
assume that the characteristic of K, is different from two. Then K, has precisely 
one quadratic extension. The series of representations connected with this 
extension is realized on the functions y(u), where u ranges over the elements of 
K, other than zero. The representation operator has the form 


T,(g) (4) = 2d Kole | u, ») p(2), 


where 


K,(g|u, v) = -2( 
when 6 ¥ 0; 


du + =) 
B 


K,(g| u,v) = 7(6)x(dyu)d(6%u — v), 


when f = 0. Here 6(u) is the Delta-function: 6(u) = 0 foru # 0, 6(0) = 1. 

In contrast to an infinite field, the representations T,(g) turn out to be 
irreducible (except when a(x) = +1). It can be shown that T;(g) and T,-1(g) 
are equivalent representations. 


> {- ; (ut + -)) a) 


t=vu 


2. The Continuous Dependence of the Operators 7,,(g) on g. 


a B 
The operators T,(g) corresponding to the matrices g = ( f 
di 
were defined by different formulae in the cases B 4 0 and 8 = 0, 
We show now that the formula for T,(g) in the special case B = 0 
is obtained by a limit process from the formula for T,(g) corresponding to a 
matrix in general position. In this way we establish that the operators 


T,(g) depend continuously on g. 
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As a preliminary we put the formulae for the operators into a 
somewhat different form. 
By § 4.1 the operator T,(g), 8 #90, is given by the following 


formula: 

T,(g) p(u) 

= 04, BE sign yf y( AE — 5 (wt + 1-4)) a(t) we) ded, 
thavu7! 


(1) 
where the integration is with respect to ¢ is taken over the circle 


ti = vu-'. When we substitute v = uti in the integral, we may 
rewrite the formula as follows: 


T,(8) p(x) 


sign, 6 


ee iW \u| sign, uf x(§ (6 + ati —¢ — i) g(utt) dt, (2) 


where the integration is taken over the whole plane K(vV7). We 
make the change of variable: ¢ = Bt’ + 6. After elementary 
transformations we find 


T,(g) p(x) = c, IBl sign, Blu sign, ux(dyu) 
| il (aeBeE -- y(t + B))u] x (Bt + 8) p(u(Bt + 6)(BE + 8) dt. (3) 


Let us see what the limiting value of this expression is, as B — 0. 
We assume that sign, 8 remains constant. Let fy be a fixed clement 
such that sign, By = sign, 8. Then we have 


B os Boos, 


where o is an element from K(vV7). In the integral (3) we make the 
change of variable ¢ = o—¥’, and find 


T,(g) p(u) = ¢, |Bol sign, Bo |ul sign, u - x(dyu) 
J xlu(apue + yBo(at +- t))\r(Boot + 4) p(u(Boot + 4) (Boot + 4)) dt. 
(4) 


We are interested in the limit of this expression, as o > 0. Let us 
perform a formal limit passage under the integral sign. Then we 
obtain 


T,(g) p(u) 


= ¢, \Bo! sign, Bo lu| sign, u + x(dyu) (6) p( dx) J x(uapott) dt. (5) 
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However, 


F id sign, (uaBq) a, 
{ x(uaet dt = ¢; Sa + 5 6( xB ou) 


(see § 2.7). Substituting this expression in (5) and bearing in mind 
that in the limit matrix « = 6-1, we find 


T,(g) p(u) = sign, 6 + (4) |6| x(dyu) (dx), 
that is, 


T(g) o(u) = sign, 5+ m(8) [8] x(89u) | (8% — 2) g(e) do. 


So we have obtained precisely the formula (4) of §4.1 for the 


a O 
operator 7,(g) corresponding to the matrix g = ( .) 
Y 


The limiting process, as o — 0, as we have carried it out, is not completely 
rigorous, To make the argument rigorous we have to introduce instead of the 
T,,(g) auxiliary operators by adding the factor |u(aBgtf -+ 7Bg(ot + d7))|* under 
the integral (4) (A is a complex number). We split the integral so obtained into 
two terms: over |¢| < 1 and over || > 1. It is easy to see that for each of these 
integrals there is a domain of values A for which it converges absolutely and 
uniformly in o, as o > 0; and then the limit passage, as o — 0, under the integral 
sign is possible. We do not wish to go into details of this common technique in 
generalized functions here. 


3. Proof of the Relation T7,(g,g.) = T,(g:) - T,(g2). We 
show that the operators T,(g) actually give a representation of G, 


that is, 
T (8:82) = Ts(g1) Ts (82) (1) 


for arbitrary matrices g, and g, from G. 

The operators T,(g,), 7,(g2), and 7,(g,g.) are given, respec- 
tively, by the kernels K,(g, | u,v), K,(ge|u, v), and K,(g,ge | u, 2). 
So we must show that 


[Kelg.| us w)Ke(ge| w, 2) do = Ky(erge|% 9). (2) 


-(" x A (* 5] -(* ) 
a ¥1 54) is V2 32) aan 8} 


It is sufficient to discuss the case 6, #0, B, #0, 6 #0. For the 
special cases when at least one of the elements f,, B, 8 is equal to 
zero, the relation (1) can be obtained later by a limit process. 


Let 
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When we substitute in (2) the expressions for the kernels from 
§ 4.1 we find 


F = { K,(gy | ty w)K, (go | w, v) dew 


= a?c? sign, (8182) |B1B2|—2 (= a5 “2t) 


Bs 
o(— 24-2 64s) +8 +B) ate) de de dw 
l=w[u si=v/w By Be By Be ; 
(3) 
We make the change of variable s = ¢-10 and obtain 
F = ate sign, (Bxps) \PaBal”* x +) 
a J J (-F (¢ +4) — 4 (ota) + 3 w) a0) d*tdwd*o 
Be Bi Be ; 
(4) 


We compute the inner integral 


raf Ja (F048 — 4, (oF + Bt) + oF») d*t dw 


separately. 
Substituting w = uti in the integral we may rewrite it as an 
integral over the plane K(V7): 


l=a> ial | (—u FF ) dt, 
where a= +5. Pe 


We make the substitution ¢ = ¢ -- ——a and obtain 


f= a> |u| x(-« a aa) | x(u i a) dt. 
However, ee 


Jx(: ae t) dt = e-* sign, (aa) rm ts 58a ‘) 
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plata 


= a;*c_" sign, (75) ae i - be — ; (o — &) — fs “). 


We substitute this expression in (4) and use the easily verified 
relations 


Consequently, 


I = a;'c-" sign, (6 3 “| 


ER SL Se 
: a4 B, BBB’ B, BB Bp 
o we fin 
_ sign, B : (du + aw _ 4 e s 
eR sign, u (=4* ) { x (a +8) n(o)d o 


o6=v]/u 


= K,(g182 | #, 2). 
The relation (2) is now proved. 


There is a certain lack of rigor in our arguments, because we have computed 
the integral (2), which diverges in the usual sense. This can be avoided by 
considering instead of K,(g | u, v) the auxiliary kernels 


K,(g|4,2| 4) = Ky(g |v, ») [ol?, 
where 4 is a complex number. We form the integral 


T3 = [Rte w | A)K,(g2| w, 2 | A) dw. 


We split it into two integrals—over || < 1 and over |w| > 1. It is easy to see 
that each of these integrals converges in a certain domain of values A and is in 
this domain an analytic function of 4. So the integral 7 , is defined as an analytic 
function of 4. It can be shown that at A = 0 the function 7 , is regular and that 
To = Ky(e18 | 4; 2). 


4. Unitariness of the Operators T,(g). Let us show that the 
operators T,(g) of the representations of the discrete series are unitary, that 1s, 
Tr(g) = Tr(a) 


where the asterisk denotes the adjoint operator. 
For T*(g) is given by the kernelt 


= 4,6, a sign, v- o(— ee) fal; (vt + ut-)) (0) d*t 


= oe) sign, u- (A+) | i(— 5 (ut+o1-»))a(aeer, 


f We use the relation @, = ¢, sign, (—1), see § 2.7. 
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So we see that K,(g[v, u) = K,(g-?| 4, v), thatis, T3(g) = T,(g-*). 

On the other hand, since the operators 7,(g) form a represen- 
tation, we have T,(g-1) = T;*(g). Therefore, T¥(g) = T;*(g), as 
required. 


5. The 7-Realization of the Representations of the Discrete 
Series. In this subsection and the next, we give two other 
realizations of the representations of the discrete series. We obtain 
the z-realization by going over from the functions g(u) to their 
Mellin transforms: 


Fm) =| elu) ai4(u) la du, (1) 


It is not hard to see that the kernels K,(g | 7, 72) of the opera- 
tors T,(g) in the z-realization can be expressed in terms of their 
kernels K,(g | u, v) in the original realization of the representation 
by the following formula: 


K,(g | m, 7) =|K,(g | u,v), %(u) Jul-4ar9(v) |v|-4 du do. (2) 


Let us find the formulae in the 7-realization for the represen- 
tation operators corresponding to the matrices 


“ 0 
6= : 
sal 


1 ¢ 
= 0. 
f (( i) tH 


For this purpose we need, apart from the Gamma-function 
connected with K, the Gamma-function [,(7) connected with 


K(vV7), 


and 


Film) = falta) ae 
K*(v/7) 
Here 7 ranges over the set of multiplicative characters on 


K(V 7), and ,(f) is an additive character on K(V +), which can be 
expressed in terms of the character x(x) on K by the formula 


x(t) = x(t + #). 
We assume that all multiplicative characters on K are extended 


to multiplicative characters on K(V7); we denote the latter by 
the same letters as those used before. Furthermore, let 7(¢) denote 
the character corresponding to the formula 


a(t) = a(D. 
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We show that the representation operators corresponding to the 
matrices 6, z, and © are given in the 7-realization by the following formulae: 


T,(6)F (a3) = waia,(d)F (a) ; (3) 


T.(2)\F(2,) = 7ymg(z) | D(actry)F (a5) divas (4) 


x ees 


0)F(m) = D'(ay73") ay" 72(—2)F (m2) daz, (5) 


7( 77,7 ge) 
where w2(t) = |t?|. 

These formulae are similar to the formulae for the represen- 
tations of the principal series obtained in § 3.2. Indeed, according 
to § 3.2 the formula for the operator T,(z) of the representation of 
the principal series is precisely the same as (4), but the operator 
T,(¢) of the representation of the principal series is given by the 


uw 


following formula: 


T,(QF(m) = a es (arymq3) wy targ( — OF (a7) dary. 


(3) and (4) are easily obtained on the basis of the formula (4) 
in § 4.1 for the kernel K,(g | u,v). We give a derivation for (5). 
The kernel of T,({) is given in the z-realization by the following 
formula: 


sign, ¢ 
rf 


{fx (; (u+v—u( (¢40)) sign,u- mw) ulm) |uj-“*ar(t) d*t du do. 


t=v/u 


K,(€| m1, 72) = 4,¢, 


After elementary transformations we find 
K(f | m1, 72) = ¢my*me( 2) 
Nece — t)(1 — &)) sign, umy‘ae(u) am,72(t) du dt. 
By integrating over u we obtain 
K(f] my, 72) = ¢,my*9(£) P(aytra7,79) 
[ erata()evtinZ(l —f)|(l —4(1 —dl[-' dt. 


where 
a,(x) = sign, x, xeK*, 


ao(t) = til, te K*(v7). 
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The last integral is the Beta-function connected with K(V7) and 
can therefore be expressed in terms of I’,. As a result we find 
Kf | Use) 72) 
a T.(a7amem?) D(a 773 73) 
= ¢, 11179 C) ° I\(ary'aran,78 : D(a n8) + 
Since according to § 2.10 


D,( 4177172") = |z|—2c, P(r, 7z"77,) T\(a,773") 
= |r|-%¢,7773*7,(—1) 


we finally obtain (because |r|~*c?7,(—1) = 1): 
K,(¢ | 15 72) =? a,‘ 7_(—£) 


So the formula (5) for T,(¢) is proved. 


0 -!1 
Now we derive the formula for the operator T,(s), where s = ( ) 
We have 1 0 


K,(s | 745%) =4,6,7,( -»f { x (u(t t-£)) w(t) ryt, (u) 29(v) |ul—% |v[-4 d*t du do 


t=v]u 


= ¢,7,(— vf y(u(é + #)) wy) wg, (u) Wim “(t) dt du. 
K(V'7) 
By the change of variable ¢ = u~4z’ this integral reduces to the form 


K(s | mpm) = cond 1) | xt + 1) amgitg79*(t) dt | octet tate du, 
that is, = 
Ki(s | Ws 7g) = ¢,7,( -1) T',( wagitg7) 6( mpi agian), (6) 
where 6(7) is the Delta-function on the group of multiplicative characters of K. 
On the basis of (6) we obtain the following expression for T,(s): 
T;, (s)F (77) = ¢,7,(—1) D(a tay ay ag)F (1 a,az"), (7) 


where 7 is the restriction of z(t) to K. 
Incidentally, the operators T,(s) of the principal series are given in the 
w-realization by the similar formula 


T,(s)F (my) = Pag?) P(e tay ag) F (9 127"). 


6. Another Realization of the Representations of the Discrete 
Series. We now examine another realization of the representations 
of the discrete series, which we obtain by going over from the 
functions (uz) to their Fourier transforms 


P(x) = ( o(u) (ux) du. 


v 


§ 4. IRREDUCIBLE UNITARY REPRESENTATIONS OF G 193 


In this realization the representation operator 7’,(g) is given by 
the kernel 


Ki(g |x) = { K,(g | u, 0) x(ux — vy) du do, (1) 


where K,(g | u, v) is the kernel of T,,(g) in the original representation. 
We shall find an explicit expression for this kernel. 


a 
Let g = ( ) where 8 4 0. When we substitute in (1) the 
v 
expression (2) in § 4.1 for the kernel K,(g | u, v), we obtain 


; sign, B { . (= +oav 1 ) 
Ki(g | u,v) = a,c, sign, u — —(ut + vt71 
(g | 4, ») iB en, ux\——F 3 | ) 


x a(t)y(ux — vy) d*tdudv. (2) 


Here the integration with respect to ¢ is taken over the circle 
ti — vu-. Substituting under the integral v = uti we may rewrite 
this formula as follows: 


sign, B 
1B| 


x x] — ; (¢+9 +%— ty) |m(e dt du, (3) 


where the integration with respect to ¢ is taken over the whole plane 


K(v 7). Now we integrate with respect to u. 
On the basis of the formula 


for(u) lut-# (ue) de = E(w) aH) 


Ki(g | m0) = ¢, S82 fia sign, 


we obtain 
Ky (g | +9) ora 
: + alt - é 
. sign, (9H ay +x — wy) 
sign, 
af, oe ——= — ——n(t) dt, (4) 
where 


as (i sign, ux(u) du. 


vy 


Thus, in the new realization the representations of the discrete sertes are 
constructed in the space of functions y(x) on K for which 


(Y, @) =fiewr dx <0. 
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The representation operator T,(g) corresponding to the matrix 


g= (" A with B #0, has the form 
Y 


T,(g) o(*) =| Kx g | x9) 9(d) &; (5) 
where the kernel K (g |x, y) is given by (4). 
The formula for the kernels of the operators T,,(g) corresponding 
a 
to the triangular matrices g = ( , may be obtained from (4) 
rd 


by a limit process. However, it is more convenient to obtain it 
directly from the formulae for T,(g) in the original realization: 


T,(g) p(w) = sign, dm(d) [5] x(dyu) p(d%). 
By applying the Fourier transform we easily find: the operator 


« O 
T,(g) corresponding to the matrix g = ( has the following 
form in the new realization: y 9 


T,(¢) 9(2) = sign, 8%(8) 181 9( =). 


7. Equivalence of Representations of the Discrete Series. Each 
representation of the discrete series is given by a multiplicative 


character 7(t) on the plane K(V 7), and also by sign, u (because it 
is realized either in the space of functions g(u) that are zero for 
sign, 4 = —1 or in the complementary space). We shall now find 
out which representations of the discrete scries are equivalent. 

1. If 7,(¢) = 7z,(¢) on the circle t# = 1, then the representations 
Ty(g) and Ty(g) (or Tz(g) and T- “(g)) Tespectively) are 
equivalent. +t 

2. If 7,(é) = mz1(¢), then the representations T;(g) and T;5(g), 
or T-(g) and T> ", respectively, are cquivalent. 

Ae converse statement follows from results in § 5.4: if 
a(t) A m,(t) and m,(t) € w,1(t) on the circle ## =1, then the 
representations 7'+(g) and T+(¢) (or T-(g) and T;,(g), respectively) 
are inequivalent. 

3. The representations T;4(g) and T;,(g) are not equivalent 
for any 7, and 7». 


+ We recall that we denote by T+(g) the representations realized in the subspace of 


functions g(z) that are zero for sign u = —1, and by Tz(g) the representations realized 
in the complementary subspace. 
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Proof of Proposition 1. The kernel of the operator T+(g) has 
the form 


Ki(g | u,v) 
ats a B (~F*) { u(— ; (ut + at») all) d*t. (1) 


tl=ufv 


Here sign, u = sign, v = 1. Hence each of the clements u and 
v is either a square of an element from K or is of the form v#s?, 
where s is an element from K and » a fixed element from K(7) 
such that »% is not a square of an element from K. 

We transform the formula for K+(g | u, v) and treat the cases 


a(—1l) = 1 and a(—1) = —1 separately. Thus, Ict 7(—1) = 1. 
Ifu = s?,v = st, 5), 5, € K, then by the change of variable t = Pt. 
we find 2 
V0) sign, B (du + av 
K*(g\u,v) = ual = 4,6, ( ) 
(afm 0) = ay IB 6 


«fi - ve (t+ a)m() d*t. (2) 


Since a(x) = 7(—x), all the factors in this expression are 
single-valued functions of u and v. 
Similarly, if u = vvs?, v = 53, 51, 5. € K, then (by the change 


of variable ¢ = ——————— ‘| 


aes ee (V0) sign, B (du + av 
gS ere eer (vv (95) 2) 7 2 |B | ( B 


« fa (- (v#) MeFi (t+ 2) ay d*t; (3) 


] — c2 Saag’. 
ifu = si, v = vis? (sy, 5g € K), then 


Ky(g\u,v) = oes a,C, a B (™ 5 *) 


x [ o{ - SOE a de nn) (bate (4) 
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Finally, ifu = vis?, v = vvs$, then 

a(vV (v¥)—1v) sign, B (= + *2) 
O_O, TF 

a(¥V (¥9)—1u) [BI B 


Vo # * 
« [x(- Fe “a }n() d*t. (5) 


Ki(g | u,v) = 


In the representation space we consider the operator A, of 
multiplication by the function a(u) 


A,g(u) = a(u) p(x) (6) 
where a(u) = 7(Vu) when u = s?, s eK, and a(u) = 2(vV (v>)—4u) 


when u = v¥s?, 5 6K. 
We transform T+(g) to the equivalent representation 


T+(g) = APT?(g)A,. 


Clearly, the formulae for the kernels of the operators 77'(g) are 
obtained from (2)-(5) by omitting the first factors. Hence, these 
kernels depend only on the values assumed by the character 7(é) 
on the circle ## = 1. So we have shown that if 7,(¢) = 7,(#) on 
t? = 1 and z,(—1) = 1, then the representations T;\(g) and T;;(g) 
are equivalent. 

Now we take the case 7(—1l) = —I. Let z,(#) be a fixed 
character such that 7,(—1) = —1. Just as in the first case, we then 
transform the formula for the kernel of 7(g) to the following form. 

Ifu = s?,v = 52, 5, 5 © K, then 


i _ may (V0) (v0) neu B [du + av 
Kile | 9) = mmVu) "IB x( B 
vi AC ; 
x nol) J e(- Bala (é + a)m() d*t, 
(The expression (2 F) of — . a (¢ + n)at d*t is a single- 
uj tt=1 u 


valued function of u and v, because it does not depend on the choice 
of the sign of Vu and V2.) 


If u = vvs2, v = 82, 54, 5g € K, then 


CH ea ) 


am (vV(vi)—u) ABI 


. x(- eee (vd) —1u (; +4) je os 


and so forth. 
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. We go over from TJ *(g) to the equivalent representation 
Ti(g) = AZAT! (g)A 

Again, the kernel of the operators 7}(g) depends only on the 
values assumed by z(t) on tf = 1. Hence, if 7,(#) = 7,(t) on tf = 1, 
the representations T+(g) and T;{(g) are equivalent. Proposition 1 
is now proved. 

Proof of Proposition 2. In the formula for the kernel of the 
operator T(g) 


K(g | u, 2) . 
= ae, BOE (EM) LF (ur + sy) nl a 


=vJu 


we make the change of variable ¢ = vu—4#’—1, and obtain 


Kt(g|w,0) = a(v) sign, B (* -- 2) 


where the operator A, is given by (6). 


oa ~19 
0 


~ (a) TIBI B 
x { { - ; (vt-t 4 ut)) 10 d*t, 
that is, nates 
Kt(g | u,0) = 22) Kis(g | u, 0). (7) 
. a(u) ” : 


The equivalence of T+(g) and 7Ty..(g) follows immediately 
from (7). 

Proof of Proposition 3. Let A be a bounded operator map the 
representation space of T;}(g) into that of T7(g) and commuting 
with the representations: 

Ti (g)A = ATC). (8) 
Our task is to show that A = 0. We examine the operators T;+(g) 


1 0 
and TJ;,(g) corresponding to the matrices g -( ) These 
operators have the form | 


TE (g)e(u) = x(ye)eu), —-T7,(g) v(4) = x(v4) p(4) 
We set y(u) = Ag(u). Then the condition (8) can be written in the 


form 

x(yu)y(u) = AL x(yx) p()] 
for every y in K. Hence, it follows immediately that 

f(u)v(u) = ALF (4) e(4)] (9) 
for every bounded function f(u) on K. In particular, we consider the 
function 


l, when sign, u = l, 
f(u) = 


0, when sign, u = —l. 
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Since the functions y(u) are concentrated in the domain sign, u = 1 
and y(u) in the domain sign, u = —1, we have: f(u)9(u) = (ux), 
f(u)p(u) =0. Consequently, equation (9) gives us Ap(u) = 0, 
that is, A = 0. 

All the representations of the discrete series T{(g) and T7(g) are 
irreducible. 

The proof of this proposition follows the same line as that in the 
case of representations of the continuous series (see § 3.4). 


8. Discrete Series for the Field of 2-adic Numbers. In the 
preceding account we have assumed everywhere that the character- 
istic of the residue class field O/P is different from 2. However, in 
Chapter III we need the representations of the group of unimodular 
matrices of order 2 with elements from the field Q, of 2-adic 
numbers. 

This case differs only insignificantly from the general case 
treated above. In fact, the constructions of the principal series, 
the supplementary series, and the special representation carry over 
to Q, without change. Some modifications are required only in the 
description of the discrete series, which we now indicate. 

In the case K = Q, the factor group K*/(K*)? is of order 8 and 
can be represented as a direct sum of three cyclic groups of order 2. 
As generators of these groups we can take the cosets of K*/(K*)? 
containing the numbers 2, 3, and 5. 

For from the arguments in § 1.5 it follows that the subgroup 
A, < K* consisting of the elements of the form 1 -| 8x, |x| < 1, is 
contained in (O*)?, Also a direct computation shows that when 
|x] — 1, then x? € A,. Our statement on the structure of K*/(K*)? 
follows from this. 

Thus, the field K = Q, has seven distinct quadratic extensions 
K(v7), 7 = 2, 3, 5, 6, 10, 15, 30. It can be verified that in each of 
these extensions the subgroup K* consisting of the elements of the 
form zZ, zé€ K(V t), is of index 2 in K*. Therefore, we may define 
the functions sign, x that assume the values +1 and give a complete 
set of characters on K*/(K*)?. The construction of the discrete 
series as described in this section may now be extended to the field 
Q., and here we obtain not three but seven discrete series of 
representations. 


§5. THE TRACES OF IRREDUCIBLE 
REPRESENTATIONS OF G 


1. Statement of the Problem. Let 7,(g) be a representation of 
G belonging to the continuous (principal or supplementary) or 


§5. THE TRACES OF IRREDUCIBLE REPRESENTATIONS OF G 199 


discrete series. With every finite function} f(g) on G we associate 
the operator 


Tf) =| fle) Tela) 4. (1) 


Then the following proposition holds. 

The operator T,(f) has a trace, which we denote by Tr T,(f), and 
this trace is a continuous functional in the space of finite functions f(g). So 
the trace Tr 7,(g) of T;,(g) is defined as a generalized function on G: 


(Tr T,(g),f(g)) = Tr T,(f)- 


For the classical groups over the field of complex numbers this 
result was first obtained by Gel’fand and Naimark. Later it was 
proved by Godement and Harish-Chandra for the irreducible 
unitary representations of every real semisimple Lie group. 

In the Appendix to this Chapter we give a proof of this proposi- 
tion for the group of matrices of order 2 with elements from a 
disconnected locally compact topological field. 

Our object is to compute the traces Tr T,(g) of the operators of 
the irreducible representations. 

In this section we compute the traces Tr 7’,(g) on the basis of a 
unified method for all fields K. 

We use the formula 


Tr Ty(a) = [Ke(g |, ») 
where K,(g | u, v) is the kernel of this operator. 


2. The Traces of the Representations of the Continuous Series. 
The representation operator of the continuous series corresponding 


x 
to the matrix g = ( A is given by the following formula (see 
§ 3.1): y 6 


ox + y 
px + 6 


Telefe) =f (SY) ape + 0) tox + Ot 


Thus, T,(g) may be regarded as an integral operator whose kernel 
is the generalized function 


K,(g | x, 9) = (Bx -+ 6) \Bx + 6|7? (Faz -»). (1) 


+ In the case of a connected field K we always assume that the function f(g) is 
infinitely differentiable; in the case of a disconnected field f(g) is assumed to be piecewise 
constant. 
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We compute the trace of 7,(g) by the formula 
Tr Ty(e) = [Kale | 52) ds 


=| x(as 4+ 8) |x + 8[ (= £ x = :) dx, (2) 


We may assume that 8 ~ 0 (otherwise we pass from g to any matrix 
conjugate to it), We make the change of variables Bx + 6 = ¢, and 
obtain 


Tr T,(g) ={ (a 46 —t—f a(t) [t\-2 dt 


={o, 4 At —t —6-)a(t) [el dt, (3) 


where 4, and 4-1 are the eigenvalues of g. From (3) it is clear that 
Tr T,(g) is concentrated on the matrices g whose eigenvalues A, and A;* lie 
in K, because the expression A, + 47! — ¢ — t-1, which is the 
argument of the Delta-function, vanishes at zero only for ¢ = A, 
and ¢ = Ap. 

The integral (3) is easy to evaluate. For this purpose it is 
sufficient to use the following property of the Delta-function: } 


6((¢ — a)(t — 6)) = (d(¢ — a) + 6(¢ — 4)) (4) 


ees 
la — 5| 
(provided a £5). Suppose that A, and 471 lie in K and that 
A, # 471. Then we have 
I? 8(A, + Ast — 6 — 4) = A(t — 4,)(¢ — 259) 
l 

ee _ —_ j-i 

Substituting this expression in (3) we find 


(Ag) + 7(A;") 


Tr T,(g) = 1A 3 A ° (5) 


Thus, the trace of the operator T,(g) of @ representation of the continuous 
series is expressed by (5), provided the eigenvalues A, and 4;" of g lieinK; 
Tr T,(g) = 9, 


when 2, and 2,1 do not lie in K. 
From (5) it follows that the traces Tr T,,(g) and Tr T,,(g) of 
two representations of the continuous series coincide if and only if 


+ A proof of (4) for the field of real numbers is given in volume 7. We recommend 
that the reader prove (4) as an easy exercise in analysis in disconnected Jields. 
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either 7, = 7, or 7, = 7,1. Hence, we conclude: if 7, 4 7, and 
m™, wz, then the representations T,(g) and T,,(g) of the continuous 
series are inequivalent. 


3. The Trace of the Singular Representation. The arguments 
in § 5.2 and the formula for the trace remain valid for the represen- 
tations of the supplementary series, and also for the nonunitary 
representations in the spaces D, (see § 3.8). 

We make use of this fact to compute the trace of the singular 
representation 7,(g) in the case of a disconnected field. 

We recall how the singular representation is constructed. We 
consider the space 9,, a(x) = |x|~1, of functions f(x,, x.) satisfying 
the following condition of homogeneity: 


SF (te1, tx2) = |tl-? f(a, 2) (1) 


for every t #0. The representation operator 7,(g) in Z, is given 
by the formula 


T,(g)f (1 %2) =f (ax, + yxe, Bey + Ox2). (2) 


If transfer from the homogeneous functions of two variables 
FS (%1, *2) to the functions of a single variable g(x) = f(x, 1), we 
obtain another realization of the space 9,. In this realization the 
representation operator has the.form 


ax + | 
= 6|~. 3 
Tye) 93) = o( ==) px + (3) 
The space Y, contains an invariant subspace #, consisting of the 
functions p(x) for which 


fo) dx = 0. 


The singular representation of G is a representation in the subspace t 
F.. 


Clearly, the factor space 2,/F , is one-dimensional and the unit 
representation of the group acts in it. So the matrix of T,(g) in 9, 


where 7,(g) is the operator of the singular representation. 
Hence, it follows that we obtain the trace of 7,(g) by computing 
the trace of the unit representation Tr T(g) == 1 from the trace of 


+ More accurately, not in the space #, itself, but in its completion relative to the 
invariant scalar product. 
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the operator T,(g), 7(x) = |x|-? defined by § 5.2 (5). As a result 
we find that: the trace of the operator T,(g) of the singular representation 
is expressed by the follouing formula : 


|Agl + lay 


Tr 7,(g) = a, 
r o(8) |A, <7 a5}| 1, (4) 
if the eigenvalues 4, and 4;" of g belong to K; 
Tr Ty(g) = =l, 


when 4, and 6," do not belong to K. 


4. The Traces of the Representations of the Discrete Series. 
We recall that the operators T*(g) and T;(g) of the representations 
of the discrete series are given by the following formulae: 


| 
— 
vy 


p(u) =|K, (g | u, v) p(v) dv, sign, u = sign, v = 


| 

| 
_ 

~ 


nes (g | u, v) p(v) do, sign, u = sign, v = 


ee 


sign, B . du + av 
K,(g|u, 2) t atiieend B 


[ x(-Zuetery)ay an, 


W=vu7! 


The representation T+(g) is realized in the space of functions on the 
half-line sign, u = 1, and T>(g) in the space of functions on the 
half-line sign, u = —l. 

We compute the traces of the representations by the formulae 


Tr Tile) = | Kelg!uyu) du 


sign; u=1 
ua { Be Ce 1) mit) d*tdu, (2) 
iB) J NB 
signru=l H=1 
Tr Teg) =f Ke(g |) d 
sign; uw=—1 
= —a,¢, a E t Jee (a +6—t— r)) a(t d*tdu (2') 
signru=—1 lt=. 


It is convenient to compute not the trace of 7(g) and T7(g), but 
of their sum and difference. 
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First, we evaluate the difference of the traces. We have 
Tr T7(g) — Tr Trg) 


= =a a | Ye (5 ( até —t—1))a( att de 


tl=1 


Since 


[ x(us) du = 0(4), 
we obtain 
Tr T;(g) — Tr T;(g) 
= a,c, sign, B fou, + a;* —t —t a(t) d*t, (3) 
tf=1 
where A, and 47" are the eigenvalues of g. From this formula it is 


clear that the difference of the traces Tr T+(g) — Tr T7(g) ts concentrated 


qT 


on those matrices g whose eigenvalues lie on the circle tt = 1 on K(vr). 
This holds because the argument of the Delta-function vanishes 
only for ¢ = A, and t = 471. 
Let us compute Tr T*(g) — Tr T>(g) for these matrices. 
For this purpose we rewrite (3) as an integral over the whole 


plane K(V7): 
Te Tye) — ie Tee 


ere place 4.) +(E—4,)) 6(1 — a)a(t)d), (4) 


where the integral is taken over K(7). 
We use the following relation: 


d((t _ A,) =i (é p= 4,)) 6(1 =~ tl) 
1 ty 
“TPL, — Ay (6,(¢ — A,) + 6, ( — 4,)), (5) 
where 6,(¢) is the Delta-function on K(V7): 


d(x + V7) = 6(x) 6(y). 
For if we set ¢ = x + Vr dyhg =a+ V7rf8, a — rf? = 1, we have 
8((t — 4,) + & — 4,))8(1 — ff) 
= d(x — «)d(1 — x? + yy) = ns — a)5(r(y? — B)) 


= ay ble — (8 - 8) + 8 + 8). 


Hence (5) follows immediately. 
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Substituting (5) in (4) we obtain 


dots a(A,) + a(az* 
Tr TH(g) — Tr T3(e) =e, be sign, @ 2 * ED 6 
i“"¢ 0 

Thus, the difference of the traces of the representations T*(g) and TT (g) 
of the discrete series corresponding to the quadratic extension K(v7r) of K 
is expressed by (6), if the eigenvalues A, and 1," of g lie on the circle tt = 1 
on K(WVr); and 

Tr T7(g) — Tr T7(g) = 9, 

when A, and A;* do not lie on this circle. 

Now we compute the trace of the sum T,(g) = Tt(g) © T;"(g) 


of the representations T(g) and T;(g). 
We have 


Tr T;(g) 


zig eee | [sign u x(* ee r))a(0) d*t du. 
Ble B 


Using the formula 
| sign, u + y(ux) du = 2a;*c7* ae 


(see § 2.7), we find that the trace of the sum T,(g) = Tf(g) ® T7(g) 
of the representations of the discrete series is expressed by the following 
formula :t 


Tr T,(g) = Tr T3(g) + Tr T,(g) 


- sign, 4 Ast = b= 4) ‘ 
=2 Ji ay ay eT a(t) d*i. (7) 


This formula is similar to the formula for the traces of the 
representations of the continuous series (see § 5.2): 


Tr T.(g i eel aC 


It is often useful to consider not the traces Tr T,(g) themselves, but their 
Mellin transforms with respect to 7, which we denote by S(g;t). These Mellin 


+ The integral (7) converges if 4, and Ai- do not lie on the circle tf = 1. But if A, 
and A>" lie on this circle, then the “integral must be understood in the sense of the 
regularizing value, namely as the value of the analytic function in »: 


” sign, (A, + AZ? — t —?t7*) ‘ 
f(r) =2 | Ry ng 


tat 
at the point » = 1. 
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transforms have the following form. For representations of the continuous series 
S(g;t) — 6(a,g — ap) —t —t7}), where ¢ € K. 


For representations of the discrete series corresponding to the quadratic extension 
K(v 7) of K, 
sign, (2, -'- Ay} —t —t7}) 
S(g;t) =2 [ag Aji-t-e id 
where ¢ is a point of the circle t? = 1 on the plane K( V7). 
Let us rewrite formula (7) for the field of real numbers in more 
; I 
detail. Here we have ¢ = e?, d*t = on dg, w(t) =e”? and (7) can 
easily be transformed as follows: m 


_1 Cr dl 
Tr 7,(g) =a) WETS (f= a (8) 


where the integration is taken over the unit circle C: ¢¢ = 1. It is 
easy to evaluate this intcgral (for the final formula see § 5.5). 
The integral (8) turns out to be different from zero both for complex 
and for real ,. 

A different result holds for the case of a disconnected field K. 
Suppose that the eigenvalues A, and A;) of g do not lie on the circle tt = | 


on K(WVr). Then 
Tr T,(g) = 


for all a, except possibly a finite number of characters m (depending on g). 
Proof. We expand 2, + 471 in a series (see § 1.3) 
x=A,+ 4) = Yap. 
ixk 
If |x| > 1, then 
sign, BSG) eee Re aS |x| 


for every ton ¢# = 1. Consequently, 


sign, x #1 — 0 
ix| [aww d s 


ti-1 


Tr T,(g) = 2 


There remains the caset |x|. < 1, that is, k > 0. 

By hypothesis, for every fon tf = 1 wehavet + ¢ 1 4 a, + Aj}. 
Therefore we can find a natural number m with the following 
property: if ¢ + ¢-! = by + bp +-+-:+, where ¢ is an arbitrary 
point on ¢f = 1, then b,; ~ a, for at least one index i < m. 

We divide the circle ## = 1 into a finite number of subsets 


} We mention that if —1 is not a square in K, then |A, + AM > 1. 
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Ay,,....tm1> the subset A,,,,,_, Consists of all points ¢ of the circle 
at which ¢ + t-? has the first m given terms of the expansion: 
by po Se bmp”. 


It is easy to see that sign, (A, + 471 — ¢ — t-") and 
Ja, bat —t— ey 


are constant on each of these subsets. Therefore we consider the 
integrals 


' en { a(t) d*t. 


Aggsesdm—1 


and check that they are equal to zero for all except a finite set. 

On the circle t# = 1 we consider the set A,, of points ¢ of the 
form t = 1 -+ p™s, where |s| <1. It is not hard to see that A,, is a 
subgroup of finite index in the group of all points of the circle. 
Hence, there are only finitely characters on the circle that are 
identically equal to unity on A,, 

Suppose that the character 7 is not identically equal to unity 
on A,,. Then we show that for it J,, og, , = 0. For let w(t) #1 
for some t, € A,,. Since the transformation ¢ —> tt, preserves the set 


Ay,,....bm1» We have 


HM = J medte= fo Od Hh 


Apgs ++ s0m—1 Abgs-+++6m—1 


Consequently, I, |. »,,., = 0, and the proposition is proved. 


In this section we have computed the traces of the irreducible representations 
without detailed proofs. But there is no difficulty in giving a rigorous foundation 
to all the preceding calculations. 

For example, let us look at the derivation of the formula for the trace of the 
sum T,(g) = T+(g) @ Tr(g) of two representations of the discrete series. We 
assume K to be disconnected. 

Let S be the space of finite piecewise constant functions on G. For every 
feES the operator 


T,(f) -[s (8) T,(g) dg 


is completely continuous (and positive if f is a function of the form ¢ * 9*) and 
has a trace. We have to show that the trace of T,(f) is expressed by the formula 


| ey io ee ey 
tera) =2f f stg) See te a any atte, ) 
G #=1 : 


Since the kernel of T,,(/) is 
J (8) K,(g | u, v) dg, 
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we have 


Tet) en | fre )K,(g | u, u) dg du 


v 
lul <ek G 


= lim i | J (g)K,(g | u, u) du dg. 
rae alul se 


The interchange of the order of integration is permissible, because the integration 
with respect to G and to u is taken over a compact domain. 

Substituting the explicit expression for K,(g|u,u) and integrating with 
respect to u we find 


Tr T;(f) 


sign, (A, + a>? —t —¢-) 


= a,c, lim Lets) (a, 2" = m(t)d*tdg. (10) 
a; 6. tim [FC (7) [Ay 4- 45} — pF | 
G 


where z,(x) = |x| sign, x, and I“”)(,) is the incomplete Gamma-function: 


I) (7) = { x(x) sign, x dx. 
|z]<” 


The number s is defined by |Z, -- 471 —¢ —¢] = ¢. 


It is easy to verify that the limit, as k —> oo, of the sequence of generalized 
functionst 


sign, (A, + Aj? —¢ —¢-}) 
= | ries) caer Gr RETR T= SSRN ETS Yara id | 
Px(8) i (777) [45 + ast —t—-f m(t) 


is the generalized function 


sign,(4, + Az) — ¢ ~ £") Aj} —t ~ ¢}) 
HO)| eae [A, + 43° = t7}| a(t) d*t. 


Thus, by passing to the limit in (10) and bearing in mind that a,c, = 2I-1(z,) 
we obtain the required formula (9). 


5, The Traces of the Representations of the Discrete Series for 
the Field of Real Numbers. For the field of real numbers a character 
on the unit circle is given by the formula 


a(t) =e, t=e, OX <2z. (1) 


Hence, a representation of the discrete series is given by an integer n, 
which we may assume to be positive (for negative n we obtain 


equivalent representations). We denote the representation operators 
by T7(g) and T;(g). 


+ The existence of the limit of the sequence ¢,(g) follows from the existence of the 
trace Tr T,(g), as a generalized function in §. Besides, it is not hard to prove the 
existence of this limit directly. 
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Formula (6) of § 5.4 gives us: 


Tr Tile) — Tr Tyg) = —isign pA. (3) 


when A, and 4; are complex numbers; 
Tr Ti(g) — Tr Tz(g) = 0. (3) 
when 4, and 471 are real numbers. 
On the other hand, by formula (8) of § 5.4 we have: 


Rid (C= AIC = 45") 


= 12 (t,5 24 1 4 (4) 
~ al OR; ay ee ae We 
A, A;* \ 2m ; C Ay 27 ‘, t A, 
where the integration is taken over the unit circle C: C = 1. 
When 2, and Az} are real numbers, one of them lies inside C, 
and the other outside. In this case we find by the Cauchy formula 


that 


1 nd 
Tr T+(g) + Tr Tz(g) = af Sih: 
Cc 


24," 


Tr Ty(g) + Tr T, (8) = 75> (5) 
g g 


where A, is the eigenvalue of g of greater absolute value. 

When 4, and 4-1 are complex numbers and, hence, lie on the 
unit circle, the integrals in (4) diverge and must be interpreted in 
the sense of regularlizing values. 

We sketch this regularization without proof. We note that 


1 (trde Ar, when |A! < 1, 
2m Jo — A ~ \o, when |A| > 1. 


Naturally, on the limit set |A| = 1 the value of this integral must 
be defined by 


JE ¢” dt — l pn 
Past. 2 
So we obtain 
. yn — fom 
Tr Tyg)e arr Fy) > 4a (6) 


when A, and 471 are complex numbers. 

Now we have explicit formulae for Tr T(g) — Tr T7(g) and 
for Tr Tt(g) + Tr Tz(g). We write down the formulae for 
Tr T+(g) and Tr T;(g), which follow immediately from them. 

On the set of matrices g with real etgenvalues we have 
te 
A, — AY? 
where A, is the eigenvalue of greater absolute value. 


Tr Ty(g) = Tr Ty(g) (7) 
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On the set of matrices g with complex eigenvalues we have 


eine 

Tr T3(8) = 3 _ (8) 
e7 ine 

Tr T, (8) = er ei? (9) 


where p is determined from the condition that the matrix 


cosy sin @ 
—sin » cos p 


is conjugate to g. 


§6. THE INVERSION FORMULA AND THE 
PLANCHEREL FORMULA ON G 


1. Statement of the Problem. Let f(g) be a finite functiont 
on G. With every unitary representation T,(g) of the continuous or 
discrete series of G we associate the operator 


Tf) =| f(a) Tele) a (1) 


The operator function 7,(/), which is defined on the set of 
representations T,(g) of the continuous and the discrete serics of a 
group, is called the Fourier transform of f(g). Our task is to find an 
inversion formula for (1), that is, to express f(g) in terms of its 
Fourier transform. 

It is more convenient to state this problem in terms of generalized 
functions:t to expand the Delta-function 6(g) on G by the traces of the 
representations of the continuous and the discrete series. In other words, we 
have to find a function u(z) on the set of representations such that 


8(g) =f a(n) Tr Ty(e) de. (2) 


The integral is taken over the set of representations of the continuous 
and the discrete series. 

Note that the representations T,(g) and 7,-:(g) are equivalent, 
so that Tr T,(g) = Tr T,-:(g). By virtue of this fact, the function 


+ For a connected field we assume that f(g) is infinitely differentiable; for a 
disconnected field, that f(g) is constant in sufficiently small domains on G. 

} The generalized function 6(g) is defined as follows:* (6(g),f(g)) =/(e), where ¢ 
is the unit element of the group. 
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(7) in (2) is not uniquely determined. It is natural to impose on the 
required function y(7) the additional condition: 


u() = p(n). 

The inversion formula for the function f(g) on G and the 
Plancherel formula, which we are looking for, are immediate 
consequences of (2). For, let f(g) be a finite function on the group 
belonging to the space of basic functions. Then (2) leads to the inversion 
formula 


Flea) =f a(n) Te (TAA THACee) a (3) 
and to the Plancherel formula 
[reo =f ol) Te (TATION am (a 


where T'* denotes the adjoint operator. 
For by multiplying both sides of (2) by f(ggo) and integrating 
over g we find 


f(g) =f ulm) Tr(| Flee) Tole) de) a 


After the change of variable gg) = g, we arrive precisely at (3). 
To obtain the Plancherel formula we apply (3) to the function 


Fla) =| fed Fee ass. 
For g = e we find 


F (e) -| (7) Tr T,(F) dz. (5) 
It is easy to check that 
Tf) = Tif) Tf) (6) 
On the other hand, we have 
F() =| Lf@lP a. (7) 


Substituting (6) and (7) in (5) we obtain the required Plancherel 
formula. 

Thus, our main task is to find the expansion of 6(g) by the traces 
of the irreducible representations 


o(g) =| a(n) Tr Ty(e) dx. () 


This problem will be solved in § 6.2 for a disconnected field, and in 
§ 6.5 for a connected field. 

We give another expression for (8), by going over from the 
functions p(w) and Tr 7,(g) to their Mellin transforms. For 
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representations 7T,(g) of the continuous series we set 
S(g3t) =| Tr Ty(e) x(t) de, 9) 


w(t) ={ u(n)m(t) dn, (10) 


where ¢ € K and the integral is taken over the group of multiplicative 
characters on K. 

For representations T,,(g) of the discrete series corresponding 
to the extension K(1/7) of K we set 


S,(g51) ={ Te T.,(g)m(0) day, 9’ 


elt) =f u(n,)m(), (10) 


where ¢ is a point on the circle #f = 1 in the plane K(7) and the 
integral is taken over the group of characters 7, on ¢# = 1. 
Then (8) takes the form 


se) =[o(nstes) ate + [ ols (esd dee + a Tr Tele) 


t=. 
(11) 


Here the sum is over the set of discrete series of G (hence, for a 
connected field it consists of three terms: + = p, ep, and é). 

The last term in (11) is the trace of the singular representation 
of G (see § 3.7); it occurs only for a disconnected field K. 

The traces of the representations of the continuous and the 
discrete series, and also their Mellin transforms, were found in § 5. 
Substituting the expressions for S(g; ¢) and S,(g; t) (see § 5.4) we 
obtain the inversion formula in the following form: 


ae) = 0(¢) PA OCD ol yg) Rb Ht — 1] 


sign, (A, + A —t —t) er 
+23 | oo [A, -- at —t — 279 ane A) 


where A, and 47} are the eigenvalues of g; @(g) =1 when 4,, 
7,’ €K, and otherwise @(g) = 0. 

The functions g(t) and g,(f) and the coefficient @ are so far 
not determined; we have to find them. 


2. The Inversion Formula for a Disconnected Field. Suppose 
that the elements of the matrices of G belong to a disconnected field 
K. We denote by T,(g) the representations of the continuous series 
of G, by T,(g) its special representation (§ 3.1 and § 3.8), and by 
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T,,(g) the representations of the discrete series corresponding to the 


extension K(/7) of K (+ = p, ep, or €). Here we derive the 
following inversion formula: 


coe) =[ a(n) Tr Ty(g) dw + 2Te Tole) 


+ Ef w(x) Te Tee) dm» (1) 


wheret 
(ar) = — fro [1 — e|-? dé, (2) 
K 
wn) = — {areas (2') 
ti=1 
wa) =— fala edt, r= pe 2) 
tt=1,|1-t|<1 
2(q + 1) ; : 
¢ =—-—— . (The value of the constant ¢ will be computed in 


§ 6.4). The integrals (2’) and (2”) are taken over the circle ¢# = 1 
in K(Ve) and K(7), 7 = Pp or ep, respectively. 

Note that all the integrals (2)-(2”) diverge so that they have 
to be understood in the sense of the regularizing value. For example, 
(7) is the value of the analytic function in », 


g(r) = — {x \1 — ¢|’ dt, 
for vy = —2 (see § 2.6). 
First of all we substitute in (1) the expressions for the traces of 
the representations and pass to the Mellin transforms with respect 
to m (see § 6.1). As a result the formula assumes the form 


2 {AI 
cd(g) a —0(g) \A, as a= il oo Aol? 
Ao| 4- |azt 
+ 2(0(«) ao + a = 1) 


sign, (A, + Aj} —t —t-4) 
= — be Ne ge FE 
Dire seer — tl? 


th=1 
sign, (A, + 47} — ¢ — t7) a* 
pa SO RE eS 
: J JA,tat—t*!—e Hil — tl? 


sign, (A, -+ Ant — tt — i>?) 


Te er ey 


T=POEP op it] <1 


+ The norm |t| in an expression of K is defined by |¢] = a 
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Here A, and 4:1 are the eigenvalues of g; 6(g) = 1, when 4,, 
451 €K, 6(g) = 0 otherwise. 

The derivation of (3) is given in two stages. First, we check that 
the expression on the right-hand side of (3), which we denote bricfly 
by J(g), is zero for 4, = +1. Then we show that J(g) is zero for all 
g #e so that J(g) is concentrated at the point g =e. It follows 
immediately that J(g) = cd(g). The coefficient ¢ will be computed 
in § 6.4. 

The fact that J(g) = 0 for 4, # +1 can be verified directly, 
by computing the integrals in (3). Here we have to discuss 
separately the following possible cases: 


1.4,¢K, || 41, 

2.4,6«K, |jA/=1, lA,-lUN= 4,41 =1L 

5. AER, [A =: 4, U4 

4. a,E€K, ja =1, 14,411 <1, 

5. 2,€K(V7), r=p, ep, 14,-l <1, 

6. 4,6€K(V7), r=p, ep, lA, +11 <1, 

7, 4,eK(V2), [A4, —11<1], 

8. 4,EK(Ve), |4, +1) <1, 

9, 4,eK(Ve), [a4, —l =1a, +1) =], 

Below we give a table of the values of the integrals occurring in 
(3). The evaluation of some of these integrals will be given in 3. 


The detailed verification of the fact that J(g) =0 for A, A +1 is 
left to the reader. 


Derivation of the formulae. Notation: A and 47} are the eigenvalues of g; 
y = A+ 4-1 — 2; q is the order of the finite residue class field O/P associated 


a 
with K (see § 1.3); (;) is the Legendre symbol (a % 0 is an element of the finite 


a 


a 
field F of order q): (;) = | if a is the square of an element of F; (;) = —lifa 


. —l = 
is not a square. (> = 1 wheng = | mod 4; (=) = —1wheng = 2 mod 4. 


1, Value of the integral 
sign,(A + A-! — ¢ —t7} 


TD(Q) = ty 
nA) JA + A2 —¢ —¢]1 -—2¢/? 
t=1,|1-t|<1 
If '>| => 1, then 
TD(a) = of “BE” 
| >| 
where ¢, = —1% for + == por ep; ¢g = — = oe 


Gab4 
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If|»| < 1, then the values J{1)(2) are given below: 


a. ACK 
24] q 
gt 9) a FOS a 
p (a) = 19) = — saga Gag +1) 
3 
Os Soret @ hata) 


b. 4a point on the circle t7 = | in K(V P) 


1 gig —1 gq 
) = ae 
LM (a) = -saleat a (=)« - ») |»|[~ -- XG 


avq\e— gil Beagle)” 
1 g- 4g =I q 
1a) = — = (2 - (—\q +) i * - 
ep (2) ar eres G J ) ig 2(g? +9 1) 
2 3 
1A) pe ee eee eee ete 
Vq (eq +1) (q+ 1)(@? +9 +3) 


c. 2a point on the circle tf = 1 in K(V ep) 


1 qe =1 q 
1M(a) = — —= (<4 - (—)@ + )D) ln * - 
pv Alera (F)« )) 2(q? + q + 1)’ 


] 7 - q —] q 
FON cn a 4] BC ae 
(7) late (+)« ) I> 2(g7 +4 +1) 
2. 3 
1a) a qv 4 Pe ae q 
° Va (gi --g +1) 7 (q+1)(q@? 3 9+ 1) 


d. 4a point on the circle t# = 1 in K(V¢) 


= 1? q 

1g) = gy - GD -% — —__+-—___ 

ete) Faget AQha eel)” 
ae i 

FOip Tp ay a eS 

~~ argei Ge att atl) 


2. Value of the integral 


TP 4) = sign, (A -: 47) — t ~ f°?) 
. JAzat—-t—-t} 
tf=1, [LA|<1 
If |»| > 1, then 
12(4) = of Ee", 
| »| 

1 

a ie 
If |»| < 1, then the value I{?)(4) is given below: 
a. AcK 


Z q 
12a) = 122) = [9-4 — 14, P(A) = Nel — Gas 


where cy = 14 for r = por ep; ¢ = 
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b. Aa point on the circle tf = 1 in K( Vr), 7 =P, ep, ore 


q 
H(A) = HY -Me a) - - EL. 
3. Value of the integral 


sign, (A -{- A? — t — £71) 
8 = = 2 a 
Ty (A) (| Fee ee eT d*t, 


where the integral is taken over the component A, of the circle t¢ = 1 in K( Ve) 
defined by the condition |f — B| <1. Here f is a point of the circle for which 


BW =[p — A= 1: 


1 sign, » 
Tf ( ar aie when |A| 41, 
=a | 2 
TB(a) = — Gat , when 2 is a point on the circle tf = 1 in K( Ve) and either 


|A — B| <lor|a— B| <1, IFA) = ; in all the remaining cases. 


Now we have to verify that /(g) == 0 for all the matrices g + e. 
Observe that the integrals in (3) reduce to one of the following 
forms a |v|-% + b, a |v|-4 + b, a |v’|-% + b, where 


y=A,-l|- 4 — 2, vy =A, +4714 2 


(see the derivation of the formulae). In fact, they can all be 
simplified. The cases 2, — 1 and 4, = —1 are special, because 
then vy =O and »’ = 0, respectively. Therefore they require a 
separate investigation. Let us show that the functions [v}-"4, |»|-4 
and |»’| -4, regarded as generalized functions on the group, have no 
singularity for g #e. In other words, (|»|-“,f), (lvI-%*,f) and 
(|»’|-%, f) are continuous functionals in the subspace of finite 
functions f on G that are equal to zero in a neighborhood of e.t 
Hence, it follows easily that the generalized function /(g) is 
concentrated at e. 
It is not hard to check that the integrals 


(4 /) = [Ir fle) de 


and 
(r= { II f(g) deg 


converge in the usual sense for every finite function f(g). Therefore 
it is sufficient to treat the integral 


(of) = [Il (e) de. 


J 


} We recall that when we speak of finite functions, we assume in addition that the 
functions are “‘piccewise constant,” that is, that they are constant in a sufficiently small 
neighborhood of every point g. 
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This integral must be understood in the sense of the regularizing 
value: (|»!-, f) is the valuc of the analytic function of s 


o(s) ={ otf) de (4) 
for s = —%. Our aim is to show that if f(g) = 0 in a neighborhood 
of g =e, then the function 9(s) has no singularity for s = —%. 


We may assume, without loss of generality, that f(g) is concen- 
trated in a sufficiently small neighborhood of a matrix go 4 e with 
the eigenvalues A, = Aj’ = I. 

We introduce a coordinate system in this neighborhood. The 


a 
matrix g -( ) belonging to this neighborhood has at least 
y 


onc of the elements f or y different from zero, say y #0. Then we 
can take as coordinates in a neighborhood of g, the values y, «, and 
y= a+ 6—2. In these coordinates the formula (4) for 9(s) 
takes the form 


da d 
ols) =| otts( «5 7) SO ae. 
But we know from § 1.3 that the only singularity of the generalized 
function !7|* is a pole at s = —1. Consequently, g(s) has no 


singularity ats = —%. 

So we have shown that the generalized function J(g) on the 
right side of (3) is concentrated at g =e. Hence it follows that 
I(g) = cé(g), where ¢ is a constant (see § 2.2), and the inversion 
formula (1) is proved. 


3. Computation of Certain Integrals. We show how to compute the 
integrals that occur in the derivation of the formulac in § 6.2. We take as an 
example 
signy (A + a7} — t — ae 
(1) = TT a re iT 
ee aceite ee (1) 

ti=1, \t-1|<1 


If |A-+ 2-2 ~ 2| > 1, then for every t, ti=1, |1 —t| <1, we have 
sign, (2 — 4-1 — t —171)= sign, (A + 471 — 2), 


}4 + al —t —t-1| = |A 5- 4-1 — 2], so that the integral (1) simplifies con- 
siderably: 
a) signy (A = A" — 2) (A+ a} — 2) d*t 
1pX4) = a ji — t|2° 


We give the details of the most complicated case when JA + 47! — 2] < 1; 
then we have |4| = 1 and |A — 1| < 1. Suppose, for the sake of definiteness, 
that J lies on the circle tf? — 1 in K(Vp). In the other possible cases the integral 
is computed similarly. According to § 1.8 the clements of the circle t# = 1, 
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}1 —?¢] < lin K(Vv p) have the following parametric representations: f 


7 a 
ag NUS Es AZ 2x 
1—Vpx 1 — px? 1 — px? 


where x ranges over all the integers in K (that is, |x| < 1). It is easy to check that 
d*t = \4dx, where dx is the invariant measure on K+. 
We can represent A in the same form: 


1+ Vpxy 


A= = 
1 — Vpxy 


Substituting these expressions in (1) and transmitting the variable f to x, we 
find 


: 1 + px? 1 + px? 
sign (2 = pa —2 = 
12) =% ; 
1 + px 1 + px? 


This expression can be simplified considerably, because the functions sign, x 
and |x| depend only on the first terms of the expansion of x. We obtain 


. oe 2) 
1) =1 [ ee 9 
pa) = 74 [px2 — px?| |px?| (2) 


I2l<1 


Now let us compute this integral. First we add to, and subtract from, /, (0/2) 


the integral 
Signy (pxo — Px") (px2 — px?) 
‘ | Ipxp — px?| Tes — peli] “7 | ep Ipx?|?” 


la|>a* 


After elementary transformations we eobiain 


2 : ssn 
1(2) =F ll? | eae — we) Hats (= Be ; 2 a ae if x (3) 
K lal>1 


The second integral is easily computed: 


dx oo, dx 1\ 2 1 
put pe ee a foe ONE eS on no ee 
i Ix|4 2, [x|4 ( yt qq +491) 
fal >1 lal=e* ‘ 


Now we turn to the evaluation of the first integral in (3). 


1+ Vpx 
px 
the field of real numbers, Note that when x ranges over the domain |x| > 1, then ¢ 


ranges over another component of the circle tf = 1: Jl +e] <1. 
The normalizing factor 14 in the formula for the measure is explained by the fact that 


¢ The transformation ¢ = is an analogue of the Cayley transformation for 


dx = 1, whereas ( d*t = 4. 


a 
lz] <1 U=1,|1—t} <1 
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First, we split it into three terms: 


_ (sigp(e — prt), _  [ sigmp (> — pat) 
im | ir rie T= eo 
K |z|>1 
signy (p — px?) signy (p — px?) 
i eee se ioeaer (4) 
[zI<1 \zi=1 
We gett 
dx, dx, signp (1 — x?) 
I= il + signy p le — signy p mae 
|jz>1| jzl<1 |z|=1 
1 -1\ /-! ( signy (1 — x?) i 
~a@tath Va) Va) J wae ™ (9) 
|z[=1 


The last integral can be computed by splitting the set of elements ~, |x| = 1, 
into residue classes modulo p. We find 


Signy (1 — x?) 1 1 — a 
a tye eH 
{ aay SG we q 


{z[=1 
signy (1 — x?) [ signy (1 -- x?) 
hese] ix (6) 


o 
|jzl=1,|L--z|<1 \2|=1,|L+2)/<1 


Here the sum is taken over the clements a of the finite field O/P of order g, other 
than 0 and +1. A straightforward calculation shows that 


jedad a )> mal *(@)] 


On the other hand, it is easy to show that each of the integrals in (6) is zero. So 


we find 
ened eae ac) ee aly) 
(Pg tl) & “ae eral 


Substituting this expression in formula (3) for /(4) we obtain finally 


2 —] 
rTM, = af q Gf Eas -—3 _ 2, eee : 
To reach precise agreement of this formula with that of the table (p. 213, case 6) 


we observe that 


gol a 
OO vpatl? 


and therefore |x9| = 7% |A — 1] =q4!4 ++ A? —Q4, 


+ The integral ( |x|-2 dx is to be understood here in the sense of the regularizing 


wv 
|e] <1 
value, as the value of the analytic function of s, p(s) == |x|-* dx for s = 2; (2) is 


{z}<1 
the Legendre symbol (see p. 213). 
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4. Computation of the Constant c in the Inversion Formula. To 
obtain the value of the constant c in the inversion formula of § 6.2 we apply this 
formula to an arbitrary fixed function f(g) on G. 

Let U be the subgroup of matrices of G whose elements are integers of K. 
Obviously U is compact and is an open set in G. 

We take the function f(g) that is equal to unity on U and to zero outside U, 
and apply the inversion formula to it. 

It can be shown that Tr T,(f) 40 only for the representations of the 
continuous series that correspond to the character w(t) = |t|*®. Conscquently, 


in the inversion formula for f(g) only the terms corresponding to these representa- 
tions occur. As a result we find 


Cc =| [ote Tr T,,(8) dr, dg, (1) 


Vv 
U 


where 7,(g) = |¢[*?, 
Hm) = — five |1 —¢|-? dt, (2) 
K 


Now we evaluate the integral (1). We recall that 
[a,l*? — |A,|-*” 
|4, —ap |? 
where A, and A>! are the eigenvalues of g; 0(g) = 1 when 4,, 471 € K, 0(g) = 0 


otherwise. Since |A,| = 1 for matrices g belonging to the compact subgroup U, 
we have 


Tr T,,(g) = (8) 


[rr T, ,(g) dg =2 foe |2, — 4571-7 dg. 
U U 
So we see that this integral does not depend on z,. Therefore, 


c= -2 {oe [A, — AjZ'-1 dg fie jl —t) ®dtdz,. (3) 
U K 
The second integral in (3) is easily computed:f 


2 
fueron —t\-? dt dx, a | [lk —e[-2 dt = — +, 


q-l 
K lt}=1 
We do not evaluate here the first integral, but give only the final result: 


+Iq-)) ; 
foe) [ay = agttag 


U 


+ The factor g(q -- 1)-1 arises as a consequence of the chosen normalization of d7p. 
For we postulate that 


| ap(t) |t!-} dt dry == | 
(see § 2.9). 
+ This integral may be computed by representing the matrix g of U in the form 


1 0 4-1 0 1 ¢ 
g = z7! 6{z, where z = nee ,o5 ae ay 6. i , and taking the elements 


z, £, and 2 as parameters of g. It then turns out that dg = |2, — Ag"| da dé dz. 
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And so we have the final value of the constant c: 


2(q + 1) 
ge 


5. The Inversion Formula for Connected Fields. We now 
consider the case of a connected field K, that is, the field of complex 
or of real numbers. It can be shown that then the inversion formula 
is similar to that for a disconnected field. 

If G is the group of complex matrices, then the inversion formula takes 
the form 


ae) =[u(n) Tr T,(@) de (1) 
where 


iets c{ m() IL — a2 ab. (2) 


The integration in (2) is taken over the complex plane of ¢; 
the integral (2) must be understood in the sense of the regularizing 
value (see § 2.9).+ 

If G is the group of real matrices, then the inversion formula takes the 


form 
o(@) =[u(n) Tr Tle) dm + Yams) Te Te 2) 


where 
ion =< { n(t) |L — t\-2 dt. (4) 
u(m,) =e {a,(t) |L —el-8d*e. (5) 
J 


Here x(t) are the multiplicative characters of the group of real 
numbers, 7,(g) are the corresponding representations of the 
continuous series; 7,(¢) are the characters of the group of rotations 
of a circle, T,,,(g) the corresponding representations of the discrete 
series; d*t is the measure on the circle t# = 1, normalized by the 
condition f d*t = 1. 

The inversion formulae (1) and (3) can be derived just as in the 
case of a disconnected field because the integrals in the formulae 
can be evaluated explicitly. We have to verify that the expression 
I(g) on the right-hand side of (1) or (3), respectively, is a function 
concentrated at g==e. After that it is not hard to show that 
I(g) = cé(g). We omit the detailed derivation of (1) and (3). 


+ We recall that in our notation |z| denotes the square of the modulus of the complex 
number z. 
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Note that the computation of the integral for u(7) leads to 
essentially distinct expressions for the field of complex and the field 
of real numbers. In fact, for the field of complex numbers, every 
character 7(f) is of the form 


a(t) nae pmtipl2y—n ipl? 
where n is an integer and p a real number. Evaluating the integral 
(2) we find 
w(n) = e(p? + 7%). 
Now we take the field of real numbers. There are two types of 
multiplicative characters on the real line: the characters 
a(t) = |d\", 
where p is a real number, and the characters 
a(t) = |¢|*? sign ¢. 
Evaluating the integral (4) we find that 
u(m) = emp tanh > 
for a character of the first type, and 
7p 


par) = cp coth 5 


for a character of the second type. 
On the circle ¢ = 1 the characters 7,(¢) have the form 


7,(t) _ et arg e 
Computing the integral (5) we find that 
w(m,) =e [nl 
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1. Some Facts from the Theory of Operator Rings in Hilbert 
Space. Here we confine ourselves to the statement of results. Their 
proofs can be found, for example, in Dixmier [14] or Naimark, 
[52]. 

A von Neumann algebra is a ring R of operators in Hilbert space 
satisfying the following conditions: 

1. R contains the identity operator ; 

2. If Ac R, then A* eR, where A* is the operator adjoint 
to A; 
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3. R is closed in the weak operator topology. 

For every set S of operators in Hilbert space we denote the 
collection of all operators that commute with the operators from $ 
by S’. It is easy to verify that when S contains with each operator its 
conjugate operator, then S’ is a von Neumann algebra. If the 
original set S is a von Neumann algebra, then (S’)’ = S. 

A von Neumann algebra R is called a factor if RO R’ consists 
only of scalar operators. Every von Neumann algebra can be 
realized canonically as a direct sum (possibly continuous) of factors. 

If H is a finite-dimensional Hilbert space, then all factors may 
be obtained by the following construction. We represent H as a 
tensor product of two spaces H, and H,: H = H,@H,. For R 
we take the set of all operators of the form A © 1. Then R’ consists 
of the operators of the form 1 © B, and the intersection RN R’ 
obviously contains only scalar operators. Of course, this construc- 
tion is also applicable to infinitc-dimensional spaces. But in an 
infinite-dimensional space not all the factors can be obtained in this 
way. Those that can be obtained are called factors of type I. 


It is customary to classify factors by the structure of the set of projection 
operators in the factor. Factors of type I are characterized by the property that 
they are all minimal projections in this set (corresponding to operators of the 
form P @ 1, where P is a projection operator of rank 1). 

In factors of type II there are no minimal projections, but there are so- 
called finite projections, that is, projections that are not adjoint to their regular 
part. 


In factors of type III there are neither minimal, nor finite projections. 


A representation T of a group G is called a factor-representation 
if the ring generated by all the operators T(g), g €G, is a factor. 
We say that a group G belongs to type I if each factor representation 
of it is generated by a factor of type I and is, therefore, a multiple 
of an irreducible representation. 

Let G, and G, be two groups and 7 an irreducible representa- 
tion of their direct product G = G,-G,. We denote by R; the ring 
generated by the operators T(g),g €G,< G. Then Ri O Ry = {AE} 
by the irreducibility of T. Moreover, R, © Rj, because the elements 
of G, and G, commute. Hence, it follows that 


R, ORS REAR, = {AE} 


so that R, is a factor. The same is true for R,. 

If at least one of the groups G, and G, is of type I, then the 
restriction of T to this group is a multiple of an irreducible represen- 
tation. In this case it is easy to show that the representation T is of 
the form 7, © T,, where T; are representations of G;. 
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In the general case this is not true. One of the simplest examples can be 
constructed as follows. Let G be a countable discrete group in which each class 
of conjugate elements, except the unit class, is infinite. (An example of such a 


a 6 
group is the group of rational matrices of the form ( ), or the group of 
0 1 


permutations of a countable set that shift only a finite number of points.) We 
consider the representation T of G-G in the space L*(G) given by the formula: 
T (81> 8) f(g) =S (#1 1@g2). This representation is irreducible, but cannot be 
written in the form T, @ T>,, where the 7; are representations of G. The restric- 
tion of T to G is not a multiple of an irreducible representation and is a factor of 
type II. 


We now assume that the irreducible representation T of G = G,-G, 
has the following property. 
There exists a function p € L,(G,~+ Gz) of the form 


P(S1» 2) = Pr(81) P2(Se) 
for which 


T(¢) =| ole &2) I (81, 2) 481 We 


is a nonzero completely continuous operator. We show that then T is a 
tensor product of irreducible representations of G, and G,. 

First we observe that when ¢ satisfies condition (A), so does 
the function} y = 9 * g*. It also is of the form y,(g,) pe(ge), where 
y; = p* o*. The operators A; =f y,(g) 7 (g) dg are nonnegative, 
commute with each other, and their product is completely 
continuous. Hence, it is easy to deduce that cach operator A, has a 
pure point spectrum. Furthermore, if H; is an eigenspace for 4; 
corresponding to a nonzero eigenvalue, then the intersection 
H, CH, is finite-dimensional, because all the vectors in this inter- 
section are eigenvectors for A,A, with nonzero eigenvalucs. The 
projection operator P; onto H, belongs to the factor R; generated by 
the operators T(g), geG,. It is well known (see, for example, 
Naimark [52], Chapter 2, §3) that every factor R has the 
following property: if the operators X and FY lie in R and R’, 
respectively, then the product XY is zero if and only if one of the 
factors is zero. 

Among all the nonzero projection operators in R, we now 
consider an operator P for which the rank of the product P,P takes 
the smallest valuc. (The existence of such an operator P is guaran- 
teed by the fact that the rank of P,P, is finite.) We show that Pisa 
minimal projector in R,. For if P can be represented in the form 


+ We use the standard notation for the operators of multiplication and involution in 
the group ring of G. See, for example, Naimark [52]. 
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P’ + P”, where P’ and P” are orthogonal projectors in R,, then at 
least one of the operators P,P’ or P,P” has a rank less than P,P, 
which is impossible. Hence, R, is a factor of type I. As we have 
seen above, this implies that T is of the form T, ® T;, where T; 
are irreducible representations of G,. 


2. The Connection Between the Unitary Representations of the 
Group G of all Nonsingular Matrices of Order 2 and the Subgroup of 


a 6b 
Matrices of the Form ( i} In this and the next subsections we 


establish some properties of irreducible unitary representations of 
the group of matrices of order 2 with elements from a disconnected 
topological field K. It is convenient to consider instead of the group 
G of unimodular matrices the group @ of all nonsingular matrices. 
The transition from G to G proceeds without difficulty (see 5). 

In @ we consider the subgroup G, of matrices of the form 


0 

THEOREM 1. Every unitary irreducible representation T(g) of G 
remains irreducible upon restriction to Go. 

We enumerate the unitary irreducible representations of Gy. 
All but one are one-dimensional and are of the form V(g,.») = 7(a), 
where 7 is a multiplicative character of K. The only infinite- 
dimensional irreducible representation is realized in the space 
L?(K*, d*x) and is of the form 


U (gar) p(x) = x(5x) p(ax), 


where x is a fixed nontrivial additive character of K. 

The proof of the fact that there are ne irreducible unitary 
representations of G, except the ones listed above procecds by a 
standard device of the theory of induced representations, and we 
omit it. 

Lemma. The restriction of T to G, is a multiple of an irreducible 
representation. 

Proof. The restriction of T to Go, like every unitary representa- 
tion, may be realized in the form of a direct integral of irreducible 
representations. 

First we assume that in this expansion the one-dimensional 
representations form a set of positive measure. Since the elements of 
the subgroup N = {g,,,} map into the unit operator under one- 
dimensional representations, the space H of T contains a vector & 
that is invariant relative to T(g), g ¢ N. We assume that ||é|| = 1. 

We consider the function F,(g) = (T(g)é, &). Clearly, this is 
a continuous positive definite function on G, and constant on the 


a b 
fa. = ( ‘| Our object is to prove the following proposition. 
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_  {« B ad — By 0 
double cosets of N. Since the matrices ; and 
Y 


for y 4 0, lie in the same coset, we find 


AA alr”) 


By passing to the limit, as y > 0, we obtain 


F(a) -*((0 a) 


a 6 
In particular, for 6 =a-! we have A((’ F ae Ls 
ee 
Hence, it follows that the vector € is invariant relative to the sub- 


a 6 
group K of matrices of the form g = ( ) In fact, for such 
matrices g we can write 0 a 


"T(g)é — Ell? = (T(eE = &, T(gE — §) = 2 — 2ReF,(g) = 0 


But then the function F,(g) must be constant on the double cosets of 
a 8B 
K. It is easy to check that for y 4 0, x #0, the matrices | 
ad — By O/. . ¥ 
and ‘ lie in the same coset. Therefore, 


"aft M)-nl(2r” 9) 


Passing to the limit, as x — 0, we find 


Ally a) =a" 0 aD) 


In particular, for every unimodular matrix g we have F,(g) = 1. 
As above, it now follows that T(g)& = & for every unimodular 
matrix g. 

We denote by H, the subspace of H that consists of the vectors 
invariant under the unimodular subgroup. A simple computation 
shows that H, is invariant under all the operators T(g), ge @. 
Since H is irreducible, we must have H, = H. So we see that T is 
trivial on the subgroup G of unimodular matrices and can therefore 
be regarded as a representation of the factor group G/G. Since this 
is a commutative group, JT must be one-dimensional. But for one- 
dimensional representations our lemma and Theorem } are trivially 
true. 

Now we consider the second case, when there are no one- 
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dimensional representations of G in the expansion of T. Since G, 
has only a single representation U that is not one-dimensional, in 
this case the restriction of T to Gy is a multiple of U, and the lemma 
is proved. 


From these arguments we can derive the following more general proposition: 


If T is a factor representation of G, then its restriction to Gy is a multiple of an 
irreducible representation. 


For the only place in our arguments where we have used the irreducibility 
of T is the proof of the equation H, == H. Fora factor representation this equation 
can be proved as follows. We denote by P the projection operator onto Hy. As 
we have mentioned above, P commutes with all the operators T(g) and hence 
with all the operators from the weakly closed ring R generated by T(g). It is not 
hard to verify that P also commutes with all the operators of the ring R’ consisting 
of the operators that commute with the elements from R. Therefore PER A R’. 
But by definition of a factor representation the rings R and R’ are factors, that is, 


the intersection R ™ R’ consists only of scalar operators. Therefore P == E and 
HH, = H. 


It is advantageous to go over to another realization of the 
representation U, by considering instead of functions on K* their 
Fourier transforms on the dual group II. 


In this realization the representation operators take the form 


U (oa) eC) = | mimg'(B) Coram) ala) 9s) de 
for 6 ~ 0, and 
U (goo) 9(7) = 7(a) 9(7). (1) 
From the lemma it follows that the restriction of T to Gy 
is given by the same formulae, only instead of ordinary functions we 


have to consider vector functions with values in a certain Hilbert 
space L. 


Furthermore, when g lics in the center of G, the operators 
T(g) commute with all the representation operators and are thcre- 
fore multiples of the unit operator. Hence, it follows that if 


A 0 
d, = é ) then T(d,) = 7)(A)E, where 7, is a fixed character 


sail 
on K*, We denote by s the matrix ( »): From the identity 
580,05! = Za-1,o d, it follows that T(s) is of the form 
T(s) (7) = 5(7) p(7o7*), 


where (7) is a function on II whose values are unitary operators in L. 

Now we observe that the irreducibility of T(g) implies that of 
the set of operators s(7) in L. For if ZL, is a subspace of L invariant 
under all (or even almost all) s(7), then the subspace H, < H 
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consisting of the vector functions with values in L, is invariant under 
the T(g), g@G,, and under T(s). But the subgroup G, and the 
element s generate the whole group G. Therefore Hj, is invariant 
under all the J(g), and this contradicts the irreducibility of H. 

To prove Theorem 1 it is now sufficient to show that the 
operators s(7) commute with each other. Then the set s(7z) is 
irreducible only when L is one-dimensional, and so the restriction of 
T(g) to Gy coincides. with U. The identity sg.45 = £1,-1881,-1 
reduces to the following condition on s(7): 


5(ay) D\(ary727751)5( 772) 
Sel he 0) | P(aac')s(m) 0 (ang) dx, (2) 


from which it follows immediately that s(2,) and s(z,) commute for 
almost all pairs (71, 72). The proof of Theorem 1 is now complete. 


3. Theorem on the Complete Continuity of the Operator 7',. 
Here we show that the group G is of type I so that all unitary factor 
representations of @ are multiples of an irreducible representation. 

For this purpose we prove the following stronger proposition. 

Tueorem 2. Jf T(g) is an irreducible unitary representation of 
G, and y a summable function on G, then 


To =( ple) T(e) dg 


J 
is a completely continuous operator. 
Proof. Let oj,» be the generalized function on & given by the 


formula (¢/,9,f) = 49" § f(ga,»)9-1(a) d*a db, where 6 is a multi- 
plicative character and the integral is taken over the set 


a b lat ‘ 
2b = » laj =], <q". 
§a,b 01 q 


We set x9 = Vie — Yire- It is not hard to check that U,,, 
is a projection operator on the one-dimensional subspace of L?(K*) 
generated by the functions 


polite: (6(y) for |x| = 9, 
sd 0 for |x| 4 q7*. 


Obviously, the set of functions ¢, forms an orthogonal basis 
of L?(K*). 
Now let M be the set of all functions » € L*(@) for which the 


+ Groups for which this statement is true are called CCR-groups, following 
Kaplansky who first singled out this class of groups and proved. that they are of type I. 
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operator Ty has finite rank. Clearly, M is a two-sided ideal in 
L(G) and contains all functions of the form 9, */, fe L(@). 
If u ¢ L°(G) is a functional on L1(G) that is zero on M, then the 
function u and al! its translates have the property u * 9.9 = 0. 
Hence, u = const and the closure of M contains all the functions on 
L1(G@) whose integral is zero. 

On the other hand, there are functions on M with a nonzero 
integral, for example the characteristic function of U (see the next 
subsection). Therefore, = L1(@). So we have shown that every 
function » € L1(@) may be approximated in the norm of L1(@) by 
functions from M. Hence, the operator Ty may be approximated 
(in the sense of the topology defined by the operator norm) by 
operators of finite rank and is, therefore, completely continuous. 
The proof of the theorem is now complete. 


4. The Decomposition of an Irreducible Representation of @ 
Relative to Representations of its Maximal Compact Subgroup. The 
Theorem on the Existence of a Trace. Our object is to prove the 
following proposition. 

TueoreM 3. Let T(g) be a unitary irreducible representation of 
G. In the decomposition of the restriction of T(g) to a maximal compact 
subgroup U < G every irreducible component has finite multiplicity. 

Proof. We are going to use results obtained in the proof of 
Theorem 1. We have seen that the representation operator T’(s) 


0 -1 
corresponding to the matrix s = ( has the following form in 
the 7-realization: 1 0 


T(s) p(t) = (17) p(o77*), (1) 
where 7 ranges over the character group II dual to K*. Here the 
function s(7) satisfies the following relation: 


5(2y) U(ayae75!)5(2) = 7 72( -1){ V\(aay')s(ar) U(aaz') dr. (2) 


We expand s(z) in a Laurent series and find the relations for 
the coefficients of the expansions. 

We recall that according to § 2.6 every character is given by a 
complex number 4, |A| = 1, and a character 6(y) defined on the 
group O* of elements of norm 1. It is expressed by the following 
formula: if x = p*y, |y| = 1, then 


a(x) = A*6(9). 


We substitute in (2) the expansions of s(7) = 5(A, 6) and of 
I'(7) in Laurent series 
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Then we obtain the following relation for the coefficients 5,(6) :T 
(1 — 97) & Sir m(81) P_m( 818289") 40°5s;-m( 92) 
= 6:6x(—1) > V_4(007")se¢1(8) P_1(605"). (3) 


We investigate this condition by taking account of the following 
formulae for the coefficients of [',(@) obtained in § 2.6. 
If the rank of @ is m > 0, then 1,(6) = 0 for all k 4 —m; 


\T_n(8)| = q-™2, 
If the rank of 6 is 0, that is, 6(x) = 1, then 
qt fork < —l, 
r,(0) =<{ —q? fork = —1, 


1 — q-} fork > —1. 


First of all, by taking (3) for fixed 6,, 6., / and sufficiently large 
positive k, we sec that the right-hand side is 0, and for 0,, 6. ~ 4, the 
sum on the left-hand side reduces to a single term in which m is 
the rank of 6,0,051.{ Hence, it is easy to derive that for cach @ the 
coefficients s,(@) vanish for sufficiently large positive k. 

Secondly, if k <0, 1 <0, 0, 4, 6,0, A 09, then it follows 
from (3) that 544m(91)514.m(92) = 09, where m is the rank of the 
character 6,0,651. We assume that for some 6, and some n < 0 the 


find that for all 6,, other than 6, and 6,67, the coeflicients 5, (4) 
are zero for 1 <0. So we have shown that for all 6, except possibly 
the one pair 6,, 6,6;!, among the coefficients s,(6) there are only 
finitely many different from zero. Finally, for the excluded charac- 
ters 6, and 6,0;' we easily obtain from (3) a recurrence relation 
between the s,(6) from which it follows that |s,(@)| decreases like a 
geometric progression as k > — o (scc 6). 

From all we have shown it follows that the function s(7) = s(A, 9) 
is infinitely differentiable with respect to A for every 0. 

Now we are in a position to prove Theorem 3. We note first 
that all the maximal compact subgroups of @ are conjugate to the 
group U consisting of those matrices g for which the matrix clements 
of g and of g-} belong to O. U has a family of normal subgroups 
U,, consisting of the matrices that are congruent to the unit matrix 
modulo p”. 

Obviously, U itself as well as the subgroups U,, are open subsets 


of @ and form a complete system of neighborhoods of the unit 
element of G. 


+ Throughout we denote by (Ay, 99) the components of the character 7. 
+ For the definition of rank see § 2.6. 
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It is easy to check that every irreducible representation of U 
is trivial on U,, for sufficiently large n. 

We denote by H, the subspace of H consisting of the vectors 
that are invariant under the operators T(g), g ¢ U,. Theorem 3 is 
equivalent to the statement that all these spaces H, are finite- 
dimensional. 

First, we find the space H® < H, consisting of the vectors that 
are invariant under the T(g), g¢ U, Go. This is very casy if we 
use the original realization of the representation of U. We only 
state the final result. 

The space H® consists of the functions (7) = > (8) A*, satisfying 
the condition (0) = 0 if (rank 6) > n ork < —n. 

Since sU,s-! = U,, H, is invariant under 7(s). Therefore, 
if g(w) € H,, the functions g(7) and T(s) (7) = 5(7) (a7) 
both satisfy the conditions stated above, or both fail to do so. The 
fact that H, is finite-dimensional now follows from the infinite 
‘differentiability with respect to A of the function s(7) = s(A, @) and 
from the following easily verified proposition. 

Let s(A) be an infinitely differentiable function on the unit circle A and 
|s(A)| = 1. Then the space L?(A) contains only a finite number of linearly 
independent functions p( A) satisfying the conditions : 

1. The function (A) is orthogonal to 2* fork < —n. 

2. The function s(A)p(A) ts orthogonal to 2* fork > n. 

The proof of the theorem is now complete. 

Observe that in the proof of Theorem 3 we have nowhere used 
the maximality of the compact subgroup. In fact, it is sufficient to 
postulate that the compact subgroup U contains all the subgroups 
U,, for sufficiently large n, in other words, that it is an open compact 
subgroup of G. Thus, Theorem 3 remains valid for every open 
compact subgroup U of G, in particular, for each of the subgroups 

Corotiary. If belongs to the space S of finite piecewise constant 
functions on G, then the operator Tp = § y(g)T(g) dg has finite rank. 

Proof. For each function g in S we can find an 2 such that 9 
is constant on the double cosets of U,. Hence, it follows that for 
every x in the representation space H and every g € U,, we have 


llgyte = yi 


So we see that the domain of values of the operator Tq lies in 
the space H,, consisting of the vectors that are invariant under U,,. 
The fact that H,, is finite-dimensional was established in the proof 
of Theorem 3. 

From what we have shown it follows that the operator T,, has 
a trace, and that this trace is a linear functional in §. This fact can 
also be stated in the following way: 
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For every irreducible unitary representation T(g) of G whatever the 


trace Tr T(g) of the operator T(g) exists as a generalized function in the 
space S. 


5. Representations of the Unimodular Group. Let us show how 
we can carry over the Theorems 2 and 3, which we have previously 
proved for the full matrix group G, to the group G of matriccs with 
determinant 1. Here we confine ourselves to the case when the 
group W = K*/(K*)? is finite. In § 1 it was shown that if the finite 
field L = O/P has characteristic other than 2, then W is of order 4. 

If the field Z has characteristic 2 and K characteristic 0 (as, 
for example, in the important case of the field of two-adic numbers), 
then G is also finite. For the series 

eee ea eee Sue — 1)!!! 
- n=1 (2n) Yt 


<1. Therefore (K*)? contains O* for sufficiently 


xn 


converges for 


; 
large n. Furthermore, all the even powers of the generator / occur 
n (K*)?, Hence, the order of W does not exceed the order of the 
finite group Z, - O*/O%. 

But if K has characteristic 2, then W is an infinite group (it is 
isomorphic to the product of a countable number of groups Z,). 
We exclude this case from our discussion, although even here one 
can prove that G is of type I. 

Let G be the set of all irreducible representations, identified up 
to equivalence, of G. The group G acts in G in the following way. 
If TeG, g eG, then we set T(g,) = T(gg.g-1). Clearly, T is 
also an irreducible unitary representation of G. We consider the 
stability subgroup of the point J’¢G. Clearly, this subgroup 
contains G, because if geG, then T(g,) = T(g) T(g1)T “(g), 
from which it is obvious that T and 7 are equivalent. Further- 


A 0 
more, all the matrices of the form g = ( ‘ belong to the stability 


group, because for such g the representation 7” simply coincides 
with 7. 

Therefore the stability subgroup contains all the matrices of @ 
whose determinant belongs to (K*)?. Since we have assumed that 
K*/(K*)? is finite, the orbit of T under the action of @ consists of a 
finite number of points 7,, 72,..., 7T;. Let Ay, H,, ..., H, be 
the spaces in which these representations act. Then we can n give in 
the direct sum H, @ H, ©-::: @ H,, an irreducible representation 
T’ of G whose restriction to G leaves every H;, invariant and coincides 
in this subspace with T,. 

Theorems 2 and 3 for T now follow easily from the same 
theorems for 7’’. 
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6. Classification of all Irreducible Representations of G and @. 
Condition (3) in 4 enables us to give a complete classification of all 
irreducible unitary representations of G and G. 

Turorem 4. These are no irreducible unitary representations of G 
other than representations of the principal, the supplementary, and the discrete 
series, together with the special and the unit representation. 

We find it useful to prove an analogous theorem for G. We 
give a list of the representations of this group, where g denotes the 


matrix (" i e G, 
y 6 


1. The continuous series consists of the representations T,, ,, 
where 7, and 7, are unitary multiplicative characters of K. The 
representation space is L?(K, dx) (see § 3.1), and 


x ad — By\ lad — By|* (ax + 
Ty, 2(8)F(*) = (Bx + sm (S—) [px + 6| 1(F + i). 


2. The supplementary series consists of the representations 
V,,.o: Where 7 is a unitary multiplicative character of K, and p a 
real number from the interval (0,1). The representation space 
consists of the functions on K with the scalar product (see § 3.7) 


(FSi) =| ACFE le — y1-* de dy, 


The representation operators act according to the formula 
[xd — pal ep (= oe 2) 
Bx + |? ~ \Bx + 6/7" 


3. The singular series consists of the representations S,, where 
mq is a unitary multiplicative character of K. The representations of 
this series act in the space of functions on K for which f f(x) dx = 0, 


Veo &) f(x) = Toad — By) 


EK 
and the scalar product is given by the formula (sec § 3.8) 


fof) = (Ale) Faloy In |x — pl dx a. 


v 


The representation operators are of the form 


lad — By| (= a5 4 
Sy (*) > Tod ae By) | Bx uh 5a Bx a2 65 : 

4. The discrete series consists of the representations U,, yn, 
where 7, I are unitary multiplicative characters of K and K(v7), 
respectively. The representation acts in the space L?(K, dx) 
according to the formula (see § 4.1) 
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Uspule) fe) 
[KGL e20f(0) when B 0 


4 
Z (74) o(*), when f = 0 
a a a 


The kernel K (g | x,y) is different from zero only for sign, (xyA) = 1 
and has the form 


mo(ad) sign, (a) I1(«-) | 


K(g| x, ») 


SEN) ae ee (= t 2) | (A) 0) a* 


t=y/dz 


where we have set A = «6 — By. 
5. The degenerate series consists of the one-dimensional 


representations 
W,,(g) = (ad — By), 


where 7, is a unitary multiplicative character of K. 

THeoreM 4’. There are no irreducible unitary representations of 
G other than the representations listed above. 

Proof. First we consider a finite-dimensional representation T 
of G. The operators P, = a T(g) dg are obviously self-adjoint 


projection operators in the capresentadon space H of T. Further- 
more, since the subgroups Us form a complete system of neighbor- 
hoods of the unit element of G, the sequence {P,,} strongly converges 
to the unit operator. f 

In a finite-dimensional space this is possible only if for all x 
after a certain n, we have P, = FE. But this means that all the 
vectors in H are invariant under U,. The kernel of T is a normal 
subgroup of G@ containing U,,. Hence, it follows that the kernel of T 
contains the whole subgroup G. Therefore, T is, in fact, a 
representation of the factor group G/G. 

The latter group is commutative and isomorphic to the 
multiplicative group of K. Hence, the only finite-dimensional 
unitary irreducible representations of @ are the representations 
W,,, which form the degenerate series. 

Now let TJ be an infinite-dimensional irreducible representation. 
As we have seen in 2, the restriction of T to G, is also irreducible 
and coincides with a certain fixed representation of G, given by the 
formulae (1). 


+ We recall that U,, consists of all matrices that are congruent to E modulo p"0. 
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- 0 -l 
Since G is generated by G, and the matrix s = é ») T is 


given when we know the operator 7(s). This operator, as was 
shown in 2, has the form 


T(s) (7) = s(7) p(mo7r™*), 
where s(7) is a function on the set II of unitary multiplicative 
characters of K that assumes complex values of modulus 1. The 
character 7, in this formula is determined by the equation 


6 0 
T(d,) = m(A)E, where d, = ‘ i Now we give explicit 


expressions for the functions s() corresponding to the series of 
representations listed above.t The symbol 7,,) denotes the 
non-unitary character 7,,)(x) = |x|?. 


1. T = T,,,.. 4 Tepresentation of the principal series 
$(2) = 71 To( a 1) D(a ry 7114) T(r argmyy)- 
2. T=V,,. a representation of the supplementary series 
s(7) = D(a! arom) D(a arom 1-9))« 
3. T=S,,, a representation of the special series 
s(ar) = V'(a-1 29) D(a 9 mr). 
4. T=U, n, a representation of the discrete series 
s(x) = cI,(7,), 


where I’, is the Gamma-function of K(V 1) and 7m, the nonunitary 
multiplicative character of this field given by the formula 


a(z) = TI-1(z) mgr 4 2a4(ZZ). 


To prove Theorem 4’ it is enough to verify that the functional 
equation (2) derived in 2 has no solutions other than the ones listed 
above. We shall do this in the following way. 

First, we explicitly find all the solutions of this functional 
equation that have in their expansion as a Laurent series 


s(m) = s(A, 8) = 2 se(9) a* (1) 


at least one nonzero coefficient for a nonpositive power of 4. It 
turns out that all such solutions are connected with the represen- 
tations of the principal, the supplementary, and the singular series. 
The remaining solutions cannot be given in explicit form, but it can 


+ Observe that it follows immediately from these formulae that the representations 
Tr,7,, and T,,,7, are equivalent, and also the representations V,,,9 and V;,,1—p- 
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be shown that in the representations corresponding to these solutions 
the matrix elements are square-summable on G. Hence, it follows 
that the associated representations occur as discrete terms in the 
decomposition of ?(G) into irreducible components. The Plancherel 
formula derived in §6, which gives the decomposition of L(G) 
into representations of the fundamental and the discrete series, then 
shows that the remaining solutions of our functional equation are 
connected with the representations of the discrete series. 

Now we carry out this program. 

We recall some results of 4. The fundamental functional 
equation, in terms of the coefficients of the Laurent series, has 
the form 


(1 — pl) © Seem(01) Ag Vn (Be) 5s (Os) 
= 6,6(—1) > P(e a(F)- (2) 


The coefficients s,(0) have the following properties. For each 
§ there exists a number p(@) such that s,(6) =0 for k > p(6). 
If only a finite number of the coefficients s,() is different from zero, 
then 5(A, 0) = 5,¢9,(6) + A° (that is, only one coefficient is different 
from zero; this follows easily from the fact that |s(A, 6)| = 1 for 
[a] = 1). 

We use the notation 0* = 6,0-1. Then s,(6*) = s,(4). 

We call a character 0 exceptional if among the coeflicients 
s,(9),& < 0, there is at least one different from zero. We have shown 
that these are not more than two exceptional characters. We 
treat three cases separately. 

1. There are two distinct exceptional characters 6, and 6f. 
Let s_,(6:) #0, 2 =>0. Let 6, be any character other than 6f. 


0,0 6 
We denote by r* the rank of the character : == =e . Then the 
0 1 
sum on the left-hand side of (2) reduces to the single term 


O2\ a6 
sm(1) Tae (3b) Ab'svare(@a) 
1 
We set k = —n — r*. Then the sum on the right also reduces 
i] : 
to a single term, because rere} is different from zero only for 


6, 
6 = 0,. So we obtain the equation 


(1 — }pl)s_9(6,) r_,.(32) 15"si4e(63) 
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Since T',.,«(1) = 1 — |p|, we have 
0 
0,04( —1)s1-n-re(Os) P_a( 74) 
2 


(0) Ts (2) (4) 


Stzpe(O2) = 


In particular, if 6. # 6,,, then s,,,.(8,) differs from zero only when 


l is the rank of ia , which we denote by 7. 
2 
Finally, if @ is a character other than 0, and 6f, then 


9, 
Spre—n( 91) r_; A 
s(A, 8) = 66,(—1) reo) artes, (5) 


0\ 4,8 
a) ag (=) a 
1 


: 6 
Now, we set 6, = 0, in (2) and denote by 7, the rank of ae . Wat 
1 
least one of the numbers k or / is nonpositive, then the sum on the 
right-hand side reduces to the single term with 6 = 6,, and we 
obtain the equation 


(l — JP) ning 8s) AP Trg g ) Star( = T_,(1)5,41(91) P_.(1). 


ar l= ‘ 
After the substitution s,(6;) = ¢2,,-x eel Ee this becomes 
the relation (71) qro 
—T) o* 0 
Oxi for k > 1, lL>1 
Ipl 
= =f —1 > 
0,0) i — pi fork = 1 Paes ee 
0 for k < To = 1, l = To. 


From this the quantities o, can easily be found. We only state 
the final result. There exists a complex number 7 such that 


k 
oO, = fee . For s,(6;) we now derive the expressions t 
| | Se Oe oad (7) 
= ee a 
= Dog lee * _ ie me 6, 
5,(91) — (%) oe 89{ —1) Aro \pjre » (6) 
A ie rT) 
0 6F 


t Here, and subsequently, we use the identity I',(0) = 6(—1)T,(6-?) (see § 2.6). 


APPENDIX TO CHAPTER 2 237 


whence 


o* 
T,,-e(1) Atr20-# TD (=| 
A) A, 0 = é,(—1 —_—_—_ 1 
(2, 0) = 5 %(—1) ari 


= sary r(2ey”. (n 


Substituting the value of s,(1) from (6) in (5) we find that for 
6, other than 0, and 6F, 


s(A, 0) = 66,(—1) 


or YT DEL. 0 


Note that |s(A, @)| = 1 is equivalent to |7| = |p|”. 
Now we compare these formulae (7) and (8) with the previously 
derived expression 


S(m) = my7( —1) P(r aytag) P(r eg) (9) 


for the function s(z) corresponding to the representation T,, ,.. 
We denote by 7, and 7, the characters with the coordinates 


Ao |p|? : 
(r |p|-%, 6,) and (Aer ; ot), respectively. It is not hard to 


check that for these 7, and z, the formula (9), rewritten in the 
coordinates (A, 9), turns into (7) and (8). 

So we have shown that all the solutions of the functional 
equation (2) having two exceptional characters are connected with 
the representations of the principal series. 

2. There cxists only one exceptional character 0, = 6f. We 
may assume that 0, =: 1. For it is easy to verify that the function 
§(ar) = s(w7) satisfies a functional equation of the form (2) in which 
a is replaced by w#~*. If the excluded character for s(7) is 0, then 
for 5(7) it is 90-1, The same argument shows that we may confine 
our discussion to the case Ay = 1. 

After the substitution 6, = 1 the fundamental equation (2) 
takes the form 


(1 — |pt) & Se4-(1) P_,(02)5,4,(62) P 


= Oe —1) ¥ Pal) seu0(8) r_(F). (10) 


In particular, if k <0 and the rank of 6, is 7, 4 0, then we obtain 


Sete) T_,,(92)51 +r_( 92) = O0(—1)5p41(1) V_.(637)- 
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The right-hand side of this equation can be different from zero 
only when / = rank of 0;* = r,. Choosing a nonpositive k such that 
Suyr,(1) # 0 and setting / = 7, we find 


O2(—1) V_,,(93") 
P_,,(9.) 


So we have found the coefficients s,(@) for @ -4 1. Now we set 
k > 0, / =r, in (10) and separate on the left-hand side the term 
corresponding to 0 = 1: 


(1 _ 'D|)Sie4r,(1) T_,,(82)52r4(92) 
= O9(—1) P_,(1) 5x1 7,(1) P_,,( 92") : 
+ 64-1) FP s()e-n(O) Pn (F): 


Substituting here the value of s2,,(62) found above, we obtain 


Sr+r(1) T_,,(02")( = |pls= V_,(1)) = 2 P_,.(9)Si4,,(9) r_.(7)- 


Ser,( D2) a 


Since k > 0, the coefficient of 5,,,,(1) on the left-hand side is different 
from zero. We write the conditions under which at least one term 
on the right-hand side may be different from zcro: 


k = rank 0; k -|- rg = 2(rank 6); Yr. = rank (7). 
2 
Hence, it follows that & = rank 6 =r, = rank(}, and that 
2 
Se4r,(1) can be different from zero only for k = 7, Consequently, 


5,(1) = 0 for n > 2, because every n > 2 can be represented in the 
formn =k + 1r4,k #7. Form = 2 the expression on the right may 
be summed explicitly, and we find 


, {8 
r_(r.(2) 
P= S61 it 
o( ) * ( ) P3662) Ip} 
Note that all the coefficients we have found so far arc uniquely 
determined and do not depend on the representation in question. 
To determine the remaining coefficients s,(0), k < 2, we set 
6, = 0, = 1 in the fundamental equation (2) and assume that at 
least one of the numbers & or / is nonpositive. Then we obtain the 
equation 
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But by virtue of the condition |s(A, 0)| = 1 the coefficients s,(6) 
satisfy the relations: > 5,,,(0)5,.,(@) = 6,,. Hence, 


Ip 


=] + |p! Se4i(L) sya (1) = 2 Sere E)S4r(1) ss Sut 
r_,() P() 
= So 5 (1). 
| — |p| ke if ) 
Here we sct / = 0 and take into account that s,(1) = 0 for r > 2: 
IP| 
—1 +- |p| Sei (1) si (1) =? Seya(1)51(1) 
| Ran | 
— Seso(1)sa(1) + bx0 = 7 ae s,(1)- 
In particular, for k = 0 we find 
st(1) 
sl) + ——~— =1 -— IpI2, 
and fork < 0: 
tea SE a 4) iol 0 
ik k+t — (p| T YR-2 p} =— Vv. 


So we have obtained a recurrence relation for s,(1). It has the 
general solution 


s,(1) =Az+ Brkt fork <1, 


where 7, and 7, arc two complex numbers linked by the condition 
772 == |p|~?. 


Hence, 
s(A, 1) = > 5,(1)a® = (p| 22 -4- > (AckA* + BrkA*) 
k kal 
Adar, Bir, 


os Pk Na ta ae 
at ee 1 — A-'7;1 Ls 4-*s,* 

(1 — Aa)(1 — 28) 
(1 — 2 37,3)(1 — a-4sz7)’ 
where « and # are two complex numbers depending on As By: t5 
and rz. The condition |s(A, 1)| = 1 is satisfied only when « = 7;", 
B = 7; or « == #7', B = 7,1. In this case we find 


(1 — aryt)(1 — Azz) 


4,1) = — OO 
(A) = A(T 5) 

Let '7,| ='pl?; by 7, we denote the character with the 
coordinates (= , 1). Then our function s(z) may be written in 
the form 71 


S(m) = D(a 2797p) D(a" 97 (1p) 
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We see that a representation corresponding to this function 
belongs to the supplementary or the singular series. 

3. There are no exceptional characters. 

We show that then the matrix clements of the representation 
are square-summable on G. In the representation space of T 
(in the z-realization) we choose a basis consisting of the 
function é, 9: 


AF for 6, = @, 
lO) = 1) eo HO 
1 . 


In this basis the representation operators have the form 
T (a,0)@x.0 = 9()ex-no fora = « |p|", x OF; 


T(81,0)€x,.9 = (1 — |p|)? ps iets) ; (B)ex.9 (11) 


for b = B |p|", B € O*. 
T(s)en.9 = > 5:(6*) Ae t—k.0* 
Almost every element of G can be written in the form 
& = 80.081,6,581,0,80,0" 

The invariant measure on G with parametcrs a, 5;, b, 1s 
du(g) = d*a db, dby. 

We examine the domain D(n,m,,m,) on G given by the 
conditions 


a = pa, b = p™fy, b, = p™P, where a, f,, 6. € O*. 


Using (11) we can write down the following expression for the 
matrix elements of T(g), with g € D(n, m,, mg.) ; 


(T()€x,.019 €Cres,0>) = (a, bj, be) 
= (1 — |pl)-? 2 Oo( Be) 82(«f3*)O,( — a7? By) Ag” 


Pima) Pogste-a( gp) OM Biba) Syste-an(8)- (12) 


We investigate undcr what conditions on n, m,, m, this 
expression may be different from zero. 

First let n be fixed. There are only finitely many characters @ 
for which 5,1 4,-2n(9) # 0. 

Indeed, the arguments we have alrcady used in the first and 
second case show that for all 6, except possibly finitcly many, 


5(A, 8) = Sprp)(8) > 2°, where p(6) = 2(rank 6) ~=—_(13) 

Our assertion now follows from the fact that the number of characters 
of a given rank is finite. 

Next, since the rank of @ is bounded and the ranks of 6, and 
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6, are fixed, for negative m, or m, of sufficiently large absolute value 
the coefficients of the Gamma-function on the right-hand side of 
(12) are zero. This means that for every fixed n the domain of the 
group on which our matrix element is different from zero has finite 
volume. For all sufficiently large positive n we may use (13) to 
obtain a more accurate estimate, which shows that this volume is 
bounded by a constant independent of n. 

So far we have nowhere used the fact that there are no excep- 
tional characters. 

Now let us take this into account. First of all, it implies (by the 
definition of exceptional characters) that s,(0) = 0 fork <0. 


This means that forn < bike 


our matrix element 9 vanishes. 


In investigating the summability of » we need therefore 
consider only the domain x > N, where N is a sufficiently large 
positive number. Here we may use (13) and assume that the rank 
of @ is greater than that of 6, and of 63. Hence it follows that 


k, —k 
the right-hand side of (12) is different from zero only for m, =— 5 =, 


M, = ene and has the form 
Pn(% Bi, B2) = (1 — |pl)~?00( Bx) O1( — a 7B) O2(% Be) Age-” 
6 6 
5 (5) 1 (Fe) 0 — Br 65" su(0) 
where the sum is taken over all the characters of rank 
Then, 
ly,(a, Bi, B2) |? = (1 _ Ipl)* 


B Pal F) ro( Fe) 6) Ps) P(e) se ")-280"( — AaB) 


Therefore, the integral of |p(g)|? over the domain U D(n, m,, me) 
is equal to MLA 
|2 


[vata Bos Bal? Bs dBy = (1 — tp S| P(F) of Ge) el) | 


Bearing in mind that |s,,(6)| = 1, {T_,(0)| = |p|”? and that the 
number of characters of rank 7 is |p|-7(1 — |p|) we obtain the 
required estimate. 

This concludes the proof of Theorem 4’. 

We mention that by other straightforward arguments it can be 
shown that (g) € L?(G) for every p > 1. 


REPRESENTATIONS OF 
ADELE GROUPS 


§1. ADELES AND IDELES 


1. The Group of Characters of the Additive Group of Rational 
Numbers. To get a better understanding of the structure of the 
character group of the additive group of rational numbers,. we 
consider first a significantly simpler problem. Namely, we clarify 
the structure of the character group of the group Q") of all fractions 


of the form as 


-, where p is a fixed prime number and a and n 
integers. 


Let (=) be an arbitrary character on Q'). Since 


(g) = LG) 0 


l 
to determine it is sufficient to know the numbers ;(1), (7) rere 
(4), ... . These numbers are connected by the following relations: 
1 P l 
=a) | = (>): n=0,1,... (2) 
Conversely, every choice of numbers x a pn HO, ly S45 


satisfying the relations (2) and such that .()| = 1, yields a 


character y on Q') which is determined by formula (1). 
“24? 
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1 
Since (4) = 1, we have 
\p 
1 a 
(5) = ex 2ai —, 3) 
p Eeap 
where «, is a real number determined mod p”. The relations (2) 
are equivalent to the following relations for the numbers «,: 
Oni1 = %,(mod p”). 


Hence, it follows that 


hy = a te Bas 
where « = —a% and the #, arc integers determined mod p” and 
satisfying the relation 
Bn.1 = B,(mod p"). (4) 


From (4) it follows that the 8, are segments of the p-adic scries 


B=a, +a.) + ap?+...0<5q <p. 


Thus, 
(- exp 271 asa 
x¥\—] = ts 
oe p 
But then we find from (1) for every rational fraction of the form 
= that 
p 
a : a 
—) == exp 2zi(—a + B) —. 5 
(5) = exp 2ni(—a + 8) 5 (5) 


So every character (=) of the group Q" is given by a pair 


of numbers—a real number « mod | and a p-adic integer . 
It is not hard to check that (=) = 1 if and only if « isa 


rational number whose denominator is not divisible by p, and 
6 = (f is the p-adic representation of the rational number «). 
Thus, the character group of the additive group of all fractions 


of the form has the following structure. We take the additive 


group whose clements are the pairs («, 8), where « is a real number 
mod 1 and f a p-adic integer. In this group we factor out the 
subgroup of elements of the form (7,7), where 7 ranges over all 
rational numbers whose denominators are not divisible by p. 

The structure of the character group of the additive group Q of 
all rational numbers turns out to be essentially more complicated. 
‘This character group will be investigated in detail in the next few 
subsections. Here we only state the final result. 
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Every character of Q is given by an infinite sequence 


a (ee aE (6) 


in which a,, isa real number, and a, a p-adic number (p = 2, 3,...), 
and all the a, beginning with a sufficiently large p are p-adic 
integers. Such sequences are called adeles. 

The character x,(r) corresponding to the adele a is given by the 
following formula: 


ya(r) = exp 2vi(—a,r +ar+...+a,r+...). (7) 


This formula must be understood in the following sense. Since an 
arbitrary integer can be added to the expression in parentheses, we 
ignore the integral parts of all the p-adic numbers a,r on the right. 
Then the sum in parentheses becomes the sum of rational numbers. 
It is easy to check that here only finitely many terms are different 
from zero. 

The set of adeles forms an additive group A if the operation of 
addition is defined componentwise. Clearly, when two adeles are 
added, their corresponding characters are multiplied. Thus, the 
map 

a —> xa(7) 


is a homomorphism of the group of adeles A onto the group Q’ of 
characters of Q. 

Let us find the kernel of this homomorphism. It turns out that 
x%.(r) = 1 if and only if a has the following form: 


ee Ca Sm. rats 


where « ranges over the rational numbers. Such sequences a are 
called principal adeles. Obviously, the subgroup of principal adeles 
is isomorphic to the additive group Q of rational numbers; we 
denote it also by the letter Q. 

Then we have an isomorphism 


Q’ = A/Q 


between the character group Q’ and the factor group A/Q of the 
group of adeles with respect to the subgroup of principal adeles. 
All the groups so far are regarded as abstract. It can be shown, 
however, that under a natural topology in the group of adeles the 
isomorphism is one of topological groups. The detailed proof of all 
the statements we have made here will be given in § 1.6. 


2. Definition of Adeles and Ideles. We repeat the definition 
of adeles. We consider the collection A of all sequences of the form 


OS 1 Og ees Oy 244s 
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where a,, is a real number, the a, are p-adic numbers and all the a, 
beginning from a certain » onward (depending on a) are p-adic 
integers. The set of all such sequences forms a ring under componcnt- 
wise addition and multiplication. This is called the ring of adeles, 
and its additive group the group of adeles. 

The elements of the ring of adeles A that have an inverse are 
called ideles. The set A* of all ideles forms a group under 
multiplication. It is called the group of cdeles. 

Thus, the elements of the group of ideles are sequences 


A= (Ag; Peg 23 85 Apes es 


where A, #0 and |A,|, =1 for all with a finite number of 
exceptions (|x|, is the p-adic norm). 

We introduce a topology in the group of adeles A in the 
following way. We take the subgroup A°® of the adeles 


Gt, des hs Oy ee e)5 


where all the a, arc p-adic integers. In A® we introduce the topology 
of the Tikhonov product of the topological spaces R, O2,...,0,,-.-; 
where O, is the subgroup of p-adic integers. This subgroup A° is 
declared to be an open set in A. 

Thus, a sequence of adeles a!” = (a‘”), a, ..., a,",...) 
is said to converge to the adcle a = (@,, dy,...,4),...) if it 
converges to a componentwise and if there is an N such that for 
n > N the numbers a, — a‘) are p-adic integers. 

The topological group A so obtained is locally compact; this 
follows immediately from the compactness of the groups O,. 

Similarly we introduce a topology in the group of idcles A*. 


3. Another Construction of the Group of Adeles. Let Q be 
the additive group of rational numbers. We introduce in Q a 
topology by taking as neighborhoods of zero all the subgroups of Q. 
We show that the completion Q of Q relative to this topology is isomorphic 
to the group of all adeles of the form 


(05, Gy p%-5 43 gsccace bs 
Thus, the group of adeles A is the direct product 
A=A,xQ 


of the group of real numbers A,, and of Q. 

Proof. We consider the subgroup B of adeles of the form 
(0, dg, .--, @,,...). With every rational number r we associate 
the sequence (0, 7,...,7,-.+.). This sequence is an element of B, 
because |7|, = 1 for sufficiently large p (namely, for those p that do 
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not occur as factors of r). Thus, the correspondence 
rae (0,4, e005 hove) 


is an isomorphic embedding of Q in B. 

Let us show that this embedding induces in Q a topology that 
coincides with the original one. 

For this purpose we examine in B the open subgroups U,,, 
consisting of the adeles (0, a.,...,4,,.-.) for which |a,|, <q” 
for g <p and |a,!, <1 for g>p. Clearly, the U,,, form in Ba 
complete system of neighborhoods of zero. The intersection 
U,. OQ consists of the integers of the form (2-3-5--:p)%k, 
where k ranges over all integers: in other words, U,, OQ is a 
cyclic subgroup of Q. These subgroups are open sets in the original 
topology of Q. Moreover, they form a complete system of neighbor- 
hoods of zero in Q, because every subgroup of Q contains a subgroup 
of this form. So we see that the topology of B induces the original 
topology in Q < B. 

We have to show that the set of elements of Q is everywhere 
dense in B, that is, that for every element 


OS (Oy Oy hg as) 


of B there exists a sequence of elements in Q converging to a. 
For every prime number # and every natural number n we 
denote by 5,,,., a fractional part of the g-adic number (f!)~"a. 


We set 
Coin ia Deca: 
a 


Obviously in this sum only finite by many terms are different from 
zero. Then we have for every prime number q 
(Pp!) "a, = Cy nle <1 
Hence, it follows that 
lag — (p!) "Co.nl, <g" for q Sf, 
la, —(P!) "pal <1 for = g >. 


This means that the sequence of rational numbers (!)"¢,., 
converges to the adele a, as p > 0, n —> ©. 


4, The Isomorphisms Q — A and Q* — A*. We show that 
the ring of rational numbers Q can be isomorphically embedded in 
the ring of adeles A. 

For Q is isomorphically embedded in the field of real numbers 
R as well as in the field of p-adic numbers Q,. With every rational 
number rf we associate the sequence 


Ce eee ay San 
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These sequences are adeles, because for r 4 0 we have |r|, = 1 for 
sufficiently large p. They are called principal adeles. 

Let us show that the ring Q of principal adeles is discrete in A. 

Proof. We assume the contrary: that Q is not discrete in A. 
Then wecan find asequence of principaladelesr,, = (Ty)Tny+++sTnv***) 
converging to zero. From the definition of the topology in A it now 
follows that beginning with a sufficiently large n the number 7, is 
a p-adic integer for every p. But this means that r, is an integer and 
therefore the sequence 7, does not converge to zero in the topology 
of R. So we have arrived at a contradiction. 

Let us find a fundamental domain of the additive group of A 
relative to the subgroup of principal adeles Q. 

Consider the set F of adeles 


OS Oe Bes ere-ag gy eS 3) 
where 0 <a, <1 and |a,|, <1; we show that this is the required 
fundamental domain. 

Let a = (a, d2,+-+-,4,,+.-) be an arbitrary adele. We 
denote by « the sum of the fractional parts of the p-adic numbers 
‘dy. ++54,,-... By the definition of an adele, this sum contains only 
finitely many terms different from zero, hence is a rational number. 
Now we choose an integer 7 such that0 <a, — « —n < 1 and we 
consider the principal adele 


et Oe ere Perea 
where r = a +n. Obviously, a —reF. 

So we have shown that A is a union of sets r + F, where 7 
ranges over the principal adeles. We show that these sets are 
pairwise disjoint. 

Letr 40; then the setsr + F and F have no common elements. 
For if r is an integer, then r + a, where a € F, does not belong to 
the half-open interval 0 <x <1; hence r + a does not belong to 
F, But if ris not an integer, then |r|, > 1 for at least one p, and 
therefore |r + a,|, > 1, where a€F; consequently, in this case 
r + a also claims to belong to F. 

So we have shown that F is a fundamental domain. 

Note that this is a compact set. From this it follows that the 
factor group A/Q of a group of adeles by the subgroup of principal adeles 1s 
compact. In § 1.6 we shall show that this factor group is isomorphic 
to the character group of Q. 

Now we pass on to the group of idelcs. The multiplicative 
group of rational numbers Q* can be isomorphically embedded in 
the group of ideles A*. Namely, with every rational number r 4 0 
we associate the sequence 
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These sequences are ideles, because |r|, = 1 for all » that do 
not occur in the prime decomposition of r. They are called principal 
ideles. 

We note that the set Q* of principal ideles is obtained from the 
set Q of principal adeles by omitting the zero adele (0,0,...,0,...). 

As in the case of adeles, it is easy to check that the subgroup Q* 
of principal ideles is discrete i in the group A* of all ideles. 


5. The Group of Additive Characters of the Ring of Adeles A. 
We begin by explaining the important concept of a self-dual ring. 

Let L be the commutative topological ring with a unit element. 
Consider the set L’ of all additive characters of L, that is, of those 
continuous functions z(x) on L for which |y(x)| = 1, and 


a(x +9) = x(%)x(9) 
for any x and yin L. 

There is a natural way of introducing in L’ the structure of a 
topological space and an operation of multiplication of characters 
under which L’ becomes a topological group. Furthermore, there 
is in L’ a natural definition of the operation of multiplication by 
elements from the original ring L: the product a- x of the element 
a € Land the character x(x) is the character ya(x) = (ax). 

Clearly, this operation of multiplication is continuous in a and 
x and satisfies the following conditions 


a+ (Xi1x%2) = (2° Xi)(2* He), 

(a + b)x = (a: x)(° x), 
(ab)y =a-(b- x), 
l-y =y. 


Thus, the set of characters L’ is an Z-module. 

The ring L is called self-dual if the L-module of all additive characters 
on L is isomorphic to the original ring L. 

An equivalent definition is: the ring L is called self-dual uf every 
additive character x(x) is of the form 


a(x) = tolax), el. 


where xo 1s a fixed character. 

Examples of self-dual rings are well known to us: all topolog- 
ical locally compact fields are of this kind. On the other hand, 
infinite discrete fields, particularly the field Q of rational numbers, 
are not self-dual (because the set of their additive characters is not 
compact). 

We now show that the ring of adeles A is self-dual. 
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To prove this we introduce an additive character y9(x) on A. 
It plays a fundamental role in what follows. 

Consider the function o(a) on A, with values in the group of 
real numbers mod |, defined by the following formula: 


o(a) = —a, +a,+...+4,+...(mod 1). (1) 


In other words, o(a) + a,, denotes the sum of the fractional parts 
of the p-adic numbers a, (note that the fractional part of a p-adic 
number a, is an ordinary rational number). Since all the numbers 
a, beginning with sufficiently large p are p-adic integers, only finitely 
many terms in this sum are different from zero. Hence, the sum 
always has a meaning. 

We establish some properties of this function o(a). First, from 
the definition it follows immediately that 


o(a +a’) = a(a) + o(@’) (2) 


for arbitrary a, a’ € A. 

Next, it is obvious that on every subring Q, of A (that is, on the 
subring of adeles of the form (0,...,0,a,,0,...)) we have 
o(a,) = 0 if and only if a, is a p-adic integer. 

Finally, we show that if a is a principal adele, then o(a) = 0. 

For let a be a principal adele, that is, a = (7,7,...,%.+--), 
where ris a rational number. This number can always be represented 
in the form of a sum 


where the «, are integers; the number of nonzero terms in this 
sum is finite. Thus, the fractional part of r regarded as a p-adic 


. a 
number is a mod 1, and so 
D 


ed 


o(@) = —rtea te. +52 +... (mod 1) 


np 


that is, g(a) = 0. 
We define a function y,)(a) on A by the following formula: 


x(a) = exp Qaio(a) = exp 2mi(—a, +a, +... +4,4-...). 
(3) 


By what we have proved above, x(a) is an additive character on A 
and satisfies the following conditions: 

1. yo(a,) = 1 on every subring Q, of A if and only if a, is a 
p-adic integer. 

2. x%9(a) = 1 on the subring Q of principal adeles. 
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We now procecd to the proof of the assertion that A is a self- 
dual ring. We shall show that every additive character x(a) on A 
has the form 

x(a) = Xo(ba), 
where b € A. 

As a preliminary we observe that every character x(a) on A 

can be written as a convergent infinite product 


4(2) = x(@e)x(a2) --+ x(45),--- (4) 


where x(a,) is the restriction of x to Q,. 


For we have a = lim a), where 
pra 


() — 
OP = Bes Gas ay Gg 0 Op«es )s 
Consequently, since y(a) is a continuous function, 


A) Em x(air!) = lim [x(40) x(42) °° (45). 


Now let x(a) be an arbitrary character on A, which we represent 
in the form (4). Since yo(a,) = 1 on Q,, by what was proved in 
Chapter II, the character y(a,) on Q, can be represented in the form 


x(45) = X0(4545)> (3) 
where 6, € Q,. Here the element 5, is uniqucly determined by 7. 
So we have 


x(a) = X0(P Fc) Ho(b2d2) ** * Xo(bp%p) (6) 
Now we show that 
28 (eee oer eed eee a 


is an adele; this also proves that y(a) = 7 (ba). Suppose that 6 is 
not an adele. This means that there are infinitely many numbers 
bys bp» ~+ +> Op, «++ that are not p-adic integers. By the property 
of x) we have 

Ho(95,4,) =1, 
where a,, ranges over the p,-adic integers. Therefore, we can 
choose a p,-adic integer a,, such that 


l%o(d a jd > &€; 


De Pr 


where e is a fixed number, the same for all f, (for example, we can 
take « = 4). 
Clearly, the infinite product 


{I X0(b5,4p,) 
k=1 


then does not converge; this contradicts (6) and proves the 
assertion. 
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6. The Characters of the Group 4/Q. We now show that the 
character group of the factor group A/Q, where Q is the subgroup of principal 
adeles, is isomorphic to the additive group of rational numbers. 

By the Pontryagin duality theorem, it follows that, conversely, 
the character group of the additive group of rational numbers is 
isomorphic to A/Q. This important fact was already stated without 
proof in § 1.1. 

To prove it we observe that the character group of A/Q is 
isomorphic to the subgroup of all characters (a) on A for which 


y(a) =1 for every ae Q. 


According to a result in § 1.5, every character x(a) has the 
form 
x4(4) = xo(ba), 
where 6 € A and 


y9(4) = exp 2ai(—a, +a, +... +4a,4+...). 
Hence, we seek those 6 € A for which the condition 


yo(ba) = 1 for everyaeQ (1) 
is satisfied. 
From § 1.5 we already know that x(a) =1 on Q. Thus, if 
6 <Q, then the character y,(ba) satisfies condition (1). It is not 
difficult to verify that the converse also holds, namely, if x)(5a) 
satisfies condition (1), then b € Q. 
So we have shown that the character group of A/Q is isomorphic 
to the group of rational numbers. 


7. Invariant Measures in the Group of Adeles and the Group 
of Ideles. The group of adeles A, being locally compact, has an 
invariant measure which we denote by da. ‘This measure will 
always be normalized by the following condition: 


{ da aris (1) 


where the integral is taken over the compact set F of adeles 


BG oy Gag. v's 55 Boyes) 
for which 


0 <a, <1, lal, <1, p =2,3,.... 


It is easy to check that the measure da can be expressed in terms 
of the measures da, on the groups Q, as follows: 


3 (2) 


da = da,da,...da,.. 
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where the measures da, are normalized by the conditions 


[don =1, { da, = 1. 
0 lanlpS1 


The equation (2) must be understood in the following sense: 
if g(a) is a summable function of A of the form 


(a) = P o(20) P2(42) ee Py(4y) ee 
then 


[ o da =| Pole) da ., { ata) Ady a 6% | va) | 


Similarly, in the group of ideles A* there exists an invariant 
measure which we denote by d*4. We assume that this measure 
is normalized by the following condition: 


{ dey. (3) 


where A’ is the compact set of all ideles of the form 
MEAs Aicwng Ae ees 


l<d, <e is the base of the natural logarithms), |A,]|, 
p = 2,3 

It . eae to verify that the measure d*A can be expressed in 
terms of the measures d*A, on the multiplicative group Q* as 
follows: 


A 


I, 


a*) =. d*i., d*A, ae d*i, one (4) 
di. 
where d*/, sa ate , dA,, being the usual measure on the real 
line and the measures d*A, being normalized by the conditiont 


d*i, = 1. 
lAnlp=1 


8. The Function ||. It is easy to see that every idele A effects 
an isomorphic map 
a —> ha 


} Note that here ri normalization is different from the one taken in Chapter IT. 


‘There we set d*A, = TAs oe a , where dA, is the measure of the additive group of the field 
Q,; normalized by the condition [ dA, == 1. Here we set 
[as] <1 
dA, 


ee ne Mis: 
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of the group of adeles A onto itself. Therefore, if da is an invariant 
measure on A, then d,(a) = d(Aa) is also an invariant measure on A, 
and therefore proportional to da. We denote the factor of 
proportionality by |A}. 
Thus, the function |A| on the group of ideles A* is defined by the 
following formula: 
d(4a) = |Al da, (1) 


where da is an invariant measure on the group of adeles A. 
From the definition it follows immediately that 
JAA"] = A'}- fa" (2) 
for arbitrary 2’, 2” € A*. 


Let us find an explicit expression for |A]. For this purpose we 
use formula (2) in § 1.7, which expresses da in terms of the measures 


da, 
da = da,, da,...da,... (3) 


Hence, we have 


d(Aa) = d(A,a,,) d(Agds) -.. d(Apay) --- (4) 
but 
d(A,a,) = |A,|, da, 


Consequently, equating (3) and (4) we find 
[Al = JA] hela- ++ lAgla+ +> (5) 


Note that in this infinite product all but a finite number of factors 
are equal to I. 

_ We shall now establish the following important property of 
|A|: if A is a principal tdele, then 


j|A| = 1. 
For let 4 be a principal idele, that is, 
RA GAS Be tog Pica ence) g 
where r is a rational number. We decompose r into prime factors: 
FS 2S so Pe eas 


where the n, are integers and all 7, but a finite number are zero, 
Then we have |r|, = p~"p. Therefore, [J |r,|, = |7lz andso|A| = 1. 
p 


9. The Characters of the Group of Ideles A*. We give a 
description of the characters of the group of ideles 


A=(A,; y eae ee y Uae ae 
which we denote by 7(A). 
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Let 7,(A,) be the restriction of (4) to the subgroup Q5 of 


ideles of the form (1,..., 1, 4,,1,...),p = ©, 2,3,.... Let us 
show that the character m(A) can be expressed as a convergent product 
aA) = 0s ( Ag) tal As) oop Ag) sean (1) 


For consider the sequence of ideles of the form 
APL CA oy Aad dies Ags. dy bye oe Js 


By the definition of the topology of A*, this sequence converges to 
the idele 4. Consequently, 
a(a) = lim 7(A®) = lim [7 (Aq) 7 2(As) ++ 7p ( A) ]- 
po pra 

Thus, by virtue of (1), the character m(A) is completely determined 
by the family of characters 7,(A,) defined on the groups Q%. We 
say that this character (A) is the tensor product of the characters 
m4(4,)- 

Now we raise the converse problem. Let 7,,(4.), 72(42),--+, 
m,(A,), ..- be a preassigned sequence of characters. The question is 
under what condition on these characters formula (1) gives us the 
character 7(4) on A*, so that the infinite product (1) converges. 

We show that formula (1) determines a character on the group A* 
if and only if the characters 7,(A,) satisfy the following condition: 

For all but a finite number of primes p 


7,(A,) =1, when |A,|, = 1. 


Suppose that the condition holds. We consider an arbitrary 
idele 2 = (A,,, Ax, ---5 4,)+++)+ From the definition of an idele 
it follows that !A,!, = 1 when is sufficiently large. But then, by 
this condition we have z,(4,) = 1, when p is sufficiently large. 
Therefore, in (1) only finitely many factors are different from zero 
and so the product converges. 

Conversely, let us assume that the condition does not hold. 
Then there exists a sequence of prime numbers f,, fo, .--» Pr ++ 
for which 

Toy A,,) # i, when |A,,|>, = 1. 


Obviously, in this case we can find for every p, a A,, such that 
\Anlo, = 1 and |m,,(A,,) — 1| > %. But then the product 


II T(Ay,) 


vel Dp 


diverges. 
So we have obtained the following final result. 
Every character 7 on A* is given by a sequence of characters 


a = (Fy Tey a2 Sp Migy 8 4) 
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where 7, is a multiplicative character in the field of real numbers, 
a, a multiplicative character in the field of p-adic numbers, and for 
sufficiently large p we have 7,(A,) = 1 when {/,!, =1 (and 
hence, 7,(4,) = |A,|’, where y, is some complex number). 

The value of the character 7 on the idele 


ASS Aas Aase es Agee) 
can be expressed in the form of the following infinite product: 
EO AC LACO REEL ACO REE 
10. The Characters of the Group A*/Q*. We denote by 
A the subgroup of all ideles 
RAM cia hay: Bate go Ags ere) 


in which the real number 2,, is positive and |A,|, = 1 for all prime 
numbers p. 
We show that the group of ideles A* splits into the direct product 
A*=Q*x A (1) 


of the subgroup of principal ideles Q* and the subgroup A. 
Proof. Let A = (Aq, Ae --+-, Ap ---) be an arbitrary idele. 
We represent the number A, in the form 


= Asin As 
q = sign A, [] 14,157. 
D 
(In this product only finitely many factors are different from 1 so 


that ¢ is a rational number.) By the same symbol q we denote the 
corresponding principal idele: 


Let 


| lh CA EE ee 


Obviously, 4g-1 €¢ A. This shows that the group of ideles A* is 
the product of the subgroups A and Q*. 

We show that the subgroups A and Q* have no common 
clements except the unit element. Suppose then that the principal 
idele « = (a, a,..., a,...) belongs to A. Then for every prime 
number pf we have |a|, = 1; consequently, ao — +l. But we must 
have « > 0; hence, « = 1, and the assertion is proved. 

From the decomposition A* = Q* x A it follows that the factor 
group A*/Q* of the group of ideles A* by the subgroup Q* of principal 
tdeles is isomorphic to A: 


A*/Q* =~ A 


Hence, this factor group has a very simple structure: it is the 
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topological direct product of the multiplicative group of all positive 
real numbers and the groups O% of p-adic numbers of norm 1. 

Observe that in contrast to the case of the group of adeles the 
factor group A*/Q* = A is not compact. 

We now proceed to a description of the characters of the group 
A x A*/Q*. It is obvious that @ character 1(A) on A is given when 
the character 1s given on each of its direct factors, namely, the character 
7 o(A,,) on the group of positive real numbers, and the characters 9,(A,) on 
the groups O* of p-adic numbers of norm 1. Here, all but a finite number 
of characters 6,, must be identically equal to unity. 

The value of the character 7(A) on the idele 


oo? Ags dss Ayaes ) 


of A is expressed by the following formula: 
aA) = 7a(Aw)O2(As) ..- 0,(A,) --. (2) 


We recall that every character 7,,(4,,) on the group of positive 
real numbers has the form 


To Aa) = Ao» 


where s is an arbitrary complex number (here we do not assume 
that the characters are unitary). Thus, formula (2) can be rewritten 
in the following form 


(2) = 4,0(4) = |AP6(2), (3) 


A=(A 


where 
IA] = |Aale lAgle.. . lAsle. se 


8(A) = 02( Ae) eae 6,(A,)- 


We mention that the characters 0(4) are characters on the compact group of 
ideles of the form (1, 4,,..., 4,,-..)3; consequently, they form a discrete 
(countable) set. Hence, the set of characters 7 on A*/Q* can be regarded as a 
countable family of planes of the complex variable s (the “suffix” of the plane is 
given by the character 9). This enables us to introduce the concept of an analytic 
function of 7. We say that f(7) =_/(s, 0) is an analytic function of 7 if for every 
fixed 0 it is an analytic function of the complex variable s. 


Now we describe the set of characters on the group of ideles A* 
that are identically equal to unity on the subgroup of principal 
ideles Q*. By the decomposition 


A* =Q* x A, 


every such character is obtained by the following construction. We 
take an arbitrary character (A) on A and then extend it to a 
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character 7 on the group A* according to the following formula: 
a(dA) = (7). (4) 


Here g = sign A, : [[ |4,|>1 is the component of 4 in Q*. 


On the basis of (3) and (4) we obtain the following result. 
Every character 7(2) on the group of ideles of A* and identically equal to 
unity on the subgroup of principal ideles Q* has the following form 


a(A) = {Al® O(a). 
Here s is an arbitrary complex number, 
| Al = lA ala Veale eee |Asl> a) and 0( A) = 92( As) vee 6,(4,) ove 
is an arbitrary character on the subgroup of ideles of the form (1, A.,..-, 


Ay) +++), where |A,|, = 1 for every p. The character 0( 2) 1s assumed to be 
extended to the whole group A* by the following formula: 
O(2) = O2(g-*Aa) ++ * On(gr*Ay) (5) 
where 
: Ao 
q =sign A, IT 14\5* = - (6) 
> | Al 


APPENDIX TO §1 


On a Zeta-Function 


For every vector & = (&,..., &,) € A” we define a norm |¢| 


as follows: 
Jé| = TT lel es hee Eas 


p 
where 


\é|, = max /&,|,. 
k 


Obviously, |qé| = |&| for every g € Q*. As we know, 
lg) = 1, 


ifn =land €e€Q*. Ifn > 1 and é£€ Q’, then it is easy to check 
that |&| < o; however, in general, |&| 4 1. 

In this appendix we investigate a series that indicates by how 
much the relation |é| = 1 for é € Q” fails to hold. 
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We denote by T the collection of vectors € € Q® in which all 
the components are different from zero. Consider the series 


Dis) = 5 Ite (1) 


We show that it converges; at the same time, we cvaluate it. 

Every vector ¢ € T can be brought by multiplication by q € Q* 
into the form 

PSs hig ce cy tas (2) 
where ¢;,.-., ¢, are integers whose grcatest common divisor is I. 

Obviously all the vectors (2) that differ in sign are inequivalent, 
that is, cannot be obtained from each other by multiplication by an 
element g € Q*. 

Thus, we have 

i 3] 
Dis) = $2, (3) 
m=1 M 
where F(m) is the number of n-dimensional vectors ¢ with coprime 
integer coordinates and |¢| = m, 

It is not hard to check that F(m) < nm"-1. Consequently, the 
series for D(s) converges for Res > 2. 

We denote by F,(m) the number of (n — 1)-dimensional 
vectors with positive coordinates not exceeding m and such that their 
greatest common divisor is prime to m. 

It is not difficult to see that 


F(m) = 2"-1F(m), (4) 


sF,(5) gett (5) 


where the sum is taken over all divisors of m. 
From (5) it follows that 


($4)($ EO) Se gent), 6 


d=1 m=1 mé m=1 m$ 


where {(s) is the Riemann Zeta-function. 
From (4) and (6) it follows that 


G(s —a +]) 


D(s) = 22-4 Zs) 


(7) 
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1. Schwartz-Bruhat Functions. In thissubsection we introduce 
a space of functions on the adele group A, which is important for 
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what follows. As we shall see in the next subsection, this space is 
invariant under Fourier transformations. 

On the adele group we consider functions g(a) that are 
representable in the form of an infinite product 


p(a) = i Po(4p)> (1) 


where the factors 9,(a,) satisfy the following conditions: 

1. g(a.) is an infinitely differentiable function on R, that is, 
on the additive group of real numbers, and decreases faster than 
any power of |a,| as |a,| > ©. 

2. ~,(a,), p = 2, 3,... is finite and piecewise constant, that is, 
constant on the cosets of a sufficiently small open subgroup of the 
group of p-adic numbers Q,. 

3, For all p, except a finite number, 9,(a,) = 1, when a, is a 
p-adic integer, and ,(a,) = 0, when a, is not an integer. 

By 3, for every a € A all the factors in the infinite product (1) 
from a certain p onward are equal to 1. Thus, the product con- 
verges. Hence, it follows easily that g(a) is a continuous function 
on A, 

Note that by the same condition 3 the function g(a) is concentrated on an 
open subgroup of A of the form 
Aig % Ag X22 * KA x Vos 
where V, is the subgroup of adeles for which all the components are p-adic 
integers, and a, = a, = --- a, = 0, where p is sufficiently large. Moreover, the 
function is constant on the cosets of V,. Hence, it can be regarded as a function 


on the group 
AW?) = AL x, X°°* X Ay; 

where p is a sufficiently large integer. The same remark applies to any finite 
linear combination of functions of the form (1). 

We call functions of the form (1) elementary functions on A. 

We use the term Schwartz-Bruhat functions} for functions g(a) 
on A that are representable as finite linear combinations of clementary 
functions. We denote by S(A) the set of all Schwartz-Bruhat 
functions on A. 

It is not hard to check that all the functions g(a) € S(A) are 
summable on A, that is, that for every function y € 5(A) 


fie da < 0, 


2. The Fourier Transform of Schwartz-Bruhat Functions. 
Let x(a) be a character on A defined in § 1.5: 


yo(@) = exp 2xio(), (1) 


+ The name was introduced by Godement who apparently was first to recognize 
the important role of these functions on the adele group. 
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where 

o(a) = —a, +a, +++: +a, +->+- (mod 1). 
We define the Fourier transform of g(a) by the formula 


(8) ={ ola) x0(ba) da. (2) 


Although we make no use of it in what follows, we mention that the Fourier 
transform can be defined for every measurable function (a) of integrable square 
modulus; the integral (2) must then be understood in the sense of the mean square 
value. 


By the formula for the inverse Fourier transform we have 


(a) = | #(6)xol —ba) db, () 
in other words, 
¢(—4) = ¢-*9(a). (4) 
Next, the Plancherel formula holds: 
[lela da = ef \o(a)|* de. (5) 


Here ¢ is a constant depending on the normalization of the measure 
on A. It is easy to check that under the normalization of da that was 
introduced at the very beginning, we have 


c=l1. 


Let us show that the Fourier transform of a function in S(A) is again 
a function in S(A). 

For this purpose it is sufficient to show that if g(a) is an 
elementary function, that is, a function of the form (1), where 
y,(@,) satisfies the conditions 1 through 3 of § 2.1, its Fourier 
transform ¢(a) is a function of the same form. 

First, it is evident that 


Gb) = Il Po(b5)s 


where 
Balbs) = | P9(a,) (bots) doy P= 20528, 


Now it is known that the Fourier transform of an infinitely 
differentiable function ¢,,(a,,) decreasing faster than any power of 
la,|, as |a,,| — 00, is a function of the same form. Consequently 
condition | holds for ¢(d). 

Next, the Fourier transform of the finite piecewise constant 
function ¢,(a,), p = 2, 3, ... is a function of the same form (see 
Chapter 2, § 2.4). Consequently, condition 2 holds for ¢(d). 
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Finally, we use the fact that the Fourier transform carries a 
function of the form 
1 for |a,!, <1, 


Pr(4y) _ ( (6) 


0 for |a,|, >1 


into itself (see Chap. II, § 2.4). Hence, it follows that condition 3 
holds for ¢(5). 

From the formula ¢(—a) = (a) it follows easily that the 
Fourier transform maps 5(A) onto itself. 


3. The Poisson Summation Formula. Let y(a) be a Schwartz- 
Bruhat function and ¢(a) its Fourier transform. We shall derive 
the following formula, which is usually called the Pozsson summation 
formula: 


> o(Aa) = Fi > g(A-ta), (1) 
aéQ 


aéQ 


where A is an arbitrary idele and the summation is taken over the 
subgroup Q of principal ideles. t 
To prove formula (1) we introduce an auxiliary function on the 


group of adeles: 
O(a)'= 2 Pl Aa + 4)), (2) 


where the summation is taken over the subgroup of principal adeles. 

From the summability of ¢(a) it follows immediately that the 
series (2) converges absolutely almost everywhere and that (a) is a 
summable function on A/Q. In fact, 


J beta) ae = | (5 1o(2( + a))l) da 


A/Q 


It is also easy to verify that (a) is a continuous function. 

Since ®(a) is constant on the cosets of Q and summable on the 
compact group A/Q, it can be expanded as a Fourier series with 
respect to the characters of A that are equal to 1 on Q. As was 
shown in § 1.6, these characters are of the form y (fa), where B 
ranges over the principal adeles. So we have 


(a) = 2, atol Ba). (3) 


t The Poisson formula holds for every commutative topological group G with a 
discrete subgroup I’ and a compact factor group G/I’. The classical Poisson formula 
corresponds to the case when G is the group of all real numbers, and I’ the subgroup of 
integers, 
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The Fourier coefficients c, can be expressed by the following 
formula: 


ey = | ©(0) zal —Ba) de. (4) 
AIQ 
When we substitute for ®(a) its expression (2), we obtain 


ea = | (5 ole + @))) aol Be) da 
aoe 
= | o(4a) ropa) da = = | (a) zo —BA-4a) da 


= @(—BA). 


So we have 
E w(2(a ba) = E 6-248) na(Ba) (5) 
Hence, for a = 0 we obtain the Poisson formula (1). 


4, The Mellin Transform of Schwartz-Bruhat Functions. The 
Tate Formula. Let g(a) be a Schwartz-Bruhat function on the 
group of adeles A. Since the idele group A* can be embedded, in a 
unique fashion, as a subset in the group of adeles A, we can investigate 
the restriction g(A) of @ to A*. 

Let 7(4) be a character on the group of adeles A* that is 
identically equal to 1 on the subgroup Q* of principal ideles. We 
use the term Mellin transform of p for the function ®(7) defined by 
the following formula: 


O(n) = | oad) da, (1) 
A*® 
where d *2 is the invariant measure on the group of ideles. 


Let us find out for what characters z the integral (1) converges. 
We recall that every character 7 can be represented in the form 


m(A) = 1al 0(A), (2) 


\A = LAs |Asle ea [Ashes 


s is a complex number, and |9(4)| = 1; the number s and the 
character 9 are uniquely determined by the formulae (5) and (6) 
of § 1.10. So we can write 


@(m) = (0,5) = | o(2)9(2) Jal da, (3) 
oe 
The question is, therefore, for what s the integral (3) converges. 


where 
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In answering this question, we may confine ourselves to elemen- 
tary functions, that is, functions of the form 


(A) = Pal Ae) PAs) °° Ppl Ay) °° 
JA] = |Asleo lAele- layla oo 


9(A) = 9 (Aw) O2( Az) Ne 0,(A,) une} 


the integral (3) can be rewritten as an infinite product of integrals: 


(6,5) =I | P5(45)Oo( de) Lash, Ay (4) 
Qr" 

Evidently each factor of this product is an absolutely con- 
vergent integral for Res >0. The question is: Under what 
additional conditions on s does the infinite product converge? Here 
we observe that by the definition of Schwartz-Bruhat functions the 
g,(A,) are concentrated for sufficiently large A, on the set of integers 
i, and are equal to 1 on this set. On the other hand, for sufficiently 
large p the characters 6, have the following form: 


6,( A») — |A, oat 


Since 


and 


where s, is a real number. 
Thus, for sufficiently large p we havet 


{ (Ap) Og(A,) |Aglt d* 2, 


Qr* ” po etiss) 
- J id eel = a a 


pl S1 


It is easy to verify that the infinite product 


1 ( i po istise) 


= l = ptt! 


converges for Res > 1. 

So we have shown that the integral (3) converges absolutely 
for Res > 1. 

From (4) and (5) it follows that ®(6, s) is an analytic function 
of s in the domain Res > 1 for fixed gy and 6. 

We shall now show that the function ©(6, s) has an analytic continu- 
ation to the whole plane of the complex variable s. Its only singularities are 


+ We recall that the measure d*A, on Q* induced by d*A is normalized by the 
condition f d*A,= 1. 
[Aplo=1 
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simple poles at the pointss = O ands = 1. The residues of D(8, 5) at these 
poles are —eb(0) and e,4(0), respectively, where & = 1 for O = 1, and 
&, = 0 otherwise. 

Proof. We split (6, s) into the sum of two integrals 


(6, s) = O+(6,5) + ©-(6,5), (6) 
where 
(6,5) = | o(a)o(a) salt aa, (7) 
jaj>1 
©-(6, 5) = { p(2)0(A) jal? dA, (8) 
{aj <1 


We have shown above that (6, s) is absolutely convergent for 
Res > 1 and is an analytic function of s in the domain Res > 1. 
The same is true for the integrals ®*(6, 5) and ®~(6, s). 

Now we observe that ®+(6, s) must also converge for Res < 1 
and in this domain is an analytic function of s; therefore, ®*(8, s) 
is an entire analytic function of s. 

Thus, to prove the theorem we consider the second integral 
@-(0, s). 

Let us transform this integral. Since |«| = 1 for every principal 
adele a, the set |A| <1 is invariant under the discrete group Q* of 
transformations 


A— ha 


where « ranges over the principal ideles. Let E be a fundamental 
domain in the set |2| < 1 relative to the discrete group Q*. Then 
we have 


©-(0,s) = | B,9(29)0(4) lated, (9) 


(Here we use the fact that 0(a) = 1.) 
We apply the Poisson summation formula: 
E ota) = 7 
a2) =— 
r ia 


acQ 


> P(A-t4), (10) 
aéQ 
where ¢ is the Fourier transform of g. Note that the set Q* of 
principal ideles is obtained from the set Q of principal adeles by 
omitting the element 0; consequently, (10) can be rewritten in the 
following form: 
io 1 
9(0) + & el4a) = 77) 600) + 7 


ial > G(A-ta) (11) 


| acQ* 


§2. ANALYSIS ON THE GROUP OF ADELES 265 


When we substitute in (9) for p> g(Aa) its expression from (11), 
we obtain 


(6, 8) =] ¥ e449) O(a) [ald #2 
F pie aa [als-2.d *2 — w(0) { (2) [Als d*A 


Je (Aa) O-2(A) Jai-# d*A 


ah 


+ @(0){9(a) ay-4a*a — @(0)[0(a) lalraea. (12) 
E E 


The first term in this formula is ®+(6-}, 1 — s), where ® is 
the Mellin transform of ¢@. 
Now we evaluate the integral f 0(A) |A|°d*A in (12). Clearly, 


E 
the integral is zero when 0(A) #1. Now let (A) =1. For the 
fundamental domain E we choose the set of ideles 
A= hss Aavrwers’s y ene © 
where 0 < A,, < 1 and |A,|, = 1 (see § 2.10). Then we have 


1 
fiarata—[actaa. [ dra [dba 
E 0 


|Azle=1 |Anlo=1 


Since f§ d*/, = 1, we now obtain that 


\aplp=1 1 
{ [al d*¥a = - 
s 

E 

Thus, finally we have 


foca |aled*#a = , (13) 
E 
where ¢, = | when 0(A4) = I, and e, = 0, when 0(A) # 1. 
So we have reached the following equation: 


" D 0 
o-(0,5) = (0,1 4) + (LO #0), ag 
where ® denotes the Mellin transform of ¢. 
As we know already, ®*+ is an entire analytic function of s. 
Thus, by (14) ®-(6,5) is an analytic function of s on the whole 
complex s-plane and its only singularities are simple poles at the 
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point s=0 and s=1. The residues of ®~ at these points are 
—e,p(0) and e,¢(0), respectively. The proposition is now proved. 

A consequence of (12) is the following functional relation for 
(6, 5) (Tate’s formula) : 


(0,5) = (6-4, 1 — 5), (15) 
where © is the Mellin transform of the function ¢(a). 
Indeed, when we replace in (14) g(a), 6 and s by ¢(a), 0-1 and 
1 — s, respectively, we find 
i 0 D 
6-(6-1, 1 —s) = O+(0,5) — e4( 2? = #0). 
5 s—1 
hence, 
(0 0 
©+(6,5) = ©-(0-1,1 — 5s) — a( 2% — an). (16) 
By adding (14) and (16) term-by-term we obtain the Tate 
formula (15). 
As a consequence of the Tate formula we now obtain the 
functional relation for the Riemann Zeta-function ((s). 
For this purpose we consider the function g(a) of the form 


7(4) = P w(2o) P2( 42) 7 Pp(4p)> sey 


where 
®) = ze -5) 
0 = = €xXp\| — 5 }> 
Y on Pp 5) 
L. when |a,|, <1, 


a = 
P(r) 0, when |a,|, > 1. 

It is known that ¢,,(x) = 9,,(x). On the other hand, as was 
shown in Chapter 2, §2.4, ¢,(a,) = 9,(a,) for every p. Conse- 
quently, 

G(a) = (a). (17) 

Let us compute (65, 5) for the function gy, when 6,(4) = 1. 
We have 


+a 
1 
®(6,, 5) = noe | ewe ed haa dx i } \A,I5 d*A,. (18) 
—oO |Apla <1 


All the integrals in (18) can be computed directly. We have 


1 
[4,15 ¢*4, = ie 
lAglp S21 
Consequently, 


] 
TI { |A,|,¢*A, = Ni; = Us), 


P 
laplp <2 
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where {(s) is the Riemann Zeta-function. On the other hand, we 


have 
+0 


{ ea l2 Ix|*-2 dx = aver), 


—@ 


where [(x) is the classical Gamma-function. 
Thus, 


l S 
D(65, 5 = r(5) 5). 19 
(Om 8) = a= 2H (5) Eb) (19) 
Therefore, the Tate formula (15) gives us the required relation for 
the Zeta-function: 


er(2) £65) = gr-wap(-—) g(1 — 5). (20) 


Similarly, we can derive from the Tate formula the functional 
relation for the Dirichlet L-function. 


5. The Space A”. Now we investigate the n-dimensional 
vector space over the group of adeles A, that is, the space of points 


Ye ™; ee) (1) 
where 
I? = (IDs IPs oo Ios oe) (2) 
are elements of A. We denote this space by A”. 

By analogy with the group A we introduce the concept of a 
Schwartz-Bruhat function on A” and that of a Fourier transform on 
A", Then we study the Mellin transform in A’. 

We consider a function g(y) on A” of the form 


PI) = Pool Ia) Pal Ia) °°" Pol In)o ++ > (3) 
where 
(1) 


Pee ire eae p= ©, 2,3, ces 
that satisfies the following conditions: 

1. ~o(~) is an infinitely differentiable function in the 2- 
dimensional space R®, over the field of real numbers and decreasing 
faster than any power of |.y,,| as |7..| > ©, where |_y,.| is the norm 
of the vector _y,,: 


vel =e eee 
2. The function 9,(y,) is finite and piecewise constant, 
| (oy ek ane 
3, For all » except a finite number the function ,(y,) is 
concentrated on the sct of vectors 


ys = eear ae ee) 
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whose coordinates are p-adic integers, and is identically equal to one 
on this set. 

Functions of the form (3) satisfying the conditions | through 3 
are called elementary functions on A”. Schwartz-Bruhat functions on A” 
are defined as functions that can be represented as finite linear 
combinations of elementary functions. The space of Schwartz- 
Bruhat functions is denoted by $(A*). 

It is easy to verify that Schwartz-Bruhat functions are 
continuous and summable on A” with respect to the measure 
dy = dy'Y +++ dy”), 

We define the Fourier transform of a function g € S(A") by the 
following formula: 


(8) =[ o)mlo- 8 (4) 
where & € A”, 
ye E = yi) ECD tee. $y EM), 
dy = dy.» - dyn, 


and x(a) = exp 27io(a) is the character defined in §2.4. The 
following result holds. 

The Fourier transformation carries a function in S(A*) into a 
function in $(A*); in fact, it maps the space S(A”) onto itself. 

The proof is almost identical to that of the corresponding result 
for functions in S(A) (see § 2.2). 

We derive the Poisson summation formula for the space A”: 


> (Aa) = at. >. @(A-*a), (5) 
aéQ 


where A is an arbitrary idele; the summation is taken over the 
vectors « € A” whose coordinates are all principal adeles. 

The derivation of this formula proceeds word for word just as 
in the one-dimensional case (sce § 2.3). 

Next, we introduce the concept of the Mellin transform of a 
function g € S(A*). 

The Mellin transform of a Schwartz-Bruhat function (7) 
on A” is defined by the following formula: 


O(y5 2) = [ ola(adta, 9 0, 6) 
A* 
where (A) is a character on the group of ideles A* that is identically 
equal to 1 on the subgroup Q* of principal ideles, and d*A is the 
invariant measure on A*. 
We know (see § 1.10) that the character 7 has the form 


m(A) = |Al* (a), (7) 
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where s is a complex number, and @ is a character given initially 
on a compact subgroup A of A* and extended to the whole group A*. 

Thus, ® is a function of s and 0, where 6 ranges over a discrete 
set. 

From the results in § 1.10 it follows that the integral (6) 
converges for Re s > 1 and is in this domain an analytic function of 
s. The function ®(y; 7) = ®(; 0, 5) has an analytic continuation 
to the whole complex s-plane. Its only singularities are simple poles 
ats =Oands =1. The residues of ® at these points are — (0) 
and ey § y(Ay) dd, respectively, where ¢, = 1, when 6 = 1, and 

A 


&) = 0 otherwise (the integral is taken over the group of adeles A). 
Now we mention a property of ® as a function of y. From (6) 
it follows immediately that 


D(Ay, 7) = w3(A) O(9, 7) (8) 


for every idele 4 € A* (the property of homogeneity of ®). 
Since 7(2) = 1 on the subgroup Q* of principal ideles, we have 
by (8) 
D(Ay; 7) = O(), 7) 


for every principal idele 4¢ Q*. Thus, ® can be regarded as a 
function on the factor space Q = Q*\ A", obtained from A” by 
identifying y and Ay, where 4 € Q*. 


APPENDIX TO §2 
Tate Rings 


Let A be a commutative locally compact ring. By A’ we denote 
the group of characters of the additive group of A. 
The map 


x(a) > x(ra), 


where 7 is any element of A, defines an endomorphism of A’. 

As we mentioned in § 1, A’ is a module over A. We rccall that 
the ring A is called self-dual if the module A’ is isomorphic to A. 

We denote by A* the set of all elements of A that have an 
inverse element. Generally speaking, A* is not a closed subset of A. 
However, we can introduce a topology in A* under which it 
becomes a topological group. Specifically, a neighborhood U of an 
element a, € A* consists of those elements a € A* for which a € V (dp) 
and a-! e W(a,1), where V and W are given neighborhoods in A 
of a) and aj", respectively. 
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It is not hard to verify that under this topology A* becomes a 
locally compact topological group, when the multiplication of 
elements is taken as group operation. 

Next, we denote by da a measure on A invariant under addition 
and by d*a a measure on A* invariant under multiplication. For 
every element « € A* we define its norm in the following way. We 
examine the measure d,(a) = d(aa). It is not hard to see that this 
measure is invariant under addition, and hence, is proportional to 
da. We set 

__ d(axa) \ 
| oc] = da : ( ) 


For elements « ¢ A* the norm is not defined. 

Let Q be a subring of A. We call Q unimodular if the norm of 
each nonzero clement is 1. Obviously, a unimodular ring is a field 
and is discrete. 

Let A be a self-dual ring with a distinguished unimodular 
subring Q. 

The pair (A, Q) is called a Tate pair if the following conditions 
are satisfied : 

1. The subgroup of additive characters on A that are equal to | 
on Q is isomorphic to Q. 

2. The group A}/Q* is compact, where Af is the group of 
elements of norm 1, and Q* is the multiplicative group of Q. 

According to the Pontryagin duality theorem it follows from 1 
that A/Q is the character group of Q. Consequently, since Q is 
discrete, A/Q is compact. 

Now we write down the Poisson eee Let Tae be a 
function on A for which the series (a =2 g(a + «) converges 


absolutely and uniformly and, in addition, ia) can be expanded in 
an absolutely convergent Fourier series. Then 


Sole) = 5S  [ ol@ila) de, (2) 


aeQ x8(4/Q)’ 
A 


where y ranges over all characters of A that are equal to 1 on Q. 
For the proof we consider the expansion of the function 
y(a) = 2 g(a + «) in a Fourier scries (see § 2.3). 


Now we go on to the discussion of the Mellin transform. We 
denote by II the set of all characterst of A* that are equal to | on 
Qt =A NQ. 

+ Here by a character we mean an arbitrary solution (not necessarily of mod 1) of the 


functional equation 
y(ab) = ¥(a) p(5), a, be A*. 
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Let @ be a function on A. Its Mellin transform is defined as the 
integral (a € II) 


O(n) = [ ola)m(a) da, (3) 
a 
By L we denote the set of functions g(a) defined on A and having 
the following properties: 

1. The series p(a) = > p(a + «) converges absolutely and 
uniformly. =o 

2. y(a) can be expanded in an absolutely convergent Fourier 
series with respect to the (additive) characters of A/Q. 

3. The integrals f(a) |a\*d*a and {¢(a) |a|* d*a: converge 
absolutely for all sufficiently large values of Re s. 

Under these assumptions a repetition of the arguments in 
‘§.2.4 shows that for every function g(a) €L its Mellin transform 
has an analytic continuation to the whole of II, that its only poles 
are at the points z(a) = 1 and a(a) = |a|, and that it satisfies the 
functional equation 


(7, 9) = O(7, ®), i(a) = |a| a *(a). 


§3. THE GROUPS OF ADELES G, AND 
THEIR REPRESENTATIONS 


1. Definition of the Group of Adeles G,. The concepts of 
adeles and ideles, which were introduced by Chevalley with alge- 
braic number theory in mind, have proved to be useful when 
generalized to the case of an arbitrary linear algebraic group 
defined over the field of rational numbers Q. This generalization, 
which was proposed by A. Weil, consists in the following: 

Let G be a linear algebraic groupt+ defined over the field of 
rational numbers Q. 

To specify G it is sufficient to know the set of polynomial 
relations among the elements of the matrices of G. We denote by 
G, the set of all p-adic matrices belonging to G, and by U, the 
integral subgroup of G, (that is, the subgroup of matrices g, for 
which the elements of g, and of g>! are p-adic integers). By G,, we 
denote the set of all real matrices belonging to G. We consider 
infinite sequences 


B= (Las Sx + +s Spr+++)s £> &G,, (1) 
where all the g, except a finite number belong to U,. Such sequences 


+ For the definition of a linear algebraic group see the Appendix to Chapter 1. 
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are called adeles of G. They form a group Gy. (Multiplication is 
componentwise.) 

A topology in G, is introduced in the following way. We take 
the subgroup G, of adeles (g,, g2,---,%p---) where g,¢U, 
for every prime p. In G®, we introduce the topology of the Tikhonov 
product of the topological spaces G,, Uz, ..., U,, .... This 
subgroup G°, is declared to be an open set in Gy. The topological 
group G, so obtained is called the group of adeles of the given 
group G, 

The group of adeles is locally compact; this follows immediately 
from the fact that U, is compact and G,, is locally compact. 

The group Gg can be isomorphically embedded in the group of 
adeles G,. For Q is embedded in the field of real numbers R as well 
as the field Q, of p-adic numbers. Therefore G, is isomorphically 
embedded in G,, as well as in G,. With every clement re Gg we 
associate the sequence 


(1 aia ey hy ee (2) 


It is easy to verify that these sequences are adeles. (This follows 
from the fact that any rational number is a p-adic integer for 
sufficiently large p.) They are called principal adeles of the given 
group G. 

Let us show that the subgroup of principal adeles Y. = Gg 15 discrete 
in G4. 

Proof. Suppose that Gg is not discrete. Then we can find a 
sequence of principal adeles (r,, 72, ---») Tn) +++), converging to the 
unit element of G,. From the definition of the topology in G, it 
follows then that beginning with a certain n, the elements of the 
matriccs 7, are p-adic integers for every p. But a rational number is 
a p-adic integer for every p if and only if it is an integer. So we have 
shown that the elements of the matrices r, are integers from a 
certain 2 onward. Hence, it follows that a sequence of pairwisc 
distinct matrices r,, cannot converge in the topology of G,,; and so 
we have arrived at a contradiction. 


2. Irreducible Unitary Representations of the Group of Adeles. 
In this and the next subsection we show how the classification of all 
unitary representations of the group of adeles G, reduces to the 
classification of the unitary representations of group G,, p = %, 
2, 3,.... Specifically, we show that under some conditions on G 
every irreducible unitary representation of G, is given in the 
following way: 

Suppose that for each f an irreducible unitary representation 
T,(g,) of G, is given in a Hilbert space H,. We assume that for 
all sufficiently large p the representation spaces H, contain at least 
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one vector invariant under U,. Such representations 7, are called 
representations of class I. 

We choose in H, an orthonormal basis &*, k = 1, 2, ... and 
denote by & a vector invariant under U,, if such a vector exists in 
H,. 

Now we take another Hilbert space in which an orthonormal 


basis is given by the formal products = @&p, where in each 


e e ? ° 
product i, = | for all p except a finite number. 4H is, of course, a 
separable space. 


The representation operator is given by the formula 


T(g)é = Il T;,(8») €2> (1) 
where 
& = (Bar S+++s8o-e+)3 § = OEP. 


The resulting representation of the group is called the éensor 
product of the representations T,(g,) of G,. 

We remark that the construction of the tensor representation 
depends not only on the choice of the sequence of the unitary 
representations H,, but also on the choice in each H, of a vector 
invariant under U,. Clearly, choices differing only at a finite 
number of places lead to equivalent representations; choices 
differing at an infinite number of places lead to inequivalent 
representations. Also, for many important groups, for example 
when G is a Dickson-Chevalley group, it can be shown that H, 
contains not more than one linearly independent vector invariant 
under U,. It is very likely that the corresponding statement is true 
for every reductive linear algebraic group. However, we do not 
know whether this has been proved yet. 

The construction described above for a representation of Gy 
in H always leads to an irreducible representation. This can be 
proved by means of standard devices in the theory of representations, 
and we shall not dwell on it here. 

We give, also without proof, the formula for the character of 
T(g). It is well known that the character of the tensor product of 
two representations 7,(g,) and T,(g.) is equal to the product of the 
characters Tr T;(g,) and Tr T,(g,) of these representations. A 
similar result holds in our situation: the character Tr T(g) of T(g) 


is equal to 
Tr T(g) as I{ Tr T (85), 


where Tr 7,(g,) is a character of T,(g,). Here Tr T(g) must be 
understood as a generalized function, that is, as a functional on a 
suitable chosen family of functions on Gy. 
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3. Proof of a Theorem on Tensor Products. The main result 
of the present section is the following theorem. 

We assume that all the groups G, are of type I and satisfy for 
all but finitely many p the following condition:+ each irreducible 
representation of G, contains not more than one vector invariant 
under a maximal compact subgroup. 

Then every irreducible unitary representation of G4 is a 
tensor product (in the sense of § 3.2) of irreducible unitary represen- 
tations of the G,, and all the 7, except a finite number are 
representation of class I. 

First we prove two lemmas. 

Lemma 1. Suppose that a locally compact topological group © 1s 
the direct product of two subgroups, 


G = G, xX Gy, 


where at least one of the factors, say ©, 1s a group of type 1. Then every 
irreducible unitary representation of © is a tensor product of irreducible 
representations of ©, and Gg. 

Proof. Let T(g) be an irreducible unitary representation of 
© acting in a Hilbert space H. We consider the weakly-closed rings 
R, and R, of bounded operators in H that are generated, respectively, 
by the operators 7(g,), g, € G, and T(gz), g.€ G,. Let R; be the 
ring of bounded operators that commute with all the opcrators 
Ret = 1,2. 

Since the elements of G, commute with those of 6, T(g,) 
belongs to Ri and 7(g,) to Rj. Hence, it follows that R, < R,, 
R, < Rj. But the rings R, and A, intersect only in operators that 
are multiples of unit operators. (For every operator belonging both 
to R, and R, commutes with all the operators T(g) of an irreducible 
representation of ©, consequently it is a multiple of the unit 
operator.) Since R, < Rj, we conclude that R, and R, intersect 
only in operators that are multiples of the unit operator. 

So we have shown that the ring R, of operators generated by 
the operators T(g,), £1 € G,, is a factor. By hypothesis, this factor 
is of type I. This means that H is the tensor product of H, and H,: 
H =H, @H,, that R, consists of all operators of the form A @ 1, 
and R} of all operators of the form 1 @ B. 

Hence, it is clear that the representation operators are of the 
form 


T(g:82) = Ti(8:) © T2(g2)- 


Lemma 2. Let G be a topological group and let T(g) be a unitary 
representation of it in a Hilbert space H. If © contains a sequence of compact 
subgroups V,,n =1, 2, ..., converging to the trivial group, then for 


+ For the definition of a group of type I see the Appendix to Chapter 2. 
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sufficiently large n there is in H a vector f invariant under all the operators 
T(0,)) On © Vane 
Proof. We introduce the operator 


P, =[T(0,) dog (1) 


where the integration is taken with respect to the invariant measure 
dv,, on V,, normalized by the condition 


[a = 1. 


We show that the sequence of operators P, strongly converges 
to the unit operator, For by definition of the topology on 6, the 
sequence 

Di we V got yy os0s 3 


where v, € V,, converges, in fact uniformly with respect to 2, to the 
unit element of 6. Hence, it follows that the sequence of operators 


Deane A ay akan 


strongly converges, uniformly with respect to v,, to the unit operator. 
Hence, for every vector fe H and every ¢ > 0 we can find an N 
such that for n > N we have 


IT@)f-—fll<s (2) 
no matter what v, & V,, we take. 
From (2) it follows immediately that 


Pat =F Il < &, 
that is, the sequence of operators P,, strongly converges to the unit 
operator. 

Since the P,, strongly converge to the unit operator, we can find 
an n such that P, #0. We show that then H contains a vector 
invariant under the T(v,). For let g 4 0 be an arbitrary vector of 
the form go = P,f. Then we have T(v,)9 = T(v,)P,f. But from 
the definition of P, it follows immediately that T(v,)P, = P, for 
every v, € V,. Consequently, T(v,) 9 = 9, that is, g is the required 
vector invariant under the T(v,,). And so Lemma 2 is proved. 

Now we proceed to the proof of the theorem. 

Let T(g) be a given irreducible unitary representation of the 
group of adeles G,, acting in a Hilbert space H. With this represen- 
tation we associate an irreducible representation T,(g,) of each of 
the groups G,, p = 0, 2, 3,.... 

For this purpose we observe that G, splits into the direct 
product 

G4 = G, x Gi 
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of G, and the subgroup G’, consisting of all adeles g = (2. g2, --- ) 
in which g, = 1. By Lemma 1 the representation T(g) is the tensor 
product of an irreducible representation T,(g,) of G, and an 
irreducible representation of Gy. 

Thus, with the original representation T(g) of G, we have 
associated irreducible representations T,(g,) of the subgroups G,, 
p=, 2755 we28 

Now we show these representations are not altogether arbitrary. 
In fact, they satisfy the following condition: for sufficiently large p 
the representation space H, of T,(g,) contains a vector f, invariant 
under the operators T,(u,) where u, ranges over the compact 
subgroup U, consisting of all integral matrices on G,. 

We denote by V, the subgroup of adeles of the form 


Oy SL sig Dly oarellgs ae 5 


where u, € U, for g >. The sequence of subgroups V, converges 
to the trivial group. Therefore, by Lemma 2 there exists a p = fy 
for which H contains a vector f invariant under the operators 
T (0,,)) %p, € Vy, Let p = fo. We decompose H into the tensor 
product 

H = H, © A, 


of the space H, in which the irreducible representation T;,(g,) of 
G, acts and the space H’ in which Gj, acts. Then the invariant 
vector f can be written uniquely in the form of a sum 


f= 2 Sos & Pi 


where f,.; are vectors from H,, and the y,; range over a fixed 
orthogonal basis of Hj}. Since U, < V,, we have 


Tu) f =f 


for every u, € U,. But 
Tu) f = 2 (T,(4y)fo.1) © Ves 


and therefore, 
T (Uy) So. = Soir 


that is, each of the vector f, ; € H, is invariant under the operators 
T,(u,). This proves the proposition. 

Irreducible unitary representations T,(g,) of G, having at 
least one vector invariant under the operators 7;,(u,), where u, 
ranges over the subgroup U, of integral matrices are called 
representations of class I. 

Thus, with every irreducible unitary representation T(g) of 
the group of adeles G, we have associated a sequence of irreducible 
unitary representations T,(g,) ofeach subgroup G,, p = 00, 2,3,.... 
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All the representations T,(g,), except possibly a finite number, are 
of class I. Our task is now to give a description of T(g) in terms of 
the representations T,(g,). 

Again we consider the subgroup V, of adeles of the form 
v, =(1,...,1,u,,.--,Ugy---), where u, € U, when q = p. 

As we know already, there exists a = f, such that H contains 


a vector f invariant under the operators T(v,,), v,, € V,,; hence, all 
the representations T,(g,) are of class I for p > po. 
We choose an orthonormal basis f,.1, .--,; fo.n. +--+ in the 


representations space H, of T,(g,); we assume that for p > fy the 
vector f, , is invariant under the operators T',(u,), u, € U,. 

By Lemma 1, H can be represented for every p as a tensor 
product 

H=(@H) OH; (3) 
q<P 
where H7 is the space in which the irreducible unitary representation 
T;(g°) of the group G} of adeles of the form 
Pe, cece leas, 

acts. 

It is easy to verify that among the vectors in H that are invariant 
under the operators T(v,,) there is a vector of the following form: 
vA = II Sar Be . 

a< Do 
where f’ is a vector in H, invariant under the operators T},(v,,). 
We assume that || f’ || = 1. 
Next, it is easy to check that for every p > fy the vector f’ 
has, by virtue of (3), the following form 
f= TI faa: (4) 
PSI<P 
where f, € H’. By (4), ff can be written in the following form 
fo =U Sar 
q>P 
In H we consider all vectors of the form 
Il Sa.ig DA = {I Sa.ig 7 Il Sar (5) 
q<p q<pP qI=P 
where p > fy; i, > 1 in the last factor f,,,,; the vector f, is defined 
by (4). Obviously, these vectors form an orthonormal system in H. 


The representation operator T(g), g = (8, 8 +-++58p-++) 
acts on these vectors in the following way: 


T(g) i Sei ts = if (To(80) fai.) (TS (85) So) 
= it ( To(8a) Sa.) i T (80) Sa.ig) (Tp (85) Sp) 
Here gf = (1,..-, 1, 89+ +9 B+ ++) 
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Hence, it is easy to see that the vector T(g) IT f,;,° fp is 


qa<D 
again a linear combination of vectors of the form (5). This follows 
immediately from the fact that for every g<¢G, there exists a 
p’ > p, such that g’. e V,,; consequently, we have 


Ty (onto Sr: (6) 


Thus, the subspace H’ spanned by the vectors (5) is invariant under 
the operators T(g). Since T(g) is irreducible, we have H’ = H, 
that is, the vectors (5) form a complete orthonormal system in H. 

Formula (6) is what we seek. It expresses the given represen- 
tation T(g) of the group of adeles G,, in terms of the representation 
T,(g,) of the groups G,. 

Remark. It would be interesting to find out if, for a given 
semisimple algebraic group G, only finitely many of the groups G, 
can have irreducible unitary representations containing more than 
one linearly independent vector invariant under the subgroups U,. 


4. Criteria for the Existence of a Single Linearly Independent 
Invariant Vector. Here we give a sufficient condition for an 
irreducible representation of a topological group G to contain not 
more than one vector invariant under a compact subgroup of G. 

Let G be locally compact topological group, with a measure dg, invariant 
both under left and right translationst (that is, d(g,gg2) = dg for any g,, 
g,€G). Let U be a compact subgroup of G. We assume that G admits a 
map 


o: gg", 
with the following properties : 
1. o? is the identity map. 
2. o is an anti-isomorphism, effecting a one-to-one map of G onto itself 
and satisfying for arbitrary g,, g2 € G the following condition: 


(8182)" = £281- 
3. For every g €G there exist uy, u, € U such that 


go = yur. 


As a consequence of these properties we have: 

4. Ut = U, that is, o maps the compact subgroup U onto itself ; 

5. d(g’) = dg, that is, o preserves the measure. 

We show that every irreducible unitary representation G has not more 
than one linearly independent vector invariant under U. 


+ Observe that from the two-sided invariance of dg, it follows that this measure is 
also inverse-invariant, that is, dg~! = dg. 
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Proof. We consider the collection R, of continuous finite 
functions o(g) of G that satisfy the following condition: 


p(u gue) == o(g) for arbitrary u,, u, € U. (1) 


In R, we introduce, in a natural way, an operation of addition 
and we define multiplication of two functions from R, as the 
convolution 


Pi * P2(g) = {oxla) P2(8;'8) 41. 


It is easy to check directly that the convolution of two functions 
in R, is again a function in Ry. Thus, Ry is a ring. 
We show that the ring Ry is commutative. 


For this purpose we observe that by 3 a function » ¢€ R, satisfies 
the relation 


p(g’) = v(g)- 


Consequently, 


Yi * Yo(g) =| ¥iles) ve(ei'g) 481 


= | vilei) valer(et)) dex =| vile) ¥(e'e7") aes 


The last integral is a function in Rp, consequently its value does 
not change when g’ is replaced by g. In other words, we have 


vs # vale) =[vi(ei)veleas") der = | vile") vsleer) de 


=| vets) vil 87g) @1- 


So we have shown that y, * Yo = Po * Y1- 

Now let T(g) be a unitary (but not necessarily irreducible) 
representation of G. Then we can associate with every element 
gy € R, the operator 


T, =| ole) T(e) ds. 
An immediate verification shows that 


Ee ocie: = AT 5, oa AoT 9,5 


Tite: = Vig l e 
for arbitrary 9, g, € R, and any complex numbers 4,, 4,; consc- 
quently, the correspondence 
g—>T, 
is a representation of Ro. 
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Thus, to every unitary representation T(g) of G there corresponds a 
representation of the commutative ring Ro. 


We show that the operators T,, p € Ro, have the following property : 
TWH) TT) = T, (2) 


for arbitrary u,, u, € U. 
For by definition we have 


T, =[{o@T® dg; 
consequently, 


T(u)T,T (us) =| o(@)T (usu) dg 


= | olur%eus") Ta) dg = | oe) Ta) de = T,. 


We denote by St the subspace of those vectors f of the represen- 
tation space of 7'(g) for which 


T(u)f =f for every ue U. 


From (2) it follows that the operators T,, » € Ro, carry the repre- 
sentations space H of T(g) into MN. In particular, M is invariant under 
the operators T,, p € Ro. 

For by (2) we have 


T(u)(T,f) = Lot 
for every f € H and every ue U. 

We have to show that if 7(g) is an irreducible representation, 
then the dimension of IM is either 0 or 1. 

Suppose the contrary: the dimension of IM is greater than I. 
Since R, is a commutative ring, the operators T,, g € Ro, form a 
commutative system, because IM necessarily contains a proper 
invariant subspace Wt #0. We fix a vector f’ €O0in Mi’ and a 
vector f € M orthogonal to M’. 

We consider the set f’ of vectors of the form T,,f’, where y 
ranges over all finite continuous functions on G, and 


T, =| v(e) T(s) de. 


Let A’ be the closure of this set in H. 

It is not hard to see that 7’ is a lincar subspacc of H, invariant 
under the operators of T(g), and H' #0. 

We show that A’ is orthogonal to f. Hence, it will follow that 
HI’ is a proper invariant subspace of H, and this contradicts the 
irreducibility of H. 
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Since T'(u) f’ =f’ and T(u) f =f for every u € U, we have 
(Toff) = (Tu) ToT ue) fF) 
for arbitrary u, and u,. We integrate both sides of this equation 


with respect to u, and u, and assume that the measure of the com- 
pact subgroup U is equal to 1. We find that 


(T, ff) = (TFS), 


where 


P= [ Tu) ToT (us) dr dry =[ (9) T Ora) ded dt 


= | wlurtgug’) Tg) dg dy di 
Setting 


$(g) = | o(ugu,) du, dus, 
we have .: 
T = T;. 


Obviously ¢ satisfies the relation ¢(u,gu,) = ¢(g) for arbitrary u,, 
u,e€U, and so g@eR, But then Tf’ eM’, and consequently 
(Tf',f) = 0. 

Thus, we have shown that (T,f',f) = 0, for every finite 


function g. Consequently, fis orthogonal to A’ sand the theorem is 
proved. 


5. Second Theorem on Tensor Products. Here we establish 
another criterion for an irreducible unitary representation 7(g) of 
G, to be a tensor product of representations of the groups G,. 

By analogy with the group of adeles A, we introduce the 
concept of a Schwartz-Bruhat function on Gy. 

We denote by S,, the space of infinitely differentiable quickly 
decreasing functions on G,, and by S, the space of finite piecewise 
constant functions on G,, p = 2, 3,.... 

We consider the functions on G, that are representable as an 
infinite product 


P(g) = P (Seo) P2(82) aid Py(Sp) er) (1) 


where the factors 9,(g,) satisfy the following conditions: 

l. Pa Eva; Pr ES), p oS 2, 3, 

2. For all p except a finite number 9,(g,) is concentrated on 
the subgroup U, of integral matrices and is identically equal to 1 
on this subgroup. 

We define a Schwartz-Bruhat function on G4 as a function ¢(g) 


that is representable as a finite linear combination of functions of 
the form (1). 
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Now let T(g) be an irreducible unitary representation of G4. 
We set 


T, =[ ole) Te) de. 


Then we have the following proposition. 

If for every Schwartz-Bruhat function yp the operator T., ts completely 
continuous and has a trace, then T(g) is a tensor product of irreducible 
unitary representations T,(g,) of the groups G,. Furthermore, each 
representation space T,(g,), beginning with a sufficiently large p, has one and 
only one linearly independent vector invariant under the subgroup U, of 
integral matrices. 

Proof. The first part of the proposition, namely, that 7T(g) 
is a tensor product of the representations 7,(g,) and that each 
representation space 7,(g,) beginning with sufficiently large p 
contains at least one vector invariant under U,, is proved almost 
word for word as Theorem 1 in §3.3. The only difference is that 
the proof is based not on Lemma | proved on page 275, but on the 
following lemma proved in Chapter 2, Appendix, page 223. 

We assume that an irreducible representation T(g) = T(8,, 2) of the 
group G = G, x G, has the following property. 

There exists a function p, summable on G, of the form 


(81, 82) = P1(81) P2(ge) 
for which the operator 


fy =| re» &o) T( 81, 82) 4g: de 


is nonzero and completely continuous. 

Then the representation T(g) is a tensor product of irreducible 
representations of G, and G,. 

We show that each representation space T,(g,), beginning 
with a sufficiently large p, contains only one linearly independent 
vector invariant under U,. ; 

By what we have proved, there is a p = fy such that for p = fo 
the representation space of T,(g,) contains at least one vector 
invariant under U,. We consider a Schwartz-Bruhat function of 
the form 


7(g) = P o(£a) P2(S2) hited Pol Sn) eek 89 


where ¢,(g,) for p >> is the characteristic function of the set 


U, < G,. 


Then we have 


T, =T,, ®@Ty,®---@Ty,@:-- 


and 
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where 
T,, = { sles) T, (80) dg, 


Gy 
is an operator in the representation space of T,(g,), and Tr T,, is 
the trace of this operator, p = 0, 2, 3,.... 
For p = o and for p < pf, we assume the function 9,(g,) to be 
chosen so that Tr 7, # 0. 
Now we observe that for p >) the operator 7, has the 


following form: 
T,, =| Toles) dey 
Up 


Hence, it is a projection operator onto the subspace of vectors 
invariant under u,. Therefore, Tr 7, =n, for p > fo, where n, 
is the maximal number of linearly independent vectors in the repre- 
sentation space that are invariant under U,,. 

We assume that x, > 1 for an infinite sect of ». Then the 
product (2) diverges, but this contradicts the hypothesis on the 
existence of a trace of T',. So the proposition is proved. 


§4. THE ADELE GROUP OF THE GROUP 
OF UNIMODULAR MATRICES OF ORDER 2 


1. Statement of the Problem and Summary of the Results. 
Let G be the group of unimodular matrices of order 2 over the field 
of rational numbers Q, and 6 = G, the group of adeles associated 
with it. We denote by T = Gg the subgroup of principal adeles of 
G,. As was proved in §2, I is a discrete subgroup of G,. The 
present section deals with the problem of decomposing the represen- 
tation of G, generated by the homogeneous space X = I’ \ Gy into 
irreducible representations. 

The relationship of this problem to the corresponding one 
discussed in Chapter 1, where @ is the group of real matrices of 
order 2 and I a discrete subgroup of it, will be clarified in §5, 
Appendix II. The methods to be applied here are similar to those of 
Chapter 1. We now state the main results of this section. As a 
preliminary we introduce the concept of a horospherical subgroup 


and a horosphere (see Chap. 1, § 6). A subgroup of adeles of the 
form 
ra Oey Rae ey Ee | 


1 0 


*« | 
any subgroup conjugate to it are called horospherical subgroups. 
Horospheres in the homogeneous space X are defined as orbits 


where Z, = ( (* denotes an arbitrary p-adic number), and 
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of a horospherical subgroup. We are mainly interested in compact 
horospheres. 

It is not hard to check that the transformation x — xg, g € Gy, 
carries a horosphere into a horosphcre, and a compact horosphere 
into a compact horosphere. In § 4.3 we shall show that in the space 
X = [\G,, the set of all compact horospheres is transitive, that is, 
for every pair of compact horospheres there exists a transformation 
carrying one into the other. In other words, the space of all 
compact horospheres of X is homogeneous. As we shall show in 
§ 4.7, this space has an invariant measure. 

We introduce the horospherical map of the space L,(X), that 
associates with every function f(x) €¢ L.(X) a function g(w) on Q: 
g(w) is defined as the integralt of f(x) over the horosphere w. 

It can be shown (see § 4.5) that the kernel H® of the horo- 
spherical map is a closed invariant subspace of L,(X). 

Let H’ be the image of L,(X) under the horospherical map. 
We endow H’ with the structure of a Hilbert space by setting 
H' ~ L,(X)/H°. Then L,(X) is isomorphic to the direct sum 


L,(X) = HO H’, 


so that the investigation of the spectrum of L,(X) reduces to that of 
the spectra of H® and H’. 

In § 4.6 it will be shown that the space H® has a countable 
spectrum of finite multiplicity, that is, the representation of G, in 
H?® splits into the direct sum of a countable number of irreducible 
representations, and each of them occurs with finite multiplicity. 

The principal task of this section is the study of the spectrum of 
the space H’. The main result consists in the following (see § 4.17). 
The space H’ is the direct sum 


H’ =C@H" 


of the subspace of constants C and a subspace H” < L,(Q), Here H" 
contains all irreducible representations of G4 that occur in L,(Q), and each 
of them with multiplicity 1 (in contrast to L,(Q) itself, where they occur 
with multiplicity 2). 

We mention that the classification of the spectrum of L,() is 
an elementary problem (it is solved in § 4.9). 

Now we indicate briefly the way in which this result is achieved. 
Two operators play the main role in the proof: 


B: §(Q) +C€(Q) 
and 
M: 9(2) >, 


+ The measures on all compact horospheres are normalized so that each of them 
has measure 1. 
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where $(Q), g(Q), and C(Q), respectively, are the spaces of fast 
declining, finite, and continuous functions on . 

The operator B is defined as follows. In the space © there is 
given a set of closed surfaces (horospheres), forming a homogeneous 
space isomorphic to ©. If p(y) ¢S(Q), and is an arbitrary 
horosphere, we define (By)(w) as the integral of p(y) over the 
horosphere w. Thus, By is a function on the set of horospheres in 
Q. Since this set is isomorphic to Q, By can again be regarded as a 
function on ©. 

Martn THEOREM ON THE OpeRATOR B (Theorem 5), There 
exists a subset p, of functions on Q having the following properties : 

1. w, is everywhere dense in L,(Q). 

2. By € L,(Q) for every yp e,. 

3. The operator B can be extended from the subset y, to a unitary 
operator B on the whole space L,(Q). Here B satisfies the relation: B? = E, 
where E is the unit operator. 

An effective construction of this family ‘’, and a proof of the 
theorem will be given in § 4.12 and § 4.13. 

On the basis of this theorem it is not hard to show that B, = 
for every finite function y satisfying the condition: By € L,(Q). 

The second operator M is defined in the following way. Every 
function y ¢ ®(Q) gives rise to a continuous linear functional 
(y, ») in the space H’ defined by the formula 


yp 


(y, ¢) = | e990) dy, gpeH’, 


Q 


Consequently, by the theorem of Riesz, there exists a function 
% € A’ such that (y, v) = [¢, #] for every » €H’; the brackets 
refer to the scalar product in H’. We set, by definition, My = #. 
It can be established that a simple relationship holds between 
the operators B and M: 
M=E-B8B, 


where E is the unit operator. 

Main THEOREM ON THE OPERATOR M (Theorem 9). There 
exists a set M of finite functions defined on Q and having the following 
properties : 

1. M ws everywhere dense in L,(Q). 

2. MeL,(Q) for every py € M. 

3. The functions My, ye M, belong to H" (H" is the orthogonal 
complement in H' to the subspace of constants) and form in H” an everywhere 
dense subset. 

An effective construction of this family It and a proof of the 
theorem are given in § 4.16. We mention that the proof of the 
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main theorems on the operators B and M are based on a property 
of the Dirichlet Z-functions. 

On the basis of the theorems on the operators B and M it is easy 
to prove the following proposition: 

The operator M can be extended from Mt to a bounded self- 
adjoint operator M = E + B defined on L,(Q) and satisfying the 
relation M? = 2M; the image of L,(Q) under the map M coincides 
with H”. 

Hence, it follows that H” < L,(Q). 

The proof that H” has a spectrum of simple multiplicity is 
based on a property of the operator B, which will be established in 
§ 4.13. 


2. The Structure of the Space XY. In this subsection we show 
that ¥ = ['\ Gy is a fiber bundle whose base ts the space Gz \ G,, of cosets 
of the subgroup of integral matrices Gz in G,,, and whose fiber 1s the group 

= [[ U,, where U, denotes the set of all integral p-adic matrices of order 


2 with ‘determinant 1. 

First we prove the following lemma. 

Let g be a matrix of order 2 with elements from the field of p-adic 
numbers and with determinant 1. Then there exists a matrix y with rational 
elements such that: 

1. yg € U,, 

2. y EU, for every q # p. 


a 
For let gt = . We denote by a,, 5,, ¢,, d,, rational 
c d ms 


numbers that are congruent, respectively, to a, b, c, d modulo p”, 
and whose denominators are powers of p. We set 


It is not hard to verify that a,, 5,, ¢,, d, can always be chosen so that 
the matrix y, is unimodular (see the analogous proposition on p. 
112). Obviously, y, satisfies for all n condition 2 of the lemma, and 
for sufficiently large n also condition 1. So the proof of the lemma is 
complete. 

Let g = (8) 8a +++ Zp+--) be an arbitrary element of Gy. 
Since there are only finitely many g, ¢ U,, it follows from the lemma 
that there exists a y¢ VT for which yg = (hq, he,..-,hy---) 
where h, € U, for p = 2, 3,... 

In other words, every coset Ig contains an element A € Ig such 
that h, € U, for all p except p = o. 

Let us find out under what conditions two elements h and h’ 


§ 4. ADELE GROUP OF UNIMOLECULAR MATRICES OF ORDER 2 287 


of this form belong to one and the same coset Ig of IT in G. 
Obviously, if A, h’ €¢ Tg, then hk’, = yh,, where y is some integral 
matrix, since for p = 2, 3, ... both 4, and kh’, = yh, are integral 
p-adic matrices. In other words, the first co-ordinates h,, of these 
elements belong to the same coset Gzh,, of the subgroup Gz of all 
integral matrices in G,. 

So we have established a map 


of X into the space of cosets of Gz in G,,. It is not hard to verify that 
this map 7 is continuous. 

Let us find the complete inverse images of the elements in 
G,\ G,, under 7. Clearly, r(x) = r(x’) if and only if x’ = xu, where 
u belongs to the subgroup U of elements of the form 


Gy eaere erereera F a, EU; (1) 


On the other hand, it is easy to check that xu = x only for u = 1. 
Hence, the complete inverse image r~1(_y) any element y € Gz\G, 
is isomorphic to U. 

So we have established that X is a fiber bundle with the base 
G, \ G,, and fiber isomorphic to U. 

The verification that this fibering locally has the structure of a 
direct product is trivial. Note that the fiber space itself is, of course, 
not a direct product. Its monodromy group is isomorphic to Gz, 
as is easy to verify. 


Without proof we mention that the analogous result on the structure of the 
homogeneous space X = Gg \ G4 is also valid for every linear algebraic group G. 


We recall that the homogeneous space Gz\G, of G, has 
finite volume (see Chap. 1, App.). Since U is a compact group, it 
now follows immediately from our result above that the volume of the 
homogeneous space X ts finite. 


3. Description of the Space © of all Compact Horospheres of X. 

We recall that horospheres in X are defined as orbits of a 
horospherical subgroup, that is, a subgroup gZ,g~1, where Z, is a 
group of adeles of the form 


aa) ee ee Pee 


1 0 
for which z, = ( ) (* denotes any p-adic number), and g is an 
* 


arbitrary fixed element Gy. 
We wish to describe the space . 
Let Dg be the subgroup of I consisting of the adeles of form 


Ce Pees eee 
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[A 0 
6 = 
oJ 
and A ranges over all nonzero rational numbers. Let us investigate 
the subgroup DZ, generated by Dg and Zy. 

In this subsection we prove the following theorem. 

The space Q of compact horospheres is homogeneous with stability group 
DgZu. 

We divide the proof into several steps. First, we consider a 
horosphere x, = X9Z, where x, is the point of X = T \ Gy, correspond- 
ing to the unit class, and z ranges over Z,. We show that the 
horosphere x, = XZ 1s compact. 

Since the stability group of x» is I’, the set of all horospheres 
X_ = %gz is obviously homeomorphic to the space Zg \ Z4. Thus we 
show that Zg \ Z, is a compact space. 

Observe that Z, is isomorphic to the group A of adeles 


where 


@ = (03 fw £e5 Gg tae) 


where a@,, ranges over the additive group of real numbers, a, over 
the additive group of p-adic numbers, and all a,, from some p 
onward, are p-adic integers. So we have 


Zy\Z,=Q\A4, 


where Q is the subgroup of principal adeles of A. The compactness 
of the space @ \ A was proved in § 1.4. 

Hence, we have proved the compactness of horospheres 
Ko = Ky zs 

Now we show that every compact horosphere in X can be obtained by 
a translation of the horosphere x, == X92, that is, the set of compact horospheres 
is transitive. 

Since a translation of a compact horosphere is again compact, 
it suffices to consider only horospheres of the form x, = x 9gzg~*- 
Thus, let x, = x9gzg-? be a compact horosphere. Then the inter- 
section [1 gZ,g-! of the group gZ,g~! with the stability group T° 
of x, is not trivial. Hence, there exists a principal adele 


p= (WS Ses Vie) 
y # e, that is representable in the form 
y = g2g, (1) 


where z is some element of Z4. 
The decomposition y = gzg~! shows that the eigenvalues of the 
rational matrix y are equal to 1. But then there is a rational matrix 
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1 0 

yo such that y>!yy> is a matrix of the form ( '} Denoting by 
20 

the same letter y. the principal adele yy = (yo,..-, Yo -++), We 


have 


Yo'v¥o = 2% E La, 
Thus, 


Y = Yo2%» 


where yp € T', Zz € ZA TI = Zo, and therefore (1) can be rewritten 
in the form 


YoZ0Yo = 828. (2) 
But from (2) it follows that the adele yo'g is of the form 
Yo =H = (Kay hay ee hye), (3) 


where the k, are triangular matrices of the form 


*» 0 
ia (” ' (3" 


So we see that if the horosphere x, = xgzg_1 is compact, then 
the adele g has the following form: 


2.> Yok, 
where y, € I, and k is an adele of the form (3). But since obviously 
KZ yk- a La 


the equation of the horosphere x, = x9gzg-! can be written in the 
form x, = XpYoZyYp' Or, because Xp¥p = Xo, in the form x, = xyzyp'. 
So we have proved that every compact horosphere in X can be 
obtained by a translation of the horosphere x z. 
Hence, every compact horosphere in the space X = I'\ Gy is 
given by the equation 
x, = %028, 


where x, is the point of X corresponding to the unit class. Conse- 
quently, the set Q of compact horospheres in X is a homogeneous 
space relative to the group Gy. 

Finally, we show that the stability group of the horosphere 
x, = Xz is DgZ,. Suppose that g carries the horosphere x, into 
itself. Then we can represent x, in the form x9 = x 9zg. Conse- 
quently, there exists y ¢ I’, such that 1 = yzg, where 1 is the unit 
element of G,. Hence we have: g = z~!y~1, where z-1€ Zy, 
yoeTr. 

Without loss of generality we may assume that z is the unit 
element. Then g = yo is a principal adele. 


290 REPRESENTATIONS OF ADELE GROUPS 


From the fact that the horospheres *9z and x zy, coincide, it 
follows that every element z € Z, is representable in the form 


z=yz'y, yer, 2 eZy. 


In this equation we go over from the adeles to their first components, 
and we set 


1 0 1 0 (’ } , e :) 
£o.= ’ Le = ’ >= ’ = . 
x 1 x J c d a fo dy 
We find that 
( a by (' + bx’ ‘ 
Cy + apt dy + box Ne + dx! oc)’ 
hence, in particular, 
¢ = dy + box. 


Since x ranges over all real numbers, and c is a rational number, 
it follows from this equation that b, = 0. But then it is obvious that 
yo € DgZ. 

So we have shown that DgZ, is the stability group of the space 
Q of horospheres, and the theorem is proved. 


4. Cylindrical Sets. As we know, at least one compact 
horospheref passes through every point x ¢X. We consider the 
pairs (x, @), where w is a compact horosphere and xew. We 
denote by Q , the collection of all such pairs (x, w), with the natural 
topology. There are natural continuous maps 


Ox 
x Q 


defined by the formulae 7,(x, w) = x and 7,(x, w) = o. 
Let F, be a subset of Q and F, = 7;z1F, its complete inverse 
image under m,. We write: F = 7,F, = 7,° 7;'Fy. Then there 


are maps 
Fy 
F F, 


+ Note that only a discrete set of compact horospheres passes through every point 
xe X. 
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We call F, = az1Fy a cylindrical set if it satisfies the following 
conditions: 

1. The map 7,:F, — F is a homeomorphism. 

2. The fibering of F, given by the map 7,:F, — Fy is trivial. 

We also call F < Xa cylindrical set, when this does not lead to 
confusion. 

Since in the case of a cylindrical set F, the map F, > F is a 
homeomorphism, we have a naturally defined map 


F — Fy. 
This map yields a trivial fibering of the set F: 
Fx (Zg\Z4) x Fe 


whose base is the subset Fy of compact horospheres, and whose fiber 
over the point w € F, is the set of all x ew. 

We mention the following trivial property of cylindrical sets: 
if 7z1F, is a cylindrical set and F, © Fy, then wz1FQ is a cylindrical 
set. 

THEOREM 1. For every point w €Q there exists a neighborhood 
F, such that wz1F, is a cylindrical set. 

Proof. To begin with we construct a global section N in the 
fiber space G, > Y = Z,\G4. We denote by N < G, the set of 
elements g € G, of the form 


& oo \ Paras wwe Boat) 
where 


( a5 bs 
Bo \ (a2, +82), (a + 4) ae! 


ay b, 
8p = 2 2\-1 2 2\-1 7 
(a =—3 €,b%) Eby (a5 — £453) ay 
An, bmg ER; 4,,b,€9,; & EQ, 


is a fixed element of norm 1 and not a square in Q,. 

An immediate verification shows that N is a section, that is, 
every element g¢G, has a unique representation in the form 
g=zn, z6€Z,, ne€N; the map (z,y) ~(znm) ~zn=g is a 
homeomorphism of the spaces Z, x Y and Gy. 

Here the invariant measure dg on G, is expressed by the 
formula 

dg = dz dy, 


where dz and dy, respectively, are the invariant measures on the 
subgroup Z, and in the homogeneous space Y. 

Now let w € Q. We have to construct a neighborhood Fy of w 
for which z;1F, is a cylindrical set. - 
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Suppose that the equation of the horosphere w has the form 
Wl? ¥, Xo Z; uy € N. 


We take a sufficiently small neighborhood U < N of the point uy 
in N. Let Fy be the set of all horospheres of the form 


X, = XoZu, ue U, 


Obviously, Fy is an open set in Q, and w € Fy. We show that if the 
neighborhood U of the point up is sufficiently small, then 7,'Fy is a 
cylindrical sct. 

Let F = m,° 7;'F, that is, F is the set of points on the horo- 
spheres w € Fy. Every point x €F can be represented in the form: 


xX = XpZU, (1) 
where z € Zg \ Z4, u€ U. 

We show that if the domain U is sufficiently small, then the 
elements z€Zg\Z, and uéU in (1) determine the point x 
uniquely. For if this is not the case, then there exist sequences 
Za Zn € LZ \ Z4, Uns Uy € Nsuch that (Z,, Un) 4 (Zny Uy), Mal, > e 
and x9Z,u, = X9z/u', for every n. Let Z, and Z’ be fixed inverse 
images in Z, of the elements z,, z, € Zg\Z,. Then we have 
Zn = Ynzu,, where y, ET. Since Zg \ Z,4 is compact, we may 
assume that Z, and 2), belong to a compact set; consequently, we 
may assume that Z, — 2, 2’ + 2’ asn — oo. But then the equation 
ZU, = ¥,zul, Shows that y, tends to a limit belonging to Zg < IT. 
Since Tis discrete, y, belongs to Zg for sufficiently large n. Conse- 
quently, it follows from the equation Z,u, = y,Z,u’, that Z, = 7,2), 
u, =u’ for sufficiently large n; hence, (Zp,u,) = (Z,)4,)- But 
this contradicts our assumption. 

So we have shown that for a suitable choice of the domain U 
the elements z€ Zg\ Z4 and ue€U in (1) determine the point x 
uniquely. 

Hence it follows immediately that w;1F, is a cylindrical set. 
Indeed, the continuous map 


14:15 Fo > 111, Fo 
is one-to-one. Consequently, since 7,1F, is a compact set, 7, 1s a 
homeomorphism. On the other hand, the decomposition (1) gives 
the homeomorphism 
WePy Se (Zq\ Za) * US (Zq\ Za) Fo 


Thus, the fibering 7;'F) —> Fy is trivial, and the theorem is proved. 

We make a supplementary remark about the measure on a 
cylindrical set. Let F < X be a cylindrical set in X, that is, F has 
the trivial fibering into horospheres: 


F=(Zg\Z4)"Fy Fy ¢ 2. (2) 
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It is casy to check that the homeomorphism (2) can always be given 
in such a way that the invariant measures dx, dy, dz, respectively, in 
the spaces F < X, Fy © Q and on the group Zg \ Z,4 are connected 
by the relations: 


dx = dz dy, where x = (z, 9). 


5. The Horospherical Map. With every function f(x) € L,(X) 
we associate its integral over the compact horospheres in X: 


e(g) = | F (02g) dz, (1) 
ZQ\Za 
where x, is the point in X corresponding to the unit class. We call 


the correspondence 
f(x) > 98) 
the horospherical map. 
Obviously, the function g(g) satisfies for all 6¢Dg and 
ze Z, the following condition: 


p(dzg) = 9(g). 


Thus, it can be regarded as a function in the space of horospheres 
Q = DoZ,4\ G4, and we write p(y), y € Q, instead of —(g). 

Let us show that the integral (1) converges for all horospheres_y, with 
the exception of a set of horospheres y € Q of measure 0. Furthermore, the 
function p(y) defined by (1) is summable on every compact subset K < Q, 

Proof. We choose an arbitrary compact cylindrical set F < X; 
let Fy < Q be the natural image of F in the space Q. Then we have: 
F x (Zg\ Z4) : Fy and therefore, the bounded function f on F can 
be regarded as a function f(z, 4) on (Zg\ Z4) x Fy. This function 
is summable on F with respect to the measure dx = dz dy. Conse- 
quently, by Fubini’s theorem, the integral 


{ Fléozu dz = | f(z, u) dz 
Zq\Za ZQ\Za 
converges for almost all u € Fy and is a summable function on 9. 


Since by Theorem 1 the sets F, form a covering of Q, the 
integral 


| fleoze) de 
ZQ\Za 
converges for almost all horospheres _y € 2 and gives a function on 
© that is summable on every compact domain. So the:proposition is 
proved. 


Tueorem 2. The kernel H° of the horospherical map is a closed 
subset of L,(X). 
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Proof. Let F be a compact cylindrical domain in X. We 
denote by H,;, the subspace of functions f(x) € £,(X) for which the 
integrals over the horospheres into which F is fibered are zero. Then 
it is obvious that 

H = NH, 


where the intersection is taken over the set of all compact cylin- 
drical domains F. Thus, to prove the theorem it is sufficient to 
verify that every H; is a closed subspace. 

For this purpose we introduce the space H% c L,(F) of 
functions f* € L,(F) for which the integrals over the horospheres 
into which F is fibered are zero. We show that H} is closed in L,(F). 

For since F = (Zg \ Z4) - Fo, L.(F) is isomorphic to the space 
of functions f*(z, 7), z€ Zg\ Z4,.7 € Fy © Q for which 


ists = [ister ded < o. 
F 


Here H%. is isomorphic to the subspace of all functions for which 


{ S*(z,9) dz = 9 (2) 
Za\Za 
for almost all ye Fy. Since Zg\ Z, is compact, this subspace is 
closedt in L,(F). 
Now we observe that the space Hy, <¢ L,(X) is the complete 
inverse image of the space H}. © L,(F) under the natural map 


L,(X) — L,(F) 


(associating with every function feL,(X) its restriction to F). 
Since this map is continuous and Hj} is closed, His a closed subspace 
in L,(X), and Theorem 2 is. proved. 


6. Investigation of the Kernel of the Horospherical Map 
(Discreteness of the Spectrum). Let H° be the kernel of the 
horospherical map, that is, the subspace of functions f(x) € L.(X) 
whose integrals over any compact horosphere are zero. According 
to § 4.5 this condition on f(x) can be written: 


| Ff (azg) dz =0 a) 
Zo\Za 


for almost all g € G4 (xp denotes the point of the space X = [\Gy 


+ In fact, condition (2) is equivalent to the following: ff *(z,»)u(») dz dy = 0 for 
every continuous function u(y) on Fo. Since Zg\Z, is compact, we see that 
(u, f *) = § f *(z,»)u(») dz dy is a continuous functional in L,(F). Consequently, the 
set of functions f * € L,(F) for which (u, f *) = 0 is closed in L,(F). 
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corresponding to the unit class). In § 4.5 it was shown that H° is 
closed subspace of L,(X). Obviously H° is invariant under the 
representation operators of G4: 


T(g)f(*) =f (xg). 


The object of this subsection is the proof of the following theorem. 
TuHeorEeM 3. The representation of G4 in the space H° splits into 
the direct sum of at most a countable number of irreducible representations, and 
each representation occurs in this decomposition with finite multiplicity. 
Proof. As was shown in Chapter I, § 2, it is sufficient to prove 
that the operators 


T, = [o@Te dg 


G4 


in the space H® are completely reducible for an everywhere dense 
set of continuous positive-definite functions y(g). As such a set we 
choose the positive-definite Schwartz-Bruhat functionst on G4. 

However, to show that the positive-definite operator T,, is 
completely reducible it suffices to show that its trace is finite. Thus, 
to prove Theorem 3 we have to show that the trace of the operator 
T, in the space H® is finite for every positive-definite Schwartz- 
Bruhat function. 

We begin by showing that X can be represented as the union of 
a compact and a cylindrical set. For this purpose we examine the 
map 

r. X>G,\G,, 


defined in § 4.2. According to Chapter 1, § 6, the space Gz\G, 
can be represented as the union of the compact set E,, and the 
cylindrical set F,,. Let E = 7-1£, and F = 7~'F,, be the inverse 
images of E,, and F,, under 7, Obviously, E is a compact set. We 
show that F is a cylindrical set, that is, it is fibered into compact 
horospheres, and the fibering is trivial. 

For by assumption the points x, € F,, have the form 


wo? (2) 


where x°, is the fixed point in Gz\G,, corresponding to the unit 
class, z, € Z,\ Z, and u,, ¢U,,, where U,, is some subset of G,,. 
Here the map (Z,\ Z,)-U, >F., defined by (2) is a homeo- 
morphism. It can be checked without difficulty that F consists of 
the points of the form 


— 0 
kp See eu 


x = XoZUu. (3) 


} For the definition of Schwartz-Bruhat functions on G, see § 3.5. 
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Here z € Zg \ Z4, u ranges over the set U of elements of the form: 


U = (Ug, Ua, +++, Uy ++), 


Pp 


u, €U,, i= ; 
(a5 e+ €,b7)—1e,b, (Ca = £,b3)— a, 


and u, € U,, where U, is the subgroup of integral matrices of G, 
(see § 4.4). We have to verify that the map (Zg\Z,):U' >F 
defined by (3) is one to one. 

We assume that x)Zu = x9z'u’. Then there exists a yg € [such 
that y zu = z’u’. We represent z and z’ in the form z = y2Z,, 
z’ = y’z, where y, y’ € Zg, Z,, 2, are elements of Z, such that 
(aie (2p pe Up OV Legh = 2,5: cee: s 

Then we have y’—!yoyz,u = zu’ and therefore, 


y’— yoy (Zitl) » = ( Zit") os p= 2, 3, cee 


Since (z,u),, (ziu’), € U,, it follows that y’-!yoy € Gz. But then the 
equation y’~lyoy(Zu). = (zju’). shows that u,, =u‘; therefore, 
yyy € Zg. Since y, y’ € Zo, this proves that yy» ¢ Zg. Conse- 
quently, it follows from the equation yozu = z’u’ that z and 2’ 
belong to one and the same class in Zg \ Z, and that u = w’. 

So we have shown that F is a cylindrical set. 

We denote by HA; the collection of all functions in L,(X) that 
are concentrated on E, and by Hj, the collection of all functions in 
L,(X) that are concentrated on F and for which the integrals over 
the horospheres into which F is fibered are zero. 

Obviously, H® < H, + H}. Therefore, the tracet of the 
operator 7’, on H° does not exceed the sum of the traces on Hy, and 
Hy. The operator T, is positive-definite and an integral operator 
(see Chap. 1) with a kernel K(x,, x.) that is bounded in every 
compact subdomain of X. Therefore, its trace on Hy is finite. The 
proof that the trace of T,, on Hj, is finite proceeds just as in Chapter 
1, § 6.5. 


7. The Spaces Y, O and E. The main object of study in 
the subsequent investigation is the spectrum of the representation in 
the space L,(X)/H°. Later, we shall see that the problem of the 
spectrum of L,(X)/H° can be reduced to a simpler problem: the 
study of the representation in L,(Q2), where Q = DgZ, \ G4. 
First, we turn to the solution of this simpler problem. 

We begin with a description of the space y = Z, \ G4, which 


+ By the trace of the operator Ty on a subspace of H (which is, in general, not 
invariant under the operator Tg) we understand the trace of the operator PT yP, where P 
is the projection operator onto the subspace of H (see Chap. |, § 6). 
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by analogy with the case of the group of real matrices of order 2 we 
call for convenience the underlying affine space of G4. 
We show that the points of Y can be given by infinite sequences 


SSS Pe Wes aay Pog ee) (1) 


where Jy = (p73) ts a vector of the two-dimensional affine space over the 
field of p-adic numbers, y, #0, and from a sufficiently large p onwards, 
the numbers y\, and _y? are integers of which at least one is of norm 1. 

To see this, we associate with every element 


B= (80s Ba++ +> Spr+++) 
of G, the sequence 


Y = (YorIn 0+ +s Ip +++) 


where 9, is the upper row of the matrix g,, p = o, 2, 3,.... 
Obviously, g >_y is a map of G, onto the space y of all sequences of 
the form (1). Let us find the stability group of Y. We fix in Y the 
point 

P = (Hore oes Ipr eee) 


where y? = (1,0). Clearly, the stability group of y° is Z,. Hence, 
Y = Z,\G,. This proves the proposition. 

From the description of the space Y it is clear that it is naturally 
embedded in the two-dimensional space A? over the group of adelcs 
A. Moreover, it forms an everywhere dense subset in A?, just as the 
group of ideles A* forms an everywhere dense subset in A. 

We show that Y is a subspace of full measure in A*, that 1s, for 
every measurable set F < A?® the sets F and F (\ Y have the same measure. 

Proof. We consider the subset F* of vectors of the form 


© ie (Piss Ves 64 4 Non se Se) 


where 9, for p < > ranges over a measurable set in Q? of measure 
wu, and |y,| <1 for p > fo. Clearly, the union of these sets is the 
whole space A?, hence it is sufficient to prove the proposition for 
these sets F''7), 

Since the measure of the set of points y, € Q7 for which |y,| < 1 
is 1, the measure u(F) of F'° is 4,2 °** fp, We now compute 
the measure p(F) ~ Y) of F) ~ Y. We denote by Fi’, p > fo; 
the subset of vectors in F), with |y,| = 1 for p’ >p. Since the 


; ; ; 1 
measure of the set of points y,. € Q%. for which | y,| = 1 is] — —, 
we have 


| 
w(FS) = Bolte’ ** Hs, IT (1 o =) 
Dp 2p p 


= WF) TE (1 — 35). 


p>p pb? 
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Obviously, the set F' © Y is the union of the sets Fy), and 
therefore 


u(F? VY) = lim u(FO) = u(F) lim TT (1 _ a). 
p00 Dp 


+o p’>p i 
1 
From the fact that the product [T (1 — x) converges (i is equal 
Pp 


1 6 ‘ ‘ 1 
to 7D = *), it follows that ae IT (1 — x) =l1. Thus, 
u(F'?) VY) = w(F'), as required. 

The group G, acts in Y in the following way: the element 
& = (Sas Sa +++sSp+++) Of Gy carries the point 


ae ee ee eee 
of Y into 


IE = (oS w» J282s +++ >Irhor--+)s (2) 


where y,g, denotes the result of applying the matrix g, to the row 
vector Jy. 

Note that (2) defines the action of G, on the whole space A’. 
Relative to G, this space splits into transitive parts, of which one is Y 
and the others are of the form aY, a € A. 

Now we establish a connection between Y and the space of 
horospheres Q. 

We define in Y an action of the idele group A*. With every 
idele A = (Aq,Ag, «++, Ap ++) We associate the transformation 
y — dyin Y, which carries every point y = (5, Voy-++sJp-++) OF Y 
into 


hy = (Anda Ag Paxdxc-5 ApJ oes) (3) 


From the description of the space of horospheres Q derived in 
§ 4.3 it follows immediately that 


Q = Q*\ Y, 


where Q* is the subgroup of principal ideles. Thus, as a factor space 
of Y by a discrete subgroup, © is locally isomorphic to Y. 

Let us show how to define the invariant integration on Y and 
Q. Let dy, be the invariant measure on the affine plane y, = (J;, Jp)» 
p = 0,2,3,.... Forp = 2, 3,... we normalize it in the following 
way: 


| dy, =, | Vol = max (! %l 5s |Yoln)« (4) 


lyp| <1 


It is easy to verify that the invariant integration on Y is expressed 
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by the following formula: 


[ 70) =tim [ fIeIn Ip) oD Ve (8) 


Thus, the invariant measure dy on Y is expressed by the following 
symbolic formula: 


dy = D_D2°** Dy ''. (6) 
The invariant integration on © is defined by the same formula, 
because Q is locally isomorphic to Y. 
We give in Y a fundamental domain relative to the subgroup 
Q* of positive rational numbers. We denote by E the subset of 
points 
I = (JorIo+++In +++) 


for which |_y,| = 1 for every prime p = 2, 3, 5,.... Obviously, E 
is an open and closed subset of Y. Next we have 
Y=U 2E, 
4eQt 


and the sets AE are pairwise disjoint. Consequently, E is a funda- 
mental domain in Y relative to the subgroup Q}. Thus, 


E=Q?\Y. 
If we identify in E the points y and —y, we obviously obtain a 
space homcomorphic to ©. In what follows we shall frequently use 
this realization of the space Q. In particular it is convenient to 


regard the function on © as functions f(_y) given on E and satisfying 
the condition f(—y) =f ()). 


8. The Operation of Multiplication in the Spaces A’, Y, and E. 
We endow the space A? with the structure of a topological ring. 
We recall that A? is the set of all sequences 


Sa oy Pree, Seer 


where y,, € R%, y, € Q2, p = 2, 3,..., and |y,| < 1 for all p except 
a finite number. 

Let «, € Q, be an element of norm 1 that is not a square in 
Q,. P = 2, 3, .... We give isomorphisms of the additive groups: 


RC, Q>Q,(Ve,) 
in the following way: 


Deo = (99, 92) HP + V=- 192, (1) 


Is = (WIP) HI + Ven”. (2) 
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Since C and Q,(Ve,) have the structure of a field, under the maps 
(1) and (2) this structure carries over to R? and Q3. 

We introduce the operation of multiplication in A? by defining 
the product of two elements in A? componentwise. Obviously, this 
operation is continuous in the topology of A. Thus, A? assumes the 
structure of a commutative topological ring. 

We note that the isomorphisms of additive groups R? > C and 
Q? — Q,(Ve,) can be given by various methods. Therefore, a 
multiplication in A? can also be introduced in other ways. 

When A? is endowed with the structure of ring, the set of all 
invertible elements in A? coincides precisely with the subset Y. 
Thus, the space Y has the structure of a topological group. 

In § 4.7 we introduced the subset E < Y of elements 


Coa 2G ieee eres eee 


where | 9.) =*:° = |9,l =°°* = 1. Obviously, E is a subgroup of 
Y in the sense of our operation of multiplication. 

We indicate a convenient way of giving the elements y € E. 
We denote by a, an element of E of the following form: 


a, = (Pes Vay cota ass ~)s 


where 
Po = (2,0), 70; 


yy = (1,0), p=2,3,.... 


Next let V < E be the subset of elements of the form 


DSTO Oa Sin ory Veh hs 
where 


Wal = [ral = "++ = lal = eee = 1. 


Observe that V is a compact subgroup. 
It is easy to verify that every element y € Y can be represented 
in one and only one way as a product 


y = 4,°D, ve V, 


The number 7 > 0 and the element ve V are called the polar 
coordinates of the point y € E. 

In polar coordinates the measure dy on the subset E Cc Y is 
expressed by the following formula 


dy = 7 dr do, 


where dv is the invariant measure on JV, 
The verification of this simple proposition is-left to the reader. 
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We mention that apart from the operation of multiplication an 
operation of involution _» —_j can be introduced in A’. For if 


GS (Vegi Pap 228 Dye), Dp SIE IS 5 PS OD, 2, Sy xls 
we set 


B) = See Sees aera 
where 


ae SAS (1) (2) 
Js es > Sp }* 


9, Decomposition of the Representations Generated by Y and 2 
into Irreducible Representations. In § 4.5 we proved that the 
homogeneous spaces Y and Q have an invariant measure. Conse- 
quently, in the spaces L,(Y) and L,(Q) the translation operators 
T (g) f(x) =f (xg) define a unitary representation. 

Our task is to decompose these representations into irreducible 
ones. 

First we consider the space L,(Y). We take the sct II of all 
characters 7 of the idele group A* (this set was described in § 1.9). 
We set 


wala) =| fUay)a(2) [al da (1 


where d*A is the invariant measure on the group A* of all idelest 
(see § 1.7) and f(y) €L,(Y). 

It is not hard to see that the function 9, satisfics the following 
condition of homogeneity: 


Pr(Ay) = a(A) |Al* 9, (9), 46 A*. (2) 


We can endow the set of functions satisfying (2) with the struc- 
ture of a Hilbert space, by the same method as that used for the 
group of matrices of order 2 over a field. With this aim, we choose 
in Y a subset T having the following property: every point y € ¥ is 
uniquely representable in the form 


pod, r~EA*, teT. (3) 
In T we define a measure dé so that 
dy = \A\? d*2 dt. (4) 
In the set of functions on Y satisfying (2) we define a scalar product 
(Pe ve) =| elt) ¥e(6 dt (5) 
z 


We denote the Hilbert space so obtained by H,. An immediate 


+ We recall that [A] = |Accla [Aele ++ Arla’ > - 
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verification shows that the scalar product (5) is invariant under the 
operators T,(g): 


T,(g) Ge(9) = (98). (6) 


Thus, 7,(g) is a unitary representation in H,. 
From results of § 3 it follows that this representation is irreducible. 
For let 


= (Pag Maen ep ewes 


Then our representation is, in the sense of § 3, a tensor product of 
unitary representations 7, (g,) of the groups G,, p = ©, 2, 3,..., 
defined in the following way. The representation T, (g,) is given 
in the space of functions 9, (7p), ¥» = (Jp»J;), Satisfying the 
condition of homogeneity: 


Px,( Ann) = Tol Ap) lvls Pep( I) 
The representation operator T,,(g,) of G, is given by the formula 


T,,,(>) Pz,( Ip) = Px,( ro) 


We know (sec Chap. 2) that these representations of G, are 
irreducible. Consequently, the representation T,(g) of G,, as a 
tensor product of irreducible representations of the groups G,, is 
itself irreducible. ¢ 

We call the representation 7,(g) of G4 a representation of the 
principal series corresponding to the character 7. 

Note that by virtue of the condition of homogeneity (2) the 
representation space H, can be realized as the space of functions 
y,(t), ¢ € T, satisfying the condition 


lel? = [Ipe(t)I2 dt < 0. 


T 
The representation operator T,(g) is then given by the following 


formula: 
T,(g) Pr(t) = 7(4’) |A'l-* Ce’), 


where i’ € A* and t’ € T are defined by the relation tg = 4’t’. 
Here is the final result. 
The decomposition of the representation of G, in L,(Y): 


T(g)f(a) =f(28) (7) 
into irreducible representations is realized by the following formulae: 
FO) = fe) dm 8) 

nl 


+ More accurately, the representation 7;,, is irreducible only if 7, # sign;. How- 
ever, the sect of those 7€ 1! for which a, = sign, for at least one p has measure zero. 
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where 


va(3) = | flay)a-¥(@) Lal dea. 9) 
A* 
Furthermore, the Plancherel formula holds 


| fO)eg = i le ll? dz, (10) 
Y Tl 


where dz is the measure on the set II of all characters of the idele 
group A*, normalized so that 


{ fuera Hida Sa: 


Tl 4* 


When the function f(y) is transformed according to (7), its com- 
ponent g,(t) is transformed according to the formula 


T,(g) (4) = 7(4’) [a'l-? pele’), (11) 


where 4’ ¢ A* and ¢’ eT are defined by the relation tg = A’t’. 
Thus, the irreducible unitary representation of the principal series 
corresponding to the character 7 acts in the space of functions 9¢,/(t). 

Proof. The decomposition (8) follows immediately (by the 
formula for the inverse Fourier transform) from the definition (9) 
of the function ,(y). By the Planchercl formula for the Fourier 
transform it follows that 


fireor jaye d*a = fipetolan. 


When both sides of this equation are integrated with respect to #, 
we obtain immediately the Plancherel formula (10). It remains to 
show that the functions g,(f) are transformed according to (11). 
For this purpose we note that if f(y) is transformed according to the 
formula T(g) f(y) =/f(yg), then ¢,(,) is transformed according to 
the same formula 


T(g) (9) = Gr(98)- 


On the other hand, 9,(.) satisfies the following condition of 
homogeneity: 


_(Ay) = 7(A) [Al @e(9). 


Therefore, when we go over from the functions ¢,(y) to their 
values ¢,(t) on T, then the formula for T(g) assumes the required 
form (11). The proof of the theorem is now complete. 

Next we consider the problem of decomposing the representa- 
tions in L,(Q) into irreducible representations. 
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First we note that functions on © can be regarded as functions 
on ¥ that are invariant under the transformations 


f(9) >f(4), AE Q*, 


where Q* denotes the set of all principal ideles. 

We denote by II* the set of all characters of the group A*/Q*. 
The following theorem holds. 

The decomposition of the representation of G4 in L,(Q) into irreducible 
representations is realized by the following formulae : 


fQ) = J p(y) dm, (12) 
where 7 
ala) =f fCdp)e-¥(2) [a] ama. (13) 
A*/Q* 
The Plancherel formula holds: 
[iors = fleet? ae, (14) 
Qv\Y n* 


where dx is the measure on the set 11* of all characters of A*/Q*, normalized 
so that 


( u(A)m(A) da* dx = u(1). 
sige 


The proof is similar to that of the preceding theorem. 

Now let us find out with what multiplicity each representation 
of the fundamental series occurs in L,(Y) and L,(Q). In other 
words, we wish to determine which of the representations T,(g) 
occurring in the decomposition of L,(Y) and L,(Q) are equivalent. 

Let T,(g) and 7,-(g) be two irreducible representations of G4 
corresponding, respectively, to the characters 


a = (Moos Way eens Moyes) and aw = (m1, y+ Tyres) 


(15) 


According to § 3, these representations are equivalent if and only 
if the corresponding representations of the groups G,, p = ©, 2, 


eee 
Te (g,) and: Age (25) ( 1 6) 
are equivalent. 


But the representations (16) of G, are equivalent if and only if 
nm’, = wm, where e, = +1. 
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Thus, two representations 7,(g) and T,.(g) of G4 are equiv- 
alent if and only if 7, = 7%, «, = +1,p = », 2,3,.... 

Hence, we conclude at once that every representation T,(g) occurs 
in L(Y) with infinite multiplicity. 

For the space L,(Q) the picture is different. This space, as we 
know already, decomposes into representations 7,(g), where z 
ranges over the set of characters that are equal to 1 on the subgroup 
of principal ideles. 

We show that two such characters 7 and 7m’ give equivalent represen- 
tations if and only if m’ =a", e = +1. Hence, every representation 
T,(g) occurs in L,(Q) with multiplicity 2. 

Suppose then that two characters 7 and 7’ that are equal to 1 
on the group of principal ideles give equivalent representations. 

As we know, the character 7 has the following form: 


m(A) = We(Aq) Mel Ag) 0+ Me(Ay) -- +, 
We(Aw) = |Awl’% signs, 
15(A,) —_ [Anl? 8,( A»), 6,(p) = 1, P= a eas acer 


Here s and s, are imaginary numbers, » = 0, 1. Also, only finitely 
many characters 6, are different from 1. Similarly, 


m'(2) = mg( eg) i Aa) 2 2 (Ap) «oo 


where 


where 
m(Ag) = |Aal% sign” 2, 


ma( 2p) = lAgl*> O5(Ay), 95(P) = 1. 


The condition that equivalent representations correspond to 7 
and 7’ yields 


s =+5s, vw =», 


| a ar é 
Sp = EpS p> 0, _ 0"? 


foc= kl, p= 2; 3h40 4s 
Without loss of the generality of the arguments we may assume 
that s’ = s. We show that then 7’ = 7z. 
Since the character 7 is equal to 1 on the subgroup of principal 
ideles, 7(p) = 1 for every prime number 9, that is, 


p*62(p) ++ ° O,(p) ++ = 1. (17) 


Observe that every character 9, is of finite order and that 
among them only finitely many are different from 1. Hence, there 
exists an integer n such that 6% = 1 for every g. But then it follows 
from (17) that 


where 


pra) = 1, 
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hence, 
s—s,= king, (18) 
where & is an integer. 
Similarly, we find 
iSe2,= <= Inp (19) 
If «, = —1, then we obtain from (18) and (19) 
Gs = k” In p, (20) 
where k” is an integer. 
From (20) it follows that e, = —1 for at most one prime p. 


l 
el ae r, where r is a 
Ing 


For if «, = —l and «, = —1, g #f, then 
rational number; but this is impossible. 

Thus, either ¢, = 1 for all p, or ¢, = 1 for all p except p = fo. 
In the first case we have m7’ = 7; in the second case we have 
(A) = n(A)75>(A,,). But then, since w(A) = 7’(A) = 1 on the 
subgroup of principal ideles, 73,(r) = 1 for every rational number 
ry #0. Since the rational numbers form an everywhere dense set in 
the multiplicative group of p-adic numbers, it follows that 7% = 1. 
Therefore, in this case we also have m(A) = 7’(A), and the proposi- 
tion is proved. 


10. The Operator B (Definition). We introduce the opcrator 
B:S(Q) + C(Q) 


in the space S(Q) of all continuous rapidly decreasing functions on 
Q, which maps S(Q) into the space C(Q) of continuous functions on 
Q. This operator B will play a fundamental role in all our 
subsequent investigations. 

We define B by the following formula: 


(By)(e) = | v(soz8) dz, £6 Cu (1) 
ZA 
where yy = (0, 1). Obviously, the function (By)(g) is constant on 
the cosets DZ, \ G4, and hence, may be regarded as a function on 
Q. Thus, B carrics a function on © again into a function on &. 
We call B the operator of the horospherical automorphism on Q. 
Observe that B commutes with the operators of group 
translation on Q: 
p(y) > ove), ge Gy. 


- Later in § 4.11 we show that if y is a continuous fast decreasing 
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function on Q, then the integral (1) necessarily converges for every 
g €G, and so By is well-defined. 

Next we obtain another equivalent expression for B. 

First, we write (By)(y), vy eéY, instead of (By)(g). Since 
(By) (Ay) = (By)(y) for every 4 € Q*, we may always assume that 
ye. (We recall that E < Y is the subset of points 


PS Oe Vining dp wee) 


for which |y.) =--* = |y,| =*°* = 1.) 
We write the expression for B in coordinate form 


(By) (yD, y'?) —_ frcom + yD, yt + y?) dt, (2) 
A 
where y’ = (y’()y’)) is an arbitrary element of Y connected with »y 
by the relation y'Yy"(2 — yy’ — 1, The integral (2) does not 
depend on the choice of this element. Formula (2) can also be put 
in the following form, which is convenient for our purposes: 


(By)(x) = | v(z)ay(2), 2) 
{y2r=1, 


where (9, z) = yz! — y!2)z, and w,(z) is defined by the relation 


dz’) a dz'® — d(y, z) A @,(z). (3) 
From this relation it follows that 
dz dz?) 
w,(Zz) = Day > Day: (4) 


An expression for By in which z ranges only over the points of 
E is specifically established in the following formula for B: 


(By)(9) = Sf v(2)oy(z), whereyeZ (5) 


Cu, D=n, 
zee 


For the proof we observe that Y is the union of the pairwise 
disjoint subsets 4-1£, where A ranges over the positive rational 
numbers. Consequently, the integral (2’) can be written as a sum of 
integrals over 4-12. We find: 


Bw) =E f vjo,(2) 


(y,z=1, 
zea lp 


=E | virgo =y [ vee). ©) 


eo 
<u o=a, Cu,2=A, 
2€K ze 
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We have used the fact p(A-!z) = p(z) and w,(A-1z) = o,(z) 
for every Ae Q*. 

It remains to observe that the summation in (6) is taken only 
over the (positive) integers A. For since y,z¢E we have 
ly,| = |z,] = 1 for every prime , hence |(:y, z),| <1 for every 
prime p. Consequently, A is an integer. 

Finally we write the expression for B in polar coordinates on E. 
We recall that every element y € E is uniquely representable in the 
form 

J = 4,92, 


where a,, v € E are elements of the following form: 
a, = (PorIa+++.In-++)s Jo = (7,9), 7 =I 
Se Ok) oe ae as eee 
= (055 Uy, se ay Upp see), al = lel Se? =|v,, =": =1. 


The sign ° denotes the multiplication rule introduced in § 4.8. 
By (5) we have 


(By) (a, ° 2) 
= 2 | Y(Z)@go(Z) = D | p(Z°d-)@g,.9(Z ° 5-}). 
ae (70,2) = 0 mee res Sea 


Here v —> a is the involution introduced in § 4.8. 
From the definition of (y, z) and the measure w,(z) it follows 
immediately that 


(4, °0, 2° use) = (4,5 z) a (rz Zn cee 2”, eee a 


; dz 
Wg on(Z° 5-1) = Wy (z) = ; 


T 


Thus, the formula for B assumes the following form 


(By)(a,22) ==¥  [ w(zs2) de” 


=2E [o(2, (ays 0) de”, (7 
T y=1 
where 
y(z™, 25 v) = y(z; 2) = (zoo). 


11. Properties of the Operator B. THEorEM 4. Let p(y) bea 
continuous function on Q., fast decreasing as |_y| > 00 and || + O.*+ Then 


F lol =| rool | vel + Lael -+ > Observe that ify € E, then | y| = | yo]. 
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the operator B is defined for y, and (By) (_y) is a continuous bounded function 
on Q. 

Proof. We estimate the expression for B under the integral 
sign in formula (7) of § 4.10. From the fact that y(z) decreases 
fast it follows that for every N > O we have the estimate 


y(z3 v) = y(z, z'a); v) = O((1 4. 2 NI ate [z*))-*), (1) 
uniformly in 2. 


Consequently, the integral in (7) converges absolutely and 
uniformly, and 


[p(z; v)| dz) = o((4 + 1) BF (2) 
ae lJ 
27, 2=N 
From the estimate (2) it follows that the series (7) converges 
absolutely and uniformly in y, when y» ranges over any compact 
domain. 
So we have shown that B is defined for y and that (By)(y) isa 
continuous function on Q. 
Now we show that (By) (y) is bounded. First of all, from (2) it 


follows that 
(By)(y) = O(lvI-®) as |p| > 0 


for every N>O. In particular, this means that the function 
(By) () is bounded as |_y| > O. 
The fact that (By) (9) is bounded as |_y| — _ follows from the 


same estimate (2) and the fact that the sum -$(° + yi is 


bounded as 7 > 0, if N > 1. Pak 
Lemma I. For arbitrary rapidly decreasing functions p, and pz on Q 
the equation 
(By, polo = (Pr, Bya)a (3) 
holds, where 
(vo vale =| v(o) va) & = 24] wil2) v0) &- 
a E 


Proof. By the definition of the operator B we have 


(Bon wa =| & f nanOaula}o & 


mee Z2=n, 
zeE 


Observe that in (4) we may interchange the summation over n and 
the integration over E. This results from the following estimate: 


i y:(2) va)! @y(z) = O(n-M(1_ + Ll)-%), (5) 


W.2=n 
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which is valid for every VN > 0.t So we have 


(By, wa=%S f [ wlevsdjeu(2) & 


n=1 


Similarly: 


(v1, By:)o = % s { { y1(Z) va) @,( 9) dz. 


Thus, to prove the lemma it is sufficient to verify that 


[ J v@vndleag=f | v@vleu) a © 


E Y,2=n E Yy,2.=n 


for every n. But the equation (6) is obvious, because each of the 
integrals in (6) is equal to 
¥1(Z) P2( 9) O(, Z), 


{¥.22 =n, 
y,zeE 
where (3, z) is defined by the relation 
dy a dy an dz a dz = dy, z) A w(J, Z). 


Now we state the main theorem on the operator B. 

THEOREM 5. There exists a set p, of rapidly decreasing functions on Q. 
that have the following properties : 

1. y, is everywhere dense in L,(Q). 

2. By € L,(Q) for every function py &Y,. 

3. The operator B can be extended from the subset Y, to a unitary 
operator B in the space L,(Q). Here the operator B satisfies the relation : 


Be =E (7) 
(E is the unit operator). 
A proof of this theorem will be given in the next two subsections. 
Here we indicate only one important consequence of Theorem 5. 
Corotuary. Is a fast decreasing function ¢ on Q. satisfies the 
condition By © L,(Q), then 
By = Bo. 


It suffices to check that 


(Bg, Ya (Bg, Ya (8) 
for every function y € V’, (the parentheses denote the scalar product 


+ The estimate (5) is obtained in the following way. From (2) we see that 
Lol @lev(2) = O(ZE=). On the other hand, y(») = O((1 + [31)*") from 
¥e2=In) 


which (5) results immediately. 


-1 
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in L,(Q)). But by Lemma | we have 


(By, ya = (9 Bv)a = (9, By)a. 
Furthermore, since B is a unitary operator and satisfies (7), 
we have 


(9, By)o = (Be, va 


and so (8) is proved. 


12. Schwartz-Bruhat Functions in ©. Here we give an 
effective construction of a family ’, of functions on that satisfy 
the requirements of Theorem 5. 

As a preliminary we recall that Schwartz-Bruhat functions on 
the adele plane A? are finite linear combinations of functions of the 
form 


PI) = Pal Ia) P2(I2) *** Pol In) ***> (1) 


where 9,,(9) is an infinitely differentiable rapidly decreasing 
function on the real plane R*, ¢,(9,) a finite piccewise constant 
function on the p-adic plane Q?, and all the functions ¢,(_y,) except 
a finite number have the following form: 


(y,) 1, when |»,| <1, 
ora 0, when |7,| > 1. 
A Schwartz-Bruhat function is finite if and only if it is finite 
relative to y,,. 
We also recall that the underlying affine space Y is naturally 
embedded in A?. It consists of all the elements 


J = (Par Iaes sarees) 
for which y,, £0, », £0, p = 2, 3, ..., and |y,| = 1 for all p 


except a finite number. 
LEMMA 2. Let (y) be a Schwartz-Bruhat function on A?, Then: 
1, The series 


VO) = DAW) Pek (2) 


converges absolutely and uniformly in every compact domain of Y. Thus, 
y(_y) ts a continuous function of y. 
2. For every N > 0 the following estimate holds: 


vy) = O(\aI-*) as [a] > 2; (3) 


if p(y) is a finite function, then p(y) ts concentrated in the domain |_y| <C. 

Proof. We may assume that y¢F, where E is the domain 
defined in § 4.7. If p(Ay) 0, » € E, then by the definition of a 
Schwartz-Bruhat function, |Ay,] = 1 for all » beginning with a 
certain fo, and |Ay,| <C, for p < fo, where c, are certain constants. 
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Since it follows from _y & F that |_y,| = 1 for all p, we have: |A|, = 1 
for p = fo, |Al, <C, for p < py. Hence, it follows that the summa- 
tion in (2), in fact, is taken only over the numbers of the form 


n ; : 
sere whcre n = +1, +2,..., and the denominator ny is fixed: 
0 


vis) = 5 (29). 2 


From the fact that @ is a rapidly decreasing function of y,, we have 
for ye E: 


| o(")| < Cy |n\Z¥ \al-%. 


From this estimate it follows that the series (2’) converges absolutely 
and uniformly on every compact set and that the estimate (3) holds 
for p(y). Finally, if y(y) is a finite function, then there exists a C 
such that 9(y) = 0 when|y,| > C. Therefore, if |_| = |y.| > mC, 
all the terms in (2’) are zero. Hence, y(y) = 0. 

The function y(y) defined by (2) obviously satisfies the condi- 
tion y(Ay) = y(y) for every 4€ Q*. Therefore, it may be regarded 
as a function on Q = Q*\ Y. 

The functions y(y), y € Y, that are representable in the form 
(2), where g(y) is a Schwartz-Bruhat function on A?, are called 
Schwartz-Bruhat functions on Q. 

Lemma 3. For a Schwartz-Bruhat function p(y) on Q, 


vy) = 2 (4%) 


the following estimate holds as | | 0: 


v0) = -90) +t fow)d+OWr), 
A 
where N is any positive integer. 
Proof. We represent the elements y € Y in the form y = , 
where ¢ € A* and v belongs to the compact set V < Y defined by the 
condition 


lve! = Wel = = || =o = 1. 


For every fixed v the function 9(é, v) = (tv) is a Schwartz-Bruhat 
function of t ¢ A, therefore the Poisson formula is applicable to it. 
We denote by @(t, v) the Fourier transform of y(t, v) with respect 
to t. Observing that 


(0, 0) = | om) de 


A 
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we find by the Poisson formula: 


y(t) = —¢(0) + ih-* | 9(e) dt + |t\"* > G(At-, 2). 
3 AecQ 
@(t, v) is a rapidly decreasing function of ¢, uniformly in v. There- 
fore, by the same arguments as in the proof of Lemma 2 we obtain 
the following estimate: 
lei“? > G(AE-Y, 0) = O(|é|-%) as |e] + 0. 


AE Q* 


Thus, 
v(te) = —9(0) + Ki | pte) dt + O(\-), 


uniformly in v. Since for every _y = tv € E we have || = |¢|, this 
equation is equivalent to (4). 

Derinition. Let ® be the subset of Schwartz-Bruhat functions on 
A2 that satisfy the following additional conditions : 


Ts [ow) dt = 0 for every yE Y; 


A 
2. p(0) = 0; 
3. fos) =0. 
We ‘introduce the set ¥ of functions of the form 
VON ees REE eS: (5) 


By ", we denote the subset of functions of the form (5), where 
y € © satisfies the additional condition of finiteness. 

In this and the following subsection we prove that the family 
of functions Y’, satisfies all the requirements of Theorem 5. 

First of all, we observe that the functions y e ¥ are continuous 
and decrease rapidly on Q (that is, for every N > 0 we have 


y(y) = O(lyI-%) as [Lp] > 


y(y) = O(\I%) as |p| + 0). 


This follows immediately from the estimates obtained in 
Lemmas 2 and 3 and from condition 1 and 2 on 9()). 

Lemma 4, The set 'V’, is everywhere dense in L,(Q). 

Proof. Suppose the contrary. Then there exists a function 
f¢ L,(Q), f € 0, such that 


{ F0)¥O) & =0 (6) 


and 
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for every function ye'Y,. We now reduce (6) to the analogous 
condition for functions of a single real variable. 

First we endow A? with the structure of a ring. For this 
purpose we realize A? as the set of elements of the form 


I> (Psa dass sey Doy-* iy 
where 


Yo El, Iy EQ,(V ey), p = 2,3,..., 
and |y,| <1 for all p except a finite number (see § 4.8). Then 
every element y € A® can be written as a product 


J = 4,°U; 
where 
a, = (1, Leone Wesel te els u Cs Se eee eee 
In particular, the elements y € E have the form 


= 4,°0, 
where 


P= O70 eg optow)5 [os] = eg] Ss a4) Se a 


(7) 
We note that the elements v of the form (7) form a compact group 
(under multiplication), which we denote by V. 


Since by assumption f(y) #0, there exists a character 7(z) 
on V such that 


F(x) = { f(a,¢0) 1%) do #0 (8) 
V 


The integration is taken with respect to the invariant measure dv 
on V. 


We mention two properties of z(v). 
1. a(v) can be expressed by the following formula: 


m(v) = 7o(¥x) TY 7525), (9) 
DED 
where 77,,(U.)7,and (v,) are, respectively, characters on the subgroups 
of elements v, €C, |v,| =1, and 7,€Q,(Ve,). The product is 
taken over all primes # not exceeding a certain fo. 
2. a(—l) =1. (10) 


The first property follows immediately from the continuity of a(v). 
The second from the fact that f € L,(Q) satisfies on E the condition 
fl—») =f(9); hence, f(a, ° a) =f (a, ° (—2)). 

With the character 7 we associate the family 0) < ® of 
finite Schwartz-Bruhat functions on A®. For this purpose we take 
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on the half-line 0 <7 < o the family ®, of functions 9,(7) 
satisfying the following conditions: 

1. y.(7) is a finite, infinitely differentiable function and is zero 
in the neighborhood of 0. 


2. feet dr =0; 
0 


3: J rotr dr = 0. 
0 


Let ®® be the set of functions on A? defined in the following way: 


P(9) = P(4z° 4) = Galt) Polto) LL 7o(4s), Pan € Pos 
>D9 

when |u,| =--- = |u,,| = 1 and |u,| <1 forp > po; y(a,eu) =0 
for all remaining u. 

From the definition it follows immediately that the functions 
g € © are finite Schwartz-Bruhat functions on A? and that they 
belong to the family ®. 

For the functions g € © we construct y(_y) €'F.: 


p( 7) = ZR), VEE (11) 


We now find an explicit expression for y(_y) in terms of ¢,,(7). 
We show that p(y) can be expressed by the following formula: 


p(4a, ° v) — Ya(7)7(2), (12) 
where 
volt) =23 4) Polt=), Pa Pas (13) 


O(n) is a numerical character, that is, a function satisfying the 
following conditions: 

1. @(1) =1. 

2. 6(nynz) = O(n) 0(n2) for any natural numbers n, and ng. 

3. There exists an integer g such that @(n + q) = 9(n). 

This numerical character 6(n) is completely determined by 
m(v). 

As a preliminary we observe that the summation in (11) is 
taken only over integers n that are coprime to the numbers 
7 eee fe 

For if y(Ay) < 0, then by definition of y(y) we have |Ay,| = 1 
for p <p, and [4y,| <1 for p > py. Since y € E, we have |y,| = 1 
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for all p; consequently, |A|, = 1 for p < Po, 4 <1 for p > fp. 
But this means that A is an integer coprime to 2, 3, .. . fo. 


So we have: 
= >’ y(ny), 
n#0 


where the summation is taken only over the integers n that are 
coprime to 2, 3,..., fo 
Next we represent the elements y € FE in the form y = a, ° 2. 
Then we have 
ny = Anir° um”, 


where 
yr) — ((sign N)V oy Nay + 2 0 y Nye ). 
Consequently, 
9(nY) = Ya(\n|7) O(n) x(v), 
where 


O(n) = 7,,(sign n)27(n) °° > i 


Note that 6(—1) = 1, because m(—1) = 

We extend 8(n) to the set of all ies n +0, by setting 
6(n) = 0 when n is divisible by at least one of the ‘numbers 2; 
ee 
From the definition of @(n) and the periodicity of the characters 
a,(U,) it follows that 6(n) is a numerical character. As a result we 
obtain the required expression for p(y): 


p(a,°v) = po(r)7(2), 
where 


p(7) = 2 > O(n) ) Pew (n7), P o(7) € ®,.. 


Now we substitute a function p € '¥, of the form (12) in (6). 
obtain: 
[ Fear dr = 0, (14) 
0 
where 


F(r) = { Fle, °2)2-%) dv # 0. (15) 
Vv 


So we have reduced the original condition (6) on the function 
f € L,(Q) to the condition (14) for a function of the real variable r. 
Here we have made use of the following lemma, which will be proved 
in § 4 Appendix 1.1. 

Lemma. Let ®,, be the family of functions defined on the half-line 
0 <7 < wand satisfying conditions 1—3 (see p. 315). If the function F(r) 
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is such that 


firor tdr<+to, 
0 


and F (+) satisfies (14) for every finite function yp ..(1) of the form (13), then 
F(r) == 0. 

Since the function F(7) defined by (15) satisfies the conditions 
of the lemma, F(r) = 0. But this contradicts the assumption that 
F(r) 4 0, and Lemma 4 is proved. 


13. The Fourier Transform in Z,(Q2). In the preceding 
subsection we introduced the family Y’, of rapidly decreasing func- 
tions on Q showing that it has the first of the properties stated in 
Theorem 5: ¥, is everywhere dense in L,(Q). Now we prove that 
YW, has the other two properties, namely: By € L,(Q) for every 
y €¥,; and, the operator B extends from the subset ¥’, to a unitary 
operator B defined on L,(Q) and satisfies the relation B* -- E. 

With this aim we now introduce an opcrator 


Fv oY. 


It will be shown that F extends to a unitary operator, defined on the 
whole of L,(Q) and satisfying the relation F? = E (Theorem 6). 
We call the unitary operator F the Fourier transform in L,({). 

Furthermore, it will be shown that By = Fy for every function 
ye, (Theorem 7). The required property of the family ¥’, 
follows immediately from this. 

First, we define the Fourier transform in the space of functions 
on A? by the following formula 


G AD yp) =| o(2", 2 \y (2 y) oes z'2)y(0)) dz™ dz™ (1) 


Here y,(é) is the additive character on A described in § 1.5. 
In § 2.5 the Fourier transform was defined by another formula: 


G( yy, y") = [oe 2") (2 yy | Zh) 2) dz dz), 


Clearly, the basic properties of the Fourier transform indicated there 
remain valid with the new definition. 
The advantage of the new definition of the Fourier transform is 


that this transform commutes with the operators of group translation ; 
that is, 


698) = 900, geGa (2) 


whereas the usual definition of the Fourier transform leads to the 


318 REPRESENTATIONS OF ADELE GROUPS 


. . oe . 
more complicated relation ¢(yg) = o(yg’—!), where g’ is the 
transpose of the matrix g. Furthermore, with the new definition of a 
Fourier transform we have 


G(») = 99), (3) 


that is, the square of the operator of Fourier transformation is the 
unit operator; whereas for the usual Fourier transform 


o(9) = (7). 


Lemma 5. The Fourier transform carries the subset ® of Schwartz- 
Bruhat functions defined in § 4.12 into itself. 

For we know that the Fourier transform of a Schwartz-Bruhat 
function is again a Schwartz-Bruhat function. Next, we show that 
if {p(ty) dt = 0, then f¢(ty) dé = 0. It is sufficient to prove the 
proposition for an arbitrary fixed », for example, y = (0,1). For 
y = (0, 1) we have: 


[ew) a = [90,4 d = 60,0), 


where 
6(y™, 9) = { 6(9", Dyo(—b™) dt. 


We express ¢ in terms of the function o(y'?, »), Since 


[60 dao ds =[ 66 drolo — H) ds dt = 99, 9°, 


we have by the inversion formula for the Fourier transform 


69,3) = [ o9™) 20-9) 
Hence, 


(0, 0) =| 9(0,2) dy? = 0. 
So we have shown that 


| oy) at =o. 


Finally, we note that condition 3 on a function g €« ® may be 
written in the form ¢(0, 0) = 0. Thus, in the transition from @ to 
its Fourier transform ¢ conditions 2 and 3 are simply interchanged. 

Now we define the Fourier transform in the space L,(Q). 

First we define it on the subset of functions y e'Y, that is, 
functions of the form 
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We define the Fourier transform of a function »(_y) of the form 
(4) by the formula: 


#9) = Feo) = 2 4), vet, (5) 


where (3) is the Fourier transform of ge ®. By what we said 
previously on the Fourier transform of functions gy € ®, the function 
F(y)(y) also belongs to Y’. 

THEOREM 6. For any two functions ¥,(_y), ¥2(.7) © 'Y the equation 


(Fy, Fya = (Pi 2) 2 (6) 


holds, where ( ,  )Q is the scalar product in L,(Q). Thus, since ¥ is 
everywhere dense in L,(Q), the operator F extends in a unique way from ‘Y 
to a unitary operator in L,(Q). 
We reduce the proof of Theorem 6 to two propositions. 
Proposition 1. Let 


vil) = 2 or(), ME ®, (7) 
and let 2(y) be any bounded function on Q. Then 
{ vil) vol) & ->.| pi( Ay) pol») D, (8) 
E E 


where the series on the right converges absolutely. 
Proof. As we remarked in the proof of Lemma 2, the summa- 
n 
tion in (7) is taken, in fact, over the numbers of the form 2 = 
0 
where ny is fixed and n = +1, +2,.... We split the integral (8) 
into a sum of two integrals: 


Jorn) dy = {( a0 (=>) v0) dy 


. + J (30 )am) 
E 


ly] <1 
We have to check that in each of these integrals summation and 
integration can be interchanged, and that the series so obtained 
converge absolutely. 
For the first integral this follows immediately from the estimate 


o(* ») wa) = O(|n|2% 'y|-*) 


for N > 2; for the second integral it follows from the same estimate 
for 1 < N <2. Here we have to bear in mind the expression for the 
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measure dy in “polar coordinates.” For if we represent the elements 
» €E in the form of a product _y = a, ° v, where 


a, = (F cor Des see Pos eee Ia = (7,0), 7 = |p|, 
Fa (10), pS 2585 bat 5 OS Og Ves og Ops es.) 
jv] = lve] =- °° = |v,| = +--+ = 1, then the measure dy is expressed 


by the following formula: dy = 7 dr do, 
Proposrrion 2. If vi(9) = 3 9(49)s 
aeQe 


vad) = 2 pal) 
where $1, P2 € D, then 


[vcr eeO) & = S| vlan) eal) o, ) 
E se 
and the series on the right converges absolutely. 

Proof. By Proposition | we have 


[vive & = 5 | olyvaO) (10) 
E a 
and the series on the right converges absolutely. 
Again applying Proposition | we find: 


Jol d= > folwetw)e, — () 
E E 


and the integral on the right converges absolutely. Proposition 2 
now follows from equations (10) and (11). 

Proof of Theorem 6. We make use of the equation (9) from 
which it follows that 


[rcnnd) bo =2 5 fotsymlodo (22) 
E Y 
For 


> | ela) d= > [ nv) neD) dy 
fee AneQ” 


= & fondo) & =2 & [olvetw) ot 
a, KEQ* re 


eS 


Similarly we have 
[RORD) & =2 > faorat)o (18) 
& Y 


+t We use the fact that when 4 ranges over Q*, the set AE covers Y twice. 
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But since y(uy) = ¢(u-1y), by the Plancherel formula on Y we have: 
[ oor eth oy = | a0) HD) wy. 
Y ¥ 


Consequently, the right-hand sides of (12) and (13) are the same, 
and so equation (6) is proved. 

From Theorem 6 it follows, in particular, that the Fourier 
transform of a function y € ¥ is uniquely determined by (5), that is, 
it does not depend on the method of representing y(_y) in the form (4). 

Corotitary. The operator F on L,(2) satisfies the relation 


F? = E, (14) 
where E is the unit operator. 

For if y e¢'¥, then the equation F?y = y immediately follows 
from the definition of Fon ¥. Since ¥’ is everywhere dense in L,(Q), 
(14) is valid on the whole of £,(Q). 

THEOREM 7. Fy = By for every Schwartz-Bruhat function p € 'Y,. 

Proof. Since the group G, acts transitively in © and the 
operators F and B commute with the operators of group translation, 
it is enough to prove the equation (Fy)(¥) = (By)(y) for an 
arbitrary individual point y, for example, for y, = (0, 1). 

By definition, 


= > 9%), (15) 
(Fy)(9) = 5 9(%), (16) 


where 9(,) is a finite Schwartz-Bruhat function on A’, p € ®, and 
¢(y) its Fourier transform. Consequently, 


(Fy) (0, 1) = 2 P00, A). 


Since (0, £) is a Schwartz-Bruhat function on A, we may apply the 
Poisson formula to this expression. As a result we obtain 


where ¢ denotes the Fourier transform of ¢ with respect to the 
second argument: 


oy, yl) =|[ 6, thy o( — —ty) dt dt. 


But this function ¢(9, »'”) is expressed in the following way in 
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terms of the original function o(y, y): 


f(y, 5) = { o(9,9) Lol —sy) dy, 
Thus, equation (17) assumes the following form: 


(Fy)(0,1) = [ o(4,0 a + [ 910, 8) dt ~ 9(0,0). (08) 


eQ* v 
A 


Since g € ®, we have 


(0,0) =0, — { 9(0,) dt =o. 
A 
After the change of variable ¢ — At we may rewrite (18) in the 
following form: 


(Fy)(0, 1) = 5 fr (A, at) dt. (19) 


1€Q* 


Observe that here the summation is taken, in fact, only over a 
finite set of values 4 so that in (19) summation and integration may 
be interchanged. Indeed, from the definition of a Schwartz-Bruhat 
function it follows that if g(A, At) 40, then |A],< 1 for p> po, 
|Al, <c, for p< p>. Here the prime number f, and the constants 
c, depend only on the function gy. Hence, it follows that 4 only 


n . 

assumes the values A = ae where 7, is fixed andn = +1, +2,.... 
0 

On the other hand, since ¢ is a finite function, it follows from 


p(A, At) £0 that |A|, = is bounded; hence, m may assume 


| ng | 
only finitely many values. So we find: 


(Fy)(0, 1) = [( 3.0 w)) dt = va, t) dt = (By)(9, 1). 
A A 


This completes the proof of Theorem 7. 

Now we turn to the proof of Theorem 5. From Theorem 7 and 
the properties of the operator F established previously it follows 
immediately that: 

1. By € L,(Q) for every function y ¢ 'V,; 

2. B extends from ¥’, to the unitary operator B = F in L,(Q). 
Here B satisfies the following relation 


Be=E 
where £ is the identity operator. 


So we have shown that the family , has all the properties 
stated in Theorem 5, which is now proved. 


§ 4. ADELE GROUP OF UNIMODULAR MATRICES OF ORDER 2 323 


14. The Operator M@. Now we proceed to the main task of this 
section: the investigation of the spectrum of the representation of 
G, in the space L,(X), X = Gg\G,. For this purpose we make 
use of the horospherical map of L,(.X): 


or) = | flsaze) dz (1) 


Ze\Za 


which associates with every function f(x) € Z,(X) a function y(_y) on 
© that is summable on every compact subset of Q. In § 4.5 we 
proved that the kernel H® of the horospherical map is a closed 
invariant subspace. 

Let H’ be the image of Z,(X) under the horospherical map. 
We endow H’ with the structure of a Hilbert space by setting 


H' =~ L,(X)/H°. 
Since L,(X) is isomorphic to the direct sum 
L,(X)2 HoH’, 


the description of the spectrum of the representation of G, in 
L,(X) reduces to the same task in H° and H’. 

The spectrum of the representation in H® has already been 
investigated in § 4.6. We have shown that it is discrete and of 
finite multiplicity. In this and the following subsections we inves- 
tigate the spectrum of the representation in H’. The main role in 
this investigation is played by an operator M, which we are about 
to define. 

Let p(y) be an arbitrary finite continuous function on Q. This 
function gives rise to a functional in the space H’: 


(~, ~) = { e(y)v9) 4, =p”) EH. (2) 


Q 


Since the functions g(y) ¢ H’ are summable on every compact 
subset, the integral (2) converges. 

At the end of this subsection we show that (y, @) is a linear 
continuous functional relative to @ in the space H’. Hence, it follows by 
the Riesz theorem that 


{ e090) & = Le, My], (3) 
Q 


where My € H’ and the brackets denote the scalar product in H’. 
So we have defined an operator M mapping finite continuous 
functions on Q into functions in 7’. 
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We mention the following properties of M: 
1. M commutes with the representation operators T(g), that is, 


M[y(9g)) = (My)(98), gg © G4 (4) 


for every finite continuous function p(y). 
This follows immediately from the definition of M. 


2. (My, y) =0 


for every finite continuous function y(_y); the parentheses denote the 
scalar product in L,(Q). 
This follows immediately from the equation 


(My, y) = [My, My). 


3. The functions My, when wp ranges over the finite continuous 
functions on Q, form an everywhere dense subset of H'. 

If we assume the contrary, then there exists a function f € H’, 
f #0, such that [f, My] = 0 for every finite continuous function y. 
Hence, by definition of M it follows that 


[FOO & 0 
Q 


for every finite continuous function y(_y). But then f(y) = 0, which 
contradicts the assumption. 

Now we prove that (y, ¢) defined by (2) is, in fact, a continuous 
linear functional on H’. Obviously this assertion follows immedi- 
ately from the following lemma. 

Lemma 6. The following estimate holds for a function o(y) € H’: 


| J loa) dy < Cee Holler (5) 
K 


where K is an arbitrary compact set in Q, Cx a constant depending on K 
only, and \\p\\zz- the norm of pe H’. 

Proof. We take the collection {F} of compact cylindrical sets 
in X and denote by F, the image of the cylindrical set F under the 
natural map F — Q.+ By Theorem } the sets Fy form a covering of 
Q, therefore every compact set K < Q can be covered by a finite 
number of sets F,. Hence, it suffices to prove the lemma. only for 
the case K = Fy. 

But for every inverse image p*(x) of the function g(y) under 
the horospherical map (1) we have 


f loa) ay < { \p*(x)| dx < Cp No*lizcx» (6) 
Fo F 


+ For the definition of cylindrical sets see p. 291. 
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Since y*(x) is an arbitrary inverse image, we can take the lower 
bound on the right side of (6) and so replace |'9* |i. x) by |p! 
Thus, 


freon eZ a Veli 
Fo 


This completes the proof of the lemma. 


15. An Explicit Expression for //. THEOREM 8. The following 
formula holds for the operator M: 


(My)(9) = wo) + | vlreze) de, (1) 


ZA 


where yo = (0,1), and geG,y is an arbitrary element of the coset 
y = DgZyg. In other words, 


M=E+B, (2) 


where E is the identity operator and B the operator defined in § 4.10. 
To prove (1) we transform the left side of the equation 


{ (0) v0) & =o, My] (3) 


RQ 


into an integral over X. We do this in two steps. First we pass from 
Q = DeZ4\G4 to DgZg\G4, and then from DgZg\G, to 
X =Gog\Gy4. 

In all the subsequent computations we may assume that. the 
function y(y) is the image of a continuous function f(x) € L,(X) under 
the horospherical map and consequently is itself a continuous 
function. We note that since the continuous functions f(x) € L2(X) 
form an everywhere dense set in L,(X), their images under the 
horospherical map form an everywhere dense set in H’, 

Thus, first we transform the integral 


[ooo & (4) 


—~Z 


into an integral over DgZQ \ Gy. 

Let ¢(g) be a function defined on G, and assuming the constant 
value o() on each coset y = DgZyjg. Similarly, we define the 
function y(g). Then we may write: 


[ovo = | o@veo. 6) 


DoeZa\Ga 
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Since y € H’ is the image of a continuous function f(x) € L,(X) 
under the horospherical map, 


ole) = | fleg) dz 
Zo\Za 
Here f(g) is a continuous function defined on G4 and assuming the 
constant value f(x) on each coset x = Ig. 
Since p(g) is constant on the cosets of DgZ4, we have: 


{ S (8) y(g) dg = | { se0¥@ dz dy 
DeZe\Ga DoZa\Ga Ze\Za 


= | o@r@ % (6) 


DeZa\Ga 
So we find the following equation on the basis of (5) and (6): 


[ 00) & = { f(g)v(2) dg, (7) 


2 DeZe\Ga 
where f(g) is a continuous function, the inverse image of y(_y) under 
the horospherical map. 

Now we transform the integral on the right side of (7) into an 
integral over X = I'\Gy. We recall that the function f(g) is 
constant on the cosets of I \ G4. 

Let F be a fundamental domain in G, relative to [. Then the 
scts yF, where y € I’, cover Gy without repetitions. We project all 
these sets onto DyZg\G,4. The images of y,F and y,F either 
coincide (if yzy, ¢ DgZg), or are disjoint. We call two elements 
y, and y, equivalent if the images of y,F and y,F coincide. Then we 
can write: 


fe ¥@) de = ¥ | Seve) ae 


DgZe\Ga 


= | fovQre) de 8) 
F 


where the summation is taken over the pairwise inequivalent y. 

Since y(g) is finite on DgZg \ G4, its support intersects only 
finitely many pairwise inequivalent sets yF. Consequently, the 
summation in (8) is, in fact, over finitely many elements y. Hence, 
summation and integration in (8) may be interchanged. Asa result, 
on the basis of (7) and (8), we find the following equation: 


ore dy = [ye viva)) dg. (9) 


F 
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Observe that >’ w(yg) does not depend on the choice of the 


y 
element y among equivalent ones (because y(g) is constant on the 
cosets of DgZg \ G4) and does not change when g is replaced by. 
Yo£, Yo € I’. Consequently, the function >’ y(yg) is constant on the 


cosets of I’ \ G4, and so can be regarded as a function on X =I'\G,, 
as is f(g). So we have: 


exe dy = { Fernie dx (10) 


where 
yilx) = 2’ p(yg)- (11) 


We show that y,(x) is orthogonal to H®. For let f(x) be an 
arbitrary continuous function in H® and g(_y) its image under the 
horospherical map. Then, by definition of H°, we have o(y) = 0, 
hence by (10) 


[ F) V0 ae = 0, 


that is, y,(x) is orthogonal to every continuous function f € H°. 
Since the continuous functions f € H°® form an everywhere dense set 
in H°, y,(x) is orthogonal to H°. 

From the fact that %, is orthogonal to H® it follows that 


[£@)V.G) dx = Lv, Hu, (12) 


where #, is the image of y,(x) under the horospherical map. 
Comparing (10) and (12) with the original equation (3) we 


find that 
[9, My} ae Le, ~1] 
for the everywhere dense set of functions g €¢ H’. Consequently, 


My = fj. 


So we have established that the application of the operator M 
to y(y) reduces to the following operations. First we construct from 
y(7) a function on X = ['\G,y: 


yil(x) = 2’ v(ye)- 


Then we apply the horospherical map to the function »,(x). Thus, 
the operator M is given by the following formula: 


(Mya) = | (3 wve9)) ae: (13) 


YEDQZ 
wiz, °° 
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In >’ precisely one representative is taken from every coset of 
DoZg\TV; g is an arbitrary clement of the coset of DgZ, \ G4 
corresponding to y. 

We transform formula (13). For this purpose we single out in 
the sum >’ the term corresponding to the unit coset y(zg) = (g). 
It is easy to verify that each of the remaining cosets of DyZgy 
contains one and only one representativet of the form sz’, where 


0 1 
s=| sh 2' Ze So we find: 


(My)() = w0) + f (3% vl02"ze)) ae, 


Za\Za 


where 9. € Q is the element corresponding to the coset DgZ,5, that 
is, Hg = (0,4). 

We recall that the summation is, in fact, over a finite set of 
elements. Therefore, it is clear that the summation over Zg and 
the integration over Zg \ Z, reduces to integration over the whole 
of Z,. So we have finally: 


(My)(9) = v0) + [ wlreze) dz 
as required. 


16. The Family -@ of Functions on 2. The object of this 
subsection is to prove the following theorem. 

TuHEoREM 9. There exists a family of finite continuous functions 
defined on Q and having the following properties : 

1, .& is everywhere dense in L,(Q). 

2. My €L,(Q) for every pe 4. 

3. Let H’ be the image of L,(Q) under the horospherical map, and 
H" < H" be the subspace of H’' orthogonal to the space C’ of constants. 
Then the functions Mg, » € 4 belong to H', and form in H" an everywhere 
dense set. 

We proceed to construct such a family 4. As a preliminary 
we recall that the space E < Y introduced in § 4.6 is a topological 
product 

Bos Vash Vy ee Vg KOs 


where V,, is the real affine plane with the point zero removed, and 
V, the domain consisting of the points y, € QF of norm 1. 


a b 
+ This follows from the fact that every rational matrix y = in which 
: ec oud 
b <4 0 can be represented in one and only one way in the form y = 2, dsz,, where 
6€ De Z1, Z2€ Zo. 
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We introduce the set -@, of functions p(_y) defined on E and of 
the form 


P() = Pal Ja) Pa( Ve) a Pol Io) "ey (1) 


where the factors satisfy the following conditions: 

1. »,(J~) is an infinitely differentiable finite function on V,, 
that is, »(7.) = 0 for sufficiently small and for sufficiently large 
values of |_y,,], such that 


[ rare) Ho = 05 2) 


2. For every p = 2, 3,... the function 9,(,) on V, has the 
following form: 


:; when |_y, —9%| < p-™?, 
Po(Is) = ee as (3) 
0, when |_y, — 951 > p-”?, 
where y°® is a point on V,, and m, a nonnegative integer. Also 
m, = 0 for all but a finite number of p. 
We denote by -@ the set of functions 


v9) = o(2) + o(-9), pet, (4) 


and all their finite linear combinations. Obviously the functions 
y() are finite continuous functions on Q. 

We shall show that the set 4 has all the properties stated in 
Theorem 9. We divide the proof into several stages. 

LemMMa 7. The set @ is everywhere dense in L,(Q). 

Proof. It is sufficient to show that the finite linear combina- 
tions of functions g €-, form an everywhere dense set in L,(E). 
But this follows easily from the fact that the set of functions 9,,().) 
satisfying condition 1 is everywhere dense in L,(V,,), and the set of 
functions ¢,(9,) of the form (3) is everywhere dense in L,(V,), 
p= 2, By e545 

Lemma 8. Let f(y) ¢ H', where H’ is the tmage of L.(X), 
X = I'\ Gy, under the horospherical map. If 


[ F090} & =0 (5) 


for every function p € M, then f(y) = const. 
Proof. First we observe that the condition (5) is equivalent to 
the following:. 


[ FO9G5 & =0 6) 


for every function y(_y) € Mo. Now we prove the following auxiliary 
proposition: 


330 REPRESENTATIONS OF ADELE GROUPS 


Proposition 1. If the function f(y), y € E, ts summable on every 
compact set in E and satisfies the condition (6), then it does not depend ony .. 

Suppose the contrary. Then we can find a compact open 
subset V') < V, where V = Vz x --- xX V, xX +++, and where 
V“ is defined by the conditions 


ly —Yl spo, p=2,3,...; 
and is such that the function 


falda) = | fle») 


yu 
is not constant. 


We introduce the set -#,, of finite infinitely differentiable 
functions ¢,,(y.,) defined on V,, and satisfying (2), and we show that 


| fo(72) Pole) Yu = 0 (7) 


Van 


for every function 9, €Wq. 
For we set 


0 , when v ¢ V')), 


where 9,.()0) €4%- Obviously, o(9) €¢ 4 . Substituting this 
function in (6) we obtain the relation (7). 

Let us show that (7) implies that f..(9.) =const. The 
contradiction implies Proposition 1. 

For this purpose we go over to polar coordinates on V,,. Let 


PI) = P( Ia») -| 


2r 
F,(7) -{ f(t cos 6, 7 sin 6)e? dO. 
0 


Note that the set .#,, necessarily contains the functions of the 
form 
Po(7 cos 6, rsin 0) = tr 1y(r)e™, kk AD, 


dy(r) 
dr ” 


and 


Y.(7 cos 0, rsin 0) = 7! 


where y(r) is an infinitely differentiable function defined on the 
half-line 0 <7 < oo and vanishing for sufficiently small and 
sufficiently large values of 7. Substituting these functions in (7) we 
find: 


| F(x) ovis) 22:0; [ A¥e) LA=6, E28. 
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Since these equations are valid for every finite function y(r), it 
follows from them that Fy(7) =C,, F,(7) = 0 for k 40. Conse- 


quently, f.,(7.) = const., which contradicts our assumption. And 


so Proposition 1 is proved. 

Now we proceed to the proof of Lemma 7. 

Suppose that f(y), y € E, satisfies the conditions of the lemma. 
We consider the inverse image F(x) € L,(X) of f(y) in the orthogonal 
complement to H®, Here H° is the kernel of the horospherical map. 

We show that F(x) = const.; the assertion of the lemma that 
Ff (9) = const. follows from this. 

Suppose the contrary: that F(x) 4 const. Without loss of 
generality we may assume that F(x) is a continuous function; 
otherwise we could go over from F(x) to the function 


F(x) = | F(se)u(e) de 
Ga 


where u(g) is a smooth finite function on Gy. It is easy to check that 
F,(x) also lies in the orthogonal complement to H° and that its 
image satisfies the conditions of the lemma. 

Since the function f(y) does not depend on y,,, it is invariant 
under the operators 


T (8a) f(9) =f(9G0) Where g, = (go, 1,--.,1,---). 


Consequently, the function F(x) has the same property. Thus, 
F(x) = F(). 

Besides, the set of elements x9g,, is everywhere dense in X; 
this fact can be established by simple modifications of the arguments 
in § 4.2 (see the Remark on p. 353). Thus, from the equation 
F(xg,) = F(x) and the continuity of F(x) it follows that 
F(x) = const. and the lemma is proved. 

Lemma 9. For every function pe M we have My € H", where 
H" & H' ts the orthogonal complement in H' to the subspace C of constants. 
Also, the functions My, where y € &, form an everywhere dense set in H”. 

Proof. By the definition of the operator M we have 


Li Mv] = | f0)¥0) 4, 


for every function f ¢ H’ (the brackets denote the scalar product in 
H’ 


We show that My eH’, that is, My is orthogonal to the 
constants. For if f(y) =, then 


LA My] = [¥0) &. 


2 
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But the functions p(y) ¢-# satisfy the relation Jv( y) dy =0. 
Consequently, [f, My] = 0. 

Conversely, suppose that a function f € H’ is orthogonal to all 
My, p €-%, that is, [f, My] = 0. Then we have 


{£0)90) dy =0 for every pe.%. 
Q 


Hence it follows by Lemma 8 that f(y) = const. Consequently, the 
functions My, p € 4, are everywhere dense in H”, and the lemma 
is proved. 

Lemma 10. If pe-4@, then My € L,(Q). 

Proof. Since M = E + B, where E is the unit operator, the 
assertion of the lemma is equivalent to the fact that 


Bye L,(Q). 
We recall that 4 is the set of finite linear combinations of 
functions of the form: 
ya) = v2) + ¥(-), (8) 
where 
PI) = Pal Iw) Pal Ia) °° * Pols) * °° 


Here 9,,(7~) and 9,(7,), P =2, 3, ..., satisfy the following 
conditions: 


[ rolr2) ba =0. 


1, when \Do — J a <p”, 
Po( In) = < = (9) 
0, when |, — 93] > p-™. 


Therefore, it is enough to prove the assertion for functions p(y) 
of the indicated form. 


We apply the formula (7) in § 4.10 for B to a function y(y) of 
the form (8) and obtain: 


+00 
(By)(a,°2) =~ 5 | { eo (tes” 56) dte 


Txnz0 
—a 


Il { Poltp, 23 Vp) “| (10) 
? max (In|osltp|) =1 

The summation is taken over the integers n # 0. Here, as in § 4.10, 

we use the following notation: 

@, = (eosday +++ 3p:++-), where ¥,, = (7,0), 7 = ‘9,5, = (1, 9) 

fh DS, cere FD Os Des <055 Dy ese Js Where 


lool = val =- °° =fo,1 =-°- = 1; 
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Poo(Po3 2a) = Pol Ino V5"), Po(Yn3 2%) = Pol Ypo Vz1); the sign o 
denotes the operation of multiplication in £. 


We compute the integrals 


Po(lp» 25 Vp) Aly, (11) 


max (|n|p,|¢p|)=1 
by using the explicit expression (9) for g,. We sett 
q=IIp™ 


Dp 
and treat separately the case p Xx q, that is, m, = 0, and the case 
p|q, that is, m, > 0. In the first case, p,(y,) = 1 on the set V, 
of elements y, of norm 1. Therefore, the integral (11) is equal to the 
measure of the set of elements t, € Q, for which max (|n|,, |t,|) = 1. 
So we have: if p } q, then 


1, when p } 1, 


Poltos ny; v5) dt, = 1 
max (ttl pelepl)=1 1 — 7 when fp | 2. 


Now we consider the case f | g. It is easy to check that if p | , 
that is, m, > 0, then 
ps, when |n — z3| <p", 


2 —™ 
max (|lp,I¢pl)=1 0, when |n — z?| > pr». 


Here z? denotes the second coordinate of the point z, = 9° 2). 


By definition 
( fo when |t, — zi} <p-™, |n — z2| <p ™», 
QP N3U,) = 4 2 
pp > “p 0, when It, _ zi| > p-™. or, |n — Zl > p™s, 


where z!, z? are the coordinates of the point z, = y%c dy. Hence, the integral 


is zero when |n — z2| > p-™p. But if |p — z2| <p-™s, then the integral is equal 
to the measure of the set of elements ¢,€ Q, for which |t, — zi] <p-™» and 
max (|n\y, |tp|) = 1. Next we show that this measure is equal to p-™». Again we 
treat separately the case pn and p|n. In the first case, the set is given by the 
conditions |t, — zi] <p-™», |t,| <1, and therefore, has the measure p-™». In 
the second case, the set is given by the conditions |t,| = 1, |t, — z}| <p-™ 
Note that |z}} = 1. This follows from the conditions: 


Inlp <1, |p — 22, <1, — max ((z5J, |z5l) = 1). 
Consequently, in the second case the measure of the set is also p~™». 


Observe that the integers 2 40 satisfying the system of 
inequalities 
\n — z3I =p ™, p = 2,3,..., 


+ The expression makes sense, because m, = 0 for all but ‘a finite number of p. 


334 REPRESENTATIONS OF ADELE GROUPS 


form a residue class modulo g = [[ #”*. In other words, they 
range over all the integers of the form 
n=a-+ qm, n+0, 


where @ is a fixed integer from the interval 0 <a <q, and 
m=O, +1, +2,.... So we find: 


(1 -5), when n = 


pin a(mod 4), 
Tr f oaltynse,) dai 
? max (ll pity) =I 0, when n + a 
(mod q). 
(12) 


To simplify (12) we introduce the numerical character x,(n) 
defined by the conditions: 


ie: . when (n, q) = 1, (3) 


0, when (n, q) > 1. 
Next we define a multiplicative function »,(n) by the formula 
vet) =T(1 282); (tym cs 
In this notation we have: 
1 
q* mi(1 = 5) = 7" *y,(n). 
ota 


As a result, the formula (10) for (By)(a,° v) assumes the following 
form: 


(By)(e,°0) = qr ¥ vals (25 20), (15) 
where 
F(s5 2) = | alts 55%) db (16) 


—ce 


The summation is taken over the set g of integers n #4 0 of the form 
n=a+qm,m=0, +1, +2,...(aisa fixed integer,0 <a < q).T 

Now we establish properties of the function f(s; v,,). From the 
conditions imposed on ¢..(7.,) it follows immediately that: {(s; 7.) 


+ The number a depends, of course, on (vg, v3, ..-5 Up, ---). However, it is easy to 
verify that 2 is a piecewise constant function of (vg, ug, ...5 Up» --+)- 
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is a finite, infinitely differentiable function of s and satisfies the 
following condition 
+a 


{ f(s; 0-) ds =0. (17) 
Under these conditions on f(s; v,,) it can be shown that 


uniformly in v. The proof of the inequality (18) will be given 
separately in § 4 Appendix 1.2. 


7 > y,(n)f (? v)| 7 dr <C, (18) 


neg 


Since 
(By) (9) 2 =| \(Bv)(«, eineded 
= of ls wins (2s00)| rar ab 


we find by (18) that ||By||? < oo, and the lemma is proved. 

On the basis of Lemmas 7, 9 and 10 we conclude that -# has 
all the properties stated in Theorem 9, and the proof of Theorem 9 
is now complete. 


17. Decomposition of the Representation in 7’ into Irreducible 
Representations. THEOREM 10. (THE MAIN THEOREM). The image 
H' of L,(X) under the horospherical map splits into the direct sum 


H' =C@H" (1) 


of the one-dimensional space of constants C and the subspace H” of L,(Q). 
The representation of G4 in H” splits into the same irreducible representations 
as in L,(Q); however, in contrast to the latter, it contains each irreducible 
representation only with multiplicity 1. 7 
Proof. In § 4.13 we defined a unitary operator B in L,(Q) 
such that = 
Be = E, (2) 


where E is the unit operator. We recall that B is an extension of B 
from a certain subset of functions everywhere dense in L,({). 

In L,(Q) we introduce a bounded operator M by the following 
formula: 


M=E+B. (3) 


Note that M is self-adjoint and satisfies by virtue of (2) the 
following relation: _ 7 
M2 -= 2M. (4) 
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Let H” be the orthogonal complement in H’ to the subspace of 
constants C. We show that 


H" = M(L,(Q)), (5) 


that is, H” coincides with the image of Z,(Q) under M. Hence it 
follows, in particular, that H” < L£,(Q). 

For the proof we take the set -# of finite continuous functions 
defined on Q and satisfying the conditions of Theorem 9. We show 
that 

Moy = Mo for every function p €-4. 


Here M is the operator introduced in § 4.14. For if » €-4, then 
Bye L,(Q); therefore, by the Corollary to Theorem 5 we have 
Bo = Bo. But, according to Theorem 8, 


M=E+8B 


consequently, My = Mg. = 2 

We consider the image M(.#) of @ under M. Since -@ is 
everywhere dense in L,(Q), its image M(AM) is an everywhere dense 
subset of M(Z,(Q)) < L,(Q). 

On the other hand, the set M(.#) = M(.#@) is contained as an 
everywhere dense subset in H” (Property 3 of , see Theorem 9.) 
_ To prove (5) it is enough to check that the completions of 
M(M) in the norm of L,(Q) and in the norm of H” are the same. 
But this follows immediately from the next easily verifiable equation: 


(M,, M,) = 2[M,, M,] for any 9, pe. (6) 


Here the parentheses denote the scalar product in L,(), and the 
brackets the scalar product in H’. 


Proof of (6). 
(M,, M,) = (M?q, y) = 2(Mg, y) = 2[M,, M,]. 


Note that H” may be characterized as the eigenspace for the 
eigenvalue 1 of B. This follows immediately from the equations: 


H’ =(E+B)L,(Q) and B?=E, 


Finally, we show that H” has a spectrum of multiplicity 1; 
From § 4.9 we know the representation in L,(Q) splits into irreducible 
representations acting in the spaces H, of homogeneous functions. 
Here the representations in the spaces H, and H;, and only they, 
are equivalent. Thus, the irreducible representations occur In 
L,(Q) with multiplicity 2. 

The operator B, since it commutes with the representation 
operators, carries the sum of equivalent spaces 


HH: + H,-1 
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into itself. From the formula for the operator F of Fourier trans- 
formation in L,(Q), which as we know coincides with B (see § 4.13), 
it follows that 5 

BH, = H,-, 
that is, B interchanges the spaces H, and H,-1. 

Hence, it follows that the operator M = E + B carries the 
space H, + H,-: into the subspace H” of functions of the form 
y, + By,, y, €H,. This shows that the representation in the 
subspace H” = M(L,(Q)) has a spectrum of multiplicity 1, and the 
theorem is proved. 


18. Connection of the Operator of the Horospherical Auto- 
morphism 8 with Dirichlet Z-Functions. In this subsection we 
construct a system of functions y, ¢ H, for which we can find an 
explicit expression for the operator B. The formulae we obtain are 
interesting in that they establish a link between the degeneracy of 
the operator M=£ 4B in the spaces H, + H,-: and _ the 
functional equation for the Dirichlet L-functions. 

First of all, we recall the description of all characters 7(4) on 
the group of ideles that are identically equal to 1 on the subgroup 
Q* of principal ideles. 

Let 

f= (Tos Mayes +9 Toes) 
be a character on the group of ideles 


rn las Peearanna’ Beene @ 


(2) = ta(Ag) tal Ag) + Ary Ay) * 
The characters occurring in this product may be written in the 
following form: 


that is, 


TolAn) = lAol’ sign’r.; (1) 
(Ay) = | A,|% 9y( Ap) p = z, ae ore ) 


Here s and s, are arbitrary complex numbers; v = 0,1; 6,(4A,) isa 
unitary character for which 


9,(p) = 1. 
Furthermore, only finitely many characters 6,(A,) are not 
identically equal to 1. 

The condition that the character (A) is identically equal to 1 
on the subgroup of principal ideles 4 is obviously equivalent to the 
following relations: 

Wo(—l)m2(—1).--7(—-1).-. =1 
and 


ta(P\tal Py saa lp) 2. = 1 
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for every prime number p. When we substitute here the expressions 
for 7 ,(X), 72(x),-.., p(X), -.., we find 


O,(—1) +» = 8,(—1) +++ = sign’ (—1); 6 
pr-*04(p) “+ 9,(~) > = 1. 


Let 6(A) be the unitary character on the multiplicative group of 
rational numbers that is defined by the formula 


O(A) = 6,(4) --- 9,(A) =, (3) 
Then (2) can be written in the form 
6(—1) =sign’(—1), —p’? = p*6(f). 
Thus, every character 
a (Foy Way 94 85. Hyp oes) 


on the group of ideles that is identically equal to 1 on the subgroup 
of principal ideles has the following form: 


(Ag) = |xpl"* 8,(4,), p =2,3,.-., (5) 
where 6,(A,) are arbitrary characters such that 0,(p) = 1, s is a 


complex number, and the exponents » and s, are determined by the 
formulae 


sign’ (—1) = (1), p> = p*0(p), 
0(A) = 0,(4) +++ 0,(a),..-, 46 Q*. 


Henceforth, only such characters a(A) are considered. We 
extend each of the characters z,(A,) defined by (4) and (5) to a 
character on a quadratic extension of the field. Specifically, we 
extend the character 


where 


Tao(Xm) = |X ol%, IBN, Xa, 


which is defined on the multiplicative group of real numbers, to a 
character on the group of complex numbers according to the 
following formula: 

as( 2) |Z 


Next, we extend the character 
Wo(Xp) = Ix 9l5” O,(x5), 


which is defined on the multiplicative group of the field of p-adic 


numbers Q,, arbitrarily to a character on the quadratic Q,(V &») 
of Q,, where e, is an element of the ficld of norm 1] (and not a square 
in Q,). We denote the character so obtained by the same letter 
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7, ‘Lhe points of the underlying affine space are denoted as follows: 
a == ((x, 9), (Xe, Ie), +++ (Xp) Ip)» -++). 


We introduce functions of the following form 


9? (a) = a(x +) le + HITT o(ey + Very) [tp + V enrol). 
Dp 


(6) 
(4) = Tao (X =: 1y) |x — ay\-? II T (Xp = V y)p) Ix, _ V 8,351". 
(7) 


Our object is to compute 
By@(a) and By?(a), 


a 


where B is the operator of the horospherical automorphism. 
Obviously, 


Bo} (a) = Ba(ma(x + 9) |x + DI) 
IT By (p(t + V e595) Itp + Veprel*)> (8) 

Boy (a) = By (m(* — y) |x — B17) 
II 4,(7,(*, =. V Ey») Ix, 2 V Epi), (9) 


where B, is the operator of the horospherical map corresponding to 
the group of matrices over the field of p-adic numbers. 


Formulae for the operators B, were obtained in Chapter 2, 
§ 3.11: 


B(7,(x + 9) |x + lt) = AD (7) Tae — YW) Ie — OI, 


where 


B(—$,5), when v = 0 

1P(r—) = na 
B(-++-. 3) when vy = 1 

Q° +9 


(B(x, _y) is the classical Beta-function) ; 
By(m5(tp + VepIn) Xp + ol) 
= AD (m9) 751% — Vb Is) tp — Dal 
where 
1 — p 


1 — 3py—1 
() a Pe ’ when 6,(4,) = 1, 
AD (775) = 

(Po Hs (79), when 9,( Ap) # i. 
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Here n is the rank of 6,, that is, the least natural number n for which 
6,(1 -+ ps) = 1 for [s}] < 15 |u,(7,)] = 1. 
On the basis of these formulae we find that 


Bop = AM (mr) oF, (10) 
where 


A) = AD (a9) Aaa) © AD)» 


Similarly, on the basis of the formulae of Chapter 2 we find 
that 
Bop = 1m) gy (11) 
where 
HO (a) = AP) AP Cre)“ APC) >, 


and the factors A'(7,) are connected with A (a, by the 
following relations: 


Ao (ta) = (—1)"AD (70); 
AS" (5) Ag’ (m5) = po" 4(—1), 


where 2 is the rank of 6,. 

We wish to write an explicit expression for 2 (7) and A(z). 
We shall see that A" (2) and A(a) can be expressed in terms of 
Dirichlet L-functions. 

For exactness, we consider the case » = 0, that is, 


T (Aa) = [Aslise 


We use the following notation. Let A, be the set of prime numbers 
for which 7,(x,) = |x,|°°; A, the complementary set of prime 
numbers. On the basis of the formulae derived above we then have: 


] Lape, 
AY = B(- . 7) Tp {2 
(7) 9 3 9 Wap 1 — p lip g, 
where n, is the rank of 4,(x,), |o[ = 1. We write this expression in 


another form by recalling that 
f= p°6(p), 
0(p) = IT 4.(f). 


where 


We introduce a function 6(p) on the sct of integers n 4 0 by defining 
it as follows; 

If n = (—1)*ph +--+ pt: is the decomposition of 2 into prime 
factors, then 8(n) = 0(n) when p,, ..., ~,; belong to A,, O(n) = 0 
otherwise. 
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It is easy to check that 6(n) is a periodic function with the 


period 
(6) = I1 6”, 
that is, * 
O(n +k) = O(n) 
for every integer n # 0. 
Thus, the expression for 2" (2) can be written in the following 
form: 
l) p71 = 8(6)p* 
AY (qr) = B(- . , 5) k-12(6) a, 
me 2a) Tape 
where k(6) is the period of the character 6(n), |o| = 1. 
The product 
L(s, 6) = T] (1 — 6(p)p-*)* 
is called a Dirichlet Z-function. 
Hence, the coefficient A"(a) can be expressed in terms of 
Dirichlet Z-functions according to the following formula: 


l L(—s, 9) 
(1) oe: B(— s ye ? 
ake) pa a ey 
Similarly, we find . 
A (qe-3) = B(§ ; 5)e(8) L(s, 6) = 
252 Lil +s, 6) 
As was shown in § 4.12, the square of B is the unit operator: 
B? = E. (12) 


Since Bo = AM(a)p®% and Bo® = A(x) pl, (12) is 
equivalent to the following relation: 


AD (ar) A (9-2) = 1, 


When we substitute here the explicit expressions for A(m) and 
A (a-1), we obtain 


s 1\,(s 1\,, L(=s, #)L(s, 6) 
B(—5>5)8(5>5)4 (9) LO —s, 6)L(1 +5, 6) ae 


So we have established that the condition B* = E or, what 1s 
the same, the condition of degeneracy of the operator M = E + B 
on every space H, + H,-: is equivalent to the functional relation 
(13) for Dirichlet Z-functions. 

The relation (13) is a consequence of the standard functional 
relation for Dirichlet L-functions: 


L(1 — s, 0) = 7(0)(Qa)-*-¥2 P(s)(e7/***0(—1) 4 28) L(s, 6), (14) 
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where 
1, when 6(—1) = 1, 
Ca AOE 
i, when 6(—1) = —1. 
For in our case 6(—1) =1. Therefore it follows from the 
functional relation (14) that 
L( —s, 6)L(s, 6) ( ay 
$$ 10) = | 4 (5) T(—5) cos? = 5 
l=. 0h 


5 T 
gs sin 7s (oo 
= ae (15) 
4ar cos? = 5 scene 
2 2 
On the other hand, we have 
Om COB 
s l s l 2 
o(-s.faG.) - 22, 
5°79) P\9°9 i (16) 


§ sin — 
2 


The relation (13) follows immediately from (15) and (16). 


When » = 1, that is 
To (Ao) = \4,,|° sign Rens 


we have the following expressions for A) (a) and A‘?)(z): 


craft eel sO) 
ces a ia( > ai a Naa 


ares ) L(s, 6) Kaya. 


AD(_-l) = iB ————, = . 
eo 3 2 2/L(1 + s, 6) 


Thus, in this case the equation B? = E turns out to be equivalent to the 
following relation: 


i oe Weft 61 L(—s, 6)L(s,6) 
FE (SSMEeemreae | Me epee | oemrmloen ME decd Seige 
( ee va bree res sd 


where 6(—1) = —1. 
It is easy to verify that this relation is also a consequence of the relation (14) 
for Dirichlet L-functions. 
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Here we give the proof of the two lemmas for functions on the 
half-line 0 < r+ < oo. These results were used in § 4. 
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1. Lemma on the Completeness of the Family ©,. Let 
®,, be the family of functions g(r) defined on the half-line 
0 <7 < ow and satisfying the following conditions: 

1. The function g(r) is finite, infinitely differentiable, and 
vanishes in a neighborhood of 0, the same for every function 9. 


2. | (7) dr = 0; 


3. | p(r)rdr = 0. 


Let 0(n) be a fixed numerical character. We introduce the function 


v(7) = ZO(n)e(nr), PE De. (1) 


Lemma. [If the function f (7) is such that 


fife rer eae (2) 


and f(r) satisfies the condition 


| FoYeG)r ar = 0 (3) 


for every function (r) of the form (1), then F(r) = 0. 
Proof. First we introduce the Mellin transform of f(r), 
0 <7 < o, by the formula: 


fi =e [pre -o<p<t+o 


and prove two propositions on this Mellin transform. 
Proposition 1. The Mellin transform (4) establishes an isometric 
map of the space of functions f(r) with the norm 


a@ 


fue = ( \f(r)\2 7 dr. 


v 
0 


+ Observe that functions (7) of the form (1) are finite, infinitely differentiable, and 
rapidly decreasing as r — 0. 
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onto the space of functions f(p) with the norm 


fle = { Lf (p)|? dp. 
Thus, as 


furor tdr = er dp. 


The inversion formula for the Mellin transform has the following form: 


1 +00 ' ve 
f(r) = va! Fler? dp. 


Proof. If we change 7 to the new variable ¢ = In 7, then the 
Mellin transform goes over into the Fourier transform of a function 
of t, namely f(e\e’. The assertion of the lemma follows immediately 
from the properties of the Fourier transform. 

Proposirion 2. The Mellin transform of a function w(r) of the 
form (1) is expressed by the following formula: 


y(p) = L(1 + ip, 9)¢(p), (5) 


where L(s, 0) is the Dirichlet L-function. 
Proof. We set 


ao 


~ 1 is 
¥) = | p(x) dr, (6) 


where s is a complex number. Since the function y(r) is finite and 
fast decreasing as r — 0, the integral (6) converges for any complex 
s and defines an entire analytic function. We substitute in (6) for 
y(z) its expression (1). If Ims <0, then we may interchange 
summation and integration in the expression so obtained. As a 
result we find 


p(s) = >, 9(n) . a { y(nr) 7 dr 


Thus, 
p(s) = L(1 +4 is, 6) G(s), Ims <0. 
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Since both sides of this equation can be continucd analytically to the 
whole complex plane, the equation is valid for arbitrary s. In 
particular, for real s we obtain the required equation (5). 

Now we proceed to the proof of the lemma. Let H be the space 
of all functions f(7) satisfying conditions 2 and 3. Suppose that the 
lemma is not truc, that is, H ~ 0. 

Obviously, H contains functions f #0 that are sufficiently 
smooth at the points +40. Let f(r) be one of these smooth 
functions. Going over in (3) from the functions to their Mellin 
transforms we find: 


| SOLA Fp, HHH) ap = 0 7 


for every function yg € ®,. 
We introduce the new function 


F(p) = f(p)L( + ip, 8) >" (8) 
1 +- p 
We know that L(1 + ip, 6) has a simple pole at p = 0 and 
that L(1 + ip, 6) = O(In {pl) as p> +o. Hence, it follows that 
p 
1 + p? 
is of square-integrable modulus. 
Let F (7) be the inverse Mellin transform of F(p). Then 


the function L(1 + zp, 6) - 


is bounded, and therefore, F'(p) 


00 


fe@r rer <= OO. (9) 


From (7) it follows that 


[ Feats 0: (10) 


where u(r) is the inverse Mellin transform of the function 
1 + p? 
p 


(p), that is, 


+0 
] } 1 + p? 
V2Q7r as p 
We have to show on the basis of (10) and (11) that F(r) = 0. For 


this then shows that F (p) = 9; hence, also f(r) = 0, in contradic- 
tion to the assumption made. 


u(r) = Bp)r et dp. (11) 
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We express the function u(r) defined by formula (11) directly 
in terms of g(r). By the formulae for the Mellin transform and the 
inverse Mellin transform we easily obtain: } 


ree ~(f pads ote) 


Thus, (10) assumes the following form: 


F(r) ) dr — r(ry(7))’| dr = 0 (12) 
frase — sr) 


for every function g(r) € ®,. 
Observe now that the set ®,, contains the functions (7) of the 
form 
dale 
g(t) = , 


where a(r) is an arbitrary finite function that is defined on0 <7 < 0 

and vanishes for sufficiently small values of +. Substituting (7) -= 

d?a(r) . 
de 


in (12) and integrating by parts we find 


feo + (tF(r))" — (+*F(x))")a(z) dr = 0. (13) 


Since (13) holds for every finite function a(7) that vanishes for 
sufficiently small values of 7, it follows that 

FG) GE) Aer (a) = 0 
The general solution of this equation has the form 


F(r) =C, + C,ln rv + Cg77*. 


+ It follows from the formulae for the inverse Mellin transform that 


(r9(7))’ = —t mi pp(p)t ”— dp, 


—@ 


Tt +00 
1 , : 
0 —-x 


Tt 


mt J or) dr — (ro (r))’ = tun) 


0 
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Furthermore, since 


a 


frit rdr < 0, 
0 


it follows that f(r) = 0. 


2. Lemma on Functions Defined on the Half-Line 0 < 7 < © 
and Belonging to Z,. Let 


pe a+ qn 
oe) = ¥ ya +s (22), o 
Scene 
where we use the following notation: g is a fixed positive integer; 
a a fixed integer from the interval 0 <a <q; y,(n) is the multi- 
plicative function defined by the formula 


x 
veo) =1E(1 28), (41) =1, (2) 
(the product is taken over all prime divisors of n), where 


1, when (n, 7) = 1, 


tal) = fi when (n, g) > 1. 


Lemma. If f(x) is a finite, infinite differentiable function on the line 
—o <x < +00 and satisfies the relation 


[ s@) & =o, (4) 
then 


f bo(ayle x de < 0, (5) 


First of all we reduce the proof of the lemma to that of another 
proposition. Z 4 / 

Let (a,q) =d and a’ = 7 g = 7° From the definition of 
y,(n) it follows that 


Yo(@ + gn) = y (a + q'n). 
Thus, (1) may be written in the following form: 


n 
oe) = 2S vmAl’), (6) 
n#0 
where f,(x) =f (dx); the summation is taken over the set g, of 
numbers of the form a’ + q’m, m =.0, +1, +2,..., that is, over a 
residue class mod q’ to q’. 
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Let G,. be the multiplicative group of residue classes mod gq’ to 
g'. With every g € G, we associate the function 


olaie) = 9S vale) il’). (7 


Our function g(x;g) is contained among the functions p(x). 
Next we introduce the function 


Pol) = 208 38) 8(g), (8) 


where 0(g) is a character on G,. To write the expression for 
@(x) in a more convenient form we introduce the numerical 
character O(n): 


9(n) 
0, when (n, q’) > 1. 
Then the formula for ¢,(x) assumes the following form: 


0(g), when n € & && Gy, 


vals) = 3-2 5 oln) weird (2) (9) 

pals) =x S O(n) ven) (2), (10) 
where aad 

F(x) =f) + (-DAil-*). (11) 


Observe that by the conditions imposed on f(x) the function 
F (x) is finite, infinitely differentiable on — 00 <x < +, and that 


{ F(x) de =0, provided that 0(—1) = 1. (12) 
0 


Since the original function g(x) is a linear combination of functions 
ya(x), where 0 ranges over all characters of G,,, the proof of the 
lemma reduces to that of the following assertion. 

Let F(x) be a finite, infinitely differentiable function defined on 
0 <x < and satisfying condition (12). Then for the function 
P(x) defined by (10) we have 


fs) 


[ teolaytta de <e. (13) 
0 

We now proceed to the proof of this assertion. 

We consider the Mellin transform of (x): 


1 f | 
= ——= | 9,(x)x7tt dx. (14) 
V 20» 


Proposition 1. The integral (14) converges for o <0; the 
function y(o + it) is analytic in the domain o < 0. 


Po + tt) 
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This follows immediately from the fact that g(x) vanishes for 
sufficiently small values of x, and that |g,(x)| < C, as x > ©. 
Observe that by the inversion formula for the Mellin transform 
g(x) can be expressed in terms of y,(a@ + if) in the following way: 
+00 


1 
wt) =e | ble tine td, @ <0. (15) 


Proposirion 2. The function G,(5), 5 = o + it, can be expressed 
in terms of the Mellin transform F(s) of F(x): 
L(1 — s, 6) » 


Gols) = ae) F(l —s), «0 <9, (16) 
where L(s, 0) is the Dirichlet L-function : 
2 § 
Ls, 6) = $9 = TT — 6p) (17) 


To prove this we substitute in (14) the expression for g(x) and 


find: 
eal) Pall ( 5 90m) waimr(2) Jar a 


From the fact that F(x) is finite it follows that here for o < 0 
summation and integration may be interchanged. As a result we 
obtain 


fle) = (S00) yelon Fl — 9), (18) 


where F (s) is the Mellin transform of F(x ). 
Now we express the sum of the series in (18) in terms of the 
Dirichlet L-function L(s, 6): 


5 o(n) Wa(n)ne> 


= TI (1 + vo(p)O(p)p! + yalp) O2(p)pPe-Y + +) 
_ talf)\ Op) pe 
=o) i (1 E ); = ie i) 


1 — 6(p)p2-2? ~=-L(1 — 5, 8) 
mls — Op oa To = OY 


Thus formula (16) is proved. 
+ In the proof we use the fact that y,(1) = I, 


pal) = vol) = | — a), hap 2peces 
and that @(n)y,(n) = O(n) for every 7. 
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Proposition 3. The function ¢,(s), s =o + it, defined for 
a < 0 by (16) can be continued analytically to the whole complex plane and 
has no singularities in the domain a <l. 

Proof. The function F(1 —s), s=o-+4 7, is given in the 
domain o < 0 by the convergent integral 


Fl —s) = == { F(x)x-* de. (19) 


and, in this domain, is an analytic function of s. Integrating by 
parts we verify immediately that F(1 —s) can be continued 
analytically to the whole complex s-plane and is an entire function 
of s. 

On the other hand, it is known that the L-function L(s, 6), 
s =o + it, defined for ¢ > 1 by the convergent integral (17), can 
be continued analytically to the whole complex plane. 

Hence, it follows that the function ¢(s), s = o -- 2, defined 
for ¢ < 0 by (16), can also be continued analytically to the whole 
complex s-plane. 

Now we show that ¢,(s) has no singularities in the domain 
a <l. 

For this purpose we use the following well-known proposition 
on the poles and zeros of L(s, 6): 

1. If 0(g) #1 (geG,), then L(s, 6) is an entire function of Ss. 
If 6(g) = 1, then the only singularity of L(s, 0) ts a simple pole at s = 0. 

2. L(s, @), s == a + it has no zeros in the domain a > 1. 

From these properties of L(s, 0) it follows that if 6(g) 4 1, 


then the function 

Lil — s, 6) » é 
= TQ =H —s) s=oa+t, 
has no singularities in o <1. But if 0(g) 41, then its only 
singularity in o <1 can be a simple pole at s=0 (because 
L(1 — s, 8) has a simple pole at s = 0). However, if 6(g) = 1, then 
F(x) satisfies the relation 


Po(S) 


oe 


therefore F(1 — s) has a zero at s = 0. Consequently, ¢4(s) has, 
in fact, no singularity at s = 0. 
PROPOSITION 4. 
( \Ge(a + it)|? dt < const. 
a 
—o 


in the domain —A <a <1, where Ais any sufficiently large number. 
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This assertion follows immediately from the expression (16) 
for ¢g(o + if) and the following estimates, as t + oo: 
L(1 — ao — it, 0) = O(lt|*) fore <1; 
1 
L(2 — oa — it, 6) 
F(l — o —it) = O((e\-*). 


= O([é|*) foro <1; 


Herc a is a positive number; WN is any sufficiently large positive 
number. All the estimates are uniform in @ on the interval 
—Asa<l. 

The first two of these estimates are well known in the theory of 
Dirichlet Z-functions. The last estimate follows immediately from 
the properties, finiteness and infinite differentiability, of F(x). 

We now usc the following result (see, for example, Paley and 
Wiener, Fourier transforms in the complex domain, Theorem IV). 

Suppose that the function f(s) is analytic in the strip 
—2 <0 <4, and that it satisfies in this domain the inequality 


+00 
[ [flo + it)|? dt < const. 


—o 


Then there exists a measurable function f(y) such that 


+00 +00 
fironitem a <0, [Iftet ay < x 


and that on the closed interval -A<o <u 


+a 


fete J soerora 


ve 
The convergence of the integral is Gaeen in the sense of the 
mean square. . 

We apply this result to the function $9(s) (in our case uw = 1). 
Setting f(y) = u(e’) and introducing instead of y the new variable 
x = e” we conclude: 

There exists a measurable function u(x) such that 


f tu(ayi2 x de < @, fawn ame dx <a (20) 
0 


0 
and 
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By the inversion formula for the Mellin transform we have 


u(x) = ae } Go +it)x" tdi, —A<o<l. 
V 2m 
Substituting this equation in (15) we conclude that u(x) = (x). 
Thus, by (20) we have proved that 


{ beotayres dx < ©. 
0 


and the lemma is proved. 
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1. On the Connection Between the Homogeneous Space 
Gg \ G4 and the Homogeneous Spaces of the Group G,. Here we 
clarify the connection between the homogeneous space Gg \ Gy and 
the homogeneous spaces I", \ G,, of the group G,, of real unimodular 
matrices of order 2, where I',, is a congruence subgroup. We recall 
that I, where m is a natural number, consists of all integral 
unimodular matrices of the form 


y=etmy’, 


where ¢ is the unit matrix and y’ an integral matrix. 

Consider the space H,, = 1,(T,,\G,). By definition it 
consists of the functions f(g) on G,, that satisfy the following 
conditions: 


1. f(yg) = f(g) for every ye Tn; 
2. [ If(g)l? dg < ©. 


Pm\Go0 

Ob Gously, if m is divisible by n, then [,, < T',; therefore, the 
inverse inclusion H, < H,, holds for the corresponding spaces. 

Thus, the spaces H,, form a direct spectrum. We show that 
the spectral limit of the spaces H,, is L,(X) = L,(Gg \ G4). 

To prove this we establish an isomorphism between the spaces 
H,, and certain subspaces of L,(X) which will be defined presently. 

We denote by U’™, where m is any natural number, the 
subgroup of adeles of the form 


BS tg Sees oka ds 


that satisfy the following conditions: 
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1. u, € U,, where U, is the subgroup of integral p-adic matrices, 
Pr 2 sexe G 

2. If m is divisible by p”, then u, =: e(mod p*), where e¢ is the 
unit matrix. 

Clearly, the subgroups U‘™ are compact and among them there 
are arbitrarily small ones, that is, every neighborhood of the unit 
element of G, contains at least one such subgroup. 

We denote by L{™(X) the space of functions in L,(X) that 
satisfy the following condition: 


S(gu™) = f(g) for every u™ €U™, 


If m is divisible by n, then obviously U™ < U'™; hence, for 
the corresponding spaces L{™(X) and L{”)(X) the inverse inclusion 
holds: 


L0(X) < LX). 


Thus, the spaces L§"(X) form a direct spectrum. Their 
spectral limit is the whole space L,(X). This follows immediately 
from the fact that among the subgroups U) there are arbitrarily 
small ones. We show that 


A, = Ly" (X). (1) 
As a preliminary we show that 
Vn \ Ga GQ \ G4/U™. (2) 


To set up the isomorphism (2) we use the following result. 

For every adele g and every natural number m there exists a 
principal adele y for which yg = & ,u'’, where 2o O=(80s1,1,.2+) 
and u'™ e€ U™, This result was essentially established in § 4.2. 
True, there we proved only the weaker proposition: there exists a 
principal adele y for which yg = g..u\. However, by modifying the 
arguments in § 4.2 slightly we can easily derive the result stated 
here. 

From this result it follows that every double coset of Gg \ G4j/U™ 
contains representatives of the form Z,, = (g., 1, 1,...). Weshow 
that the set of elements g,, €G,,, that correspond to one and the 
same double coset of Gg \ G,4/U'™ forms the coset I',,g,.. Then we 
have the one-to-one correspondence 


Gg\G4JU™M Pn \ Ga. (3) 


Now two elements Z,, and 2’, belong to one and the same 
double coset if and only if they are connected by a relation 


V8 = gu, (4) 


where 7 = (y,--->% +++) iS a principal adele and u(™ € U™, 
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The equation (4) means that 


Oe ae eee be oh, (5) 

VE = Sa: (6) 

But (5), as is easy to verify, is equivalent to the condition that 

ye. Thus, (4) is equivalent to the condition that yg, = g',, 
where y € I',,. 

So we have established a one-to-one correspondence between 
the points of the spaces I',, \G, and Gg \ G,/U™. An casy check 
shows that this is a homeomorphism. 

This correspondence induces a one-to-one correspondence 


Pm f(a) > F(g) 


between the functions f(g,), g. €G.,, that are constant on the 
cosets of T’,, \ G,,, and the functions F(g), g €¢ G4, that are constant 
on the double cosets of Gg \ G4/U™. 

It is easy to verify the following properties of the map. 

1. The image of L,(T,\G.) under o,, ts LE" (X). 

2. Ym is an isometric map of Lo(T,\G.) onto Ly” (X). 

3, For arbitrary natural numbers m and n, where m is divisible by n, 
the following diagram 1s commutative : 


L,(T, \ Ga) > Ly(X) 
| 


L,(Tp \ Gas) 22> LY" (X). 


The vertical arrows indicate the embedding isomorphism. 

The verification of these properties is left to the reader. 

Thus, for every m we have an isometric map of L,(T,, \ G.) 
onto Li™(X). By property 3, the spectral limit of the spaces 
L,(I, \G) is isomorphic to that of the spaces Lj” (X), that is, to 
L,(X). 

So we have shown that the direct spectrum of the spaces 
L,(I \G.) is isomorphic to L,(X).t 

In fact we have a stronger result. For the space L,(X) can 
naturally be regarded as a module over the ring S(G4) of Schwartz- 
Bruhat functions on G,. Multiplication of a function f(g) € L,(x) 
by an element y(g) € S(G4) is defined by the following formula: 


ole) «f(e) =| flee’) ole’) de’. (7) 


On the other hand, each of the spaces L3”(X) = H,, is a 
module over the subring S,,(G,) of Schwartz-Bruhat functions that 
are constant on the double cosets of U'™ \ G,4/U™. 


_t We mention in passing that the spaces Tn, \ Ga 2 Gg\G,/U‘™ also form an 
inverse spectrum whose spectral limit is Gg \ G4. 
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It is easy to verify that the space L,(X), regarded as a module 
over the ring S(G,) of Schwartz-Bruhat functions on Gy, is in a 
natural sense the direct spectrum of the spaces L{™(X) = H,, 
regarded as modules over the subrings S,,(G,) of Schwartz-Bruhat 
functions that are constant on the double cosets of U'™ \ G,/U™.+ 

In conclusion let us clarify how the elements of the ring S,,(G 4) 
act in the space H,, = L,(T,, \G,). 

Observe that S,,(G@,) is the tensor product of two rings: 


Sin(G 4) = S(G,) i Sim(Ga)s 


where S(G,,) is the ring of functions on the group G,, and S,,(G) 
the ring of functions on the group G, of adeles of the form 
(1, ge,+++52p)+--) that are constant on the double cosets of 
Um) \ GJU™, 

Obviously the elements y € S(G,,) act in the space 


Ay, = L2( Tm \ Gao) 


according to the formula 


(80) *f Gx) =| Flees) (8) Meo 


Therefore, we investigate how the elements of S,,(G,,) act. 
T'irst, we observe that by a result stated on p. 353 every element 
of G, is representable in the form 


g = pum, (8) 


where uf © UM™, § = (1, y, y,...), and y is a matrix over Q 
which is uniquely determined to within multiplication on the right 
by elements of I',,. Hence, it follows immediately that 


UM \ GUM = Ty \ Gol ln 


and therefore, that S,,(G,,) is isomorphic to the ring 5(G) of functions 
on Gg that are constant on the double cosets of I,, \ Gg/T', and 
different from zero only on finitely many such double cosets. 


t We give a general definition of a direct spectrum of modules. 

Suppose that we are given a collection of rings R,, and a collection of 2,,-modules 
H,,, where m ranges over a partially ordered index set. As usual, we assume that for 
arbitrary m, and m, there is an m with m > m,,m > m,. We assume that every ordered 


. oe ° . ‘ ‘ Pnm . 
pair of indices n < m is associated with a monomorphism R, —> R,, of R, into R,, anda 


monomorphism H,, —, H,, of H,, into H,, satisfying the following conditions: 
1. Ifp <m <n, then PomPmn = Pon» VomYmn = Yons 
2. ifrE Ry, hE Ay, then Pan(th) = Pam(7)Pam(h)- 
By virtue of 1 and 2 the monomorphisms ¢,,, and yy, can be interpreted as embeddings. 
Let H be the spectral limit of the spaces H,, and R the spectral limit of the rings R,,. 
Then H can be endowed naturally with the structure of an R-module. The R-module H 
so obtained is called the direct spectrum of the R,,-modules H,,. 


356 REPRESENTATIONS OF ADELE GROUPS 


Let us write down how the ring S,,(G,4) acts in the space 
L&™)(X). As we know, the product of a function fe Ly" (X) by 
gp €S,,(G4) is expressed by the following formula: 


ole) «f(a = | flee’) ole’) de’. 


v 


Ga 
When we substitute here for g’ the expression (8) we obtain 
gxf= > f(gpu™)e(7u™) dum = mesU™ DY f(87) (7). 
e6GT mn CIE mn (9) 


Now we go over from L{”(X) to the space H,, = L,(T,, \ GC.) 
isomorphic to it. We recall that the correspondence between 
functions f(g) ¢ L§"(X) and functions F(g,.) €Le(Im\G.) is 
realized by the formula 

F(gs) =Fl&a); 


where Z, = (g.,1,---,1,...). Obviously, in this correspond- 
ence the function f\(g) =f(g?) is associated with the function 
Fy(E.) = Fy "80+ 
Thus, in the space H, = L,(1,,\G,) multiplication by 
elements of the ring S,,(Gg) = 5,,(G,) is expressed by the following 
formula: 
? *F = Cy, Dy Py) F ly Ba) (10) 


vEGQ/T nm 
where 


¢é=mes U™ =| (PiY,)-. 


Let p,, be the characteristic function of the double coset TnYolm: Since 
every function 9 € S,,(Gg) is a linear combination of functions ¢,,, to prescribe a 
tule of multiplication by elements of $,,(Gg) it is sufficient to give it for the 
functions ¢,,. On the basis of the general formula (10) we have 


(yo) 


Gy, %#F =tm > Fly 8a) 
yVEG QIT m 


where the summation is taken over the set of cosets yI’,, that occur in the given 
double coset I’,,yol’,. It is not hard to sec that this is always a finite set. 
‘The operator F > y,, * I’ is called a Hecke operator. 


2. The Generalized Peterson Conjecture. In this sub- 
section we find it convenient to consider, instead of the group of 
unimodular matrices of order 2, the projective group, that is, the 
full group of nonsingular matrices of order 2 factored by its center. 
We denote this group by G. 

We state a conjecture about the spectrum of the space 
L,(Gg \ G4), which we call the gencralized Peterson conjecture. 
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We consider an irreducible unitary representation T(g) of 
G,. According to § 3, it is a tensor product 


T(g) = T(&«) ® To(g2) @*-* © Ty (gp) @° °° 


of irreducible unitary representations 7,(g,) of the groups G,, 
and all the 7,(g,) except a finite number are representations of 
class 1. 

Conjecture 1, Lf the irreducible unitary representation 


T(g )= T o(8 a) & T2(g2) © -®& T, (fp) ®: 


belongs to the discrete part of the spectrum of L.(Gg \ G4), then among the 
representations T,(g,) only finitely many can belong to the supplementary 
Serues.. 

We show here that for the special case when 7',(g,.) is a 
representation of the discrete series, this conjecture is equivalent to 
the Peterson conjecture, which we state below. We make use of the 
connection between the spaces Gg\G, and I,,\G,, that was 
established in § 4 Appendix 2.1. This connection was set up only 
for the group of unimodular matrices; however, all the arguments 
carry over without change to the group of fractional-linear 
transformations. 

We consider automorphic forms of weight 2 relative to a 
congruence subgroup I’,,, that is, analytic functions f(z) on the 


a 0 
half-plane Im z > 0 that satisfy for every g = ( i in I, the 
¥ 


condition 


f(g2)F-"(Z &) =f(2)s 


ie =e , and j(z, g) = Bz 4+ 46. 


In Chapter 1, § 4 we proved that the dimension of the space of 
automorphic forms of weight z is finite and equal to the multiplicity 
with which the corresponding representation 7; (g) of the discrete 
serics is contained in L,(T,, \G,). 

With every double coset I',,y I’, of I’, in the group of matrices 
with clements from the field of rational numbers we associate an 
operator $”" in the space of automorphic forms of weight x relative 
to l,: 


where gz = 


Seyfa= S flralina ns (1 

Ry EV m\Cq 
where the sum is taken over the sct of cosets T’,,y; that occur in the 
given double coset [,yI',,; 2, is the number of the coscts. As we 
mentioned in §4 Appendix 2.1, this set is always finite. ‘The 
operators $7" are called Hecke operators in the space of automorphic 
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forms. It is not hard to verify that Hecke operators carry auto- 
morphic forms again into automorphic forms. 
In what follows we consider only Hecke operators corresponding 


to the matrices 
(| , 
Yo = 0 6 


where p is a prime number not dividing m. For brevity, we denote 
these operators by S,. 

It is not hard to verify that the operators S, are self-adjoint and 
that they commute with each other. Thus, the space of automorphic 
forms can be decomposed into a direct sum of one-dimensional 
spaces that are invariant under the S,. Let Aj, ... Ay (s is the 
dimension of the space of automorphic forms) be the eigenvalues of 
the Hecke operators S, on these subspaces. 

ConyecTurRE 2 (Peterson). For all prime numbers p, with the 
possible exception of finitely many, the following estimate holds for the 
eigenvalues of the Hecke operators S,: 


AP) <2Vp, k=1,...,5. 


Here we establish a connection between the Conjectures 1 and 
2: Conjecture 1, for the special case when T,,(g.,) is the represen- 
tation of the discrete series with the index n, is equivalent to the 
Peterson conjecture for the space of automorphic forms of weight z. 

For this purpose we set up a correspondence between the 
irreducible representations T(g) of G, belonging to the discrete 
spectrum of Z,(Gg \G,) and automorphic forms. 

Suppose then that 


T(g) = Taga) © Talge) @°+* © T,(g,) @° °° 


is an irreducible representation of G, belonging to the discrete 
spectrum of L,(Gg \ G4) and that H < L,(Gg \ G4) is the subspace 
in which this representation acts. We also assume that 7',(g..) 1s 
the representation of the discrete series with the index zn. 

First, we deal with the case when all the representations 
T2(g2), »--» Ty(g,), »-- are of class 1, that is, each of them is a 
representation of the fundamental or supplementary scrics. 

We consider the projection operator 


) Py ae {rw du, 
ui 


where the integral is taken over the subgroup U‘» of adeles of the 
form (1, us,...,U%)-.-); up €U,, the subgroup of integral p-adic 
matrices. The operator f, projects H < L,(Gy \ G4) into a subspace 
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HY < LY(GoQ\G,4) (for the notation see §4 Appendix 2.1). 
Under the isomorphism 


LY (Ge \G,) = £,(T,\G.) 


H‘ corresponds to a subspace H® < L,(T, \ G,). 

It is not difficult to verify that H is an invariant irreducible 
subspace of L.(T,\G,,), regarded as a module over the ring 
S(G,) © S,(Gg), where S,(Gg) is the ring of functions on Gg that 
are constant on the double cosets of I, \Gg/T',. Here the represen- 
tation of G,, acting in H{” belongs to the discrete series and has the 
index n. 

By the duality theorem, H) js associated with a one-dimensional 
subspace of automorphic forms. This subspace of automorphic 
forms has the following properties, the verification of which is left 
to the reader: 

1. It is invariant under the Hecke operators S,; 

2. The eigenvalues of the operators S, on this subspace are 
expressed by the following formula: 


Ay = %pP(Yo)> (2) 


where », is the number of cosets I',y contained in the given double 
1 0 

coset Tyy,13, y, = (, } and 9,(g,) is the elementary spherical 
p 


function corresponding to the representation 7,,(g,). 
On the basis of (2) it is not hard to obtain an explicit expression 
for 2,. First of all we note that », is equal to the index 


v= Lye Po 
of the subgroup I) = y,T,y5! A T, in ,.t The subgroup I‘? 
group Yo 1Vp group 


a b 
consists of all the integral matrices g = ( ; in which ¢ is a 


d 
multiple of p. Consequently, (Chapter 1, Appendix, p. 114), 


vy, =1+. 


On the other hand, by a simple calculation, similar to that in 
Chapter 2, § 3.10 for the unimodular group, we find 


ols) = YP (pr + pom = BYE cosh (50), 


where s is the “index” of T,(g,), that is, an imaginary number for a 
representation of the fundamental series and a real number in the 


+ There is a one-to-one correspondence yI"”) — yy,1", between the cosets of 
1',/£@ and the cosets of Gy/T, that belong to the double coset [,y,1";. 
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interval —1 <s <1 for a representation of the supplementary 
series. 

Hence, the eigenvalue of a Hecke operator on a one-dimen- 
sional subspace of automorphic forms is expressed by the following 
formula: 


2, = 2V p cosh (s, In p). (3) 
In this way we associate with every irreducible representation 
T(g) = Ta(8o) © To(g2) ©°** @ Ty(8p) O° 


of G_, that belongs to the discrete part of the spectrum of L,(Gg \ g4), 
where T',,(g.,) is the representation of the discrete series with the 
index n and T,(g2),..-, Tp(g,), -.- are representations of class 1, a 
one-dimensional] space of automorphic forms of weight n relative to 
the modular group [',. This space is invariant under the Hecke 
operators S,, and the eigenvalues A, of the operators S, are expressed 
by (3) in terms of the index s, of the representation T;,(g,). 

By carrying out our construction in the opposite order we can 
construct, for a given one-dimensional subspace of automorphic 
forms that is invariant under the Hecke operators, an irreducible 
representation T'(g) = Ta(@a) ® Talgs) @--* @ Ty(g,) @- ++ of 
G, belonging to the discrete spectrum of L,(Gg\G,4), where 
T.(g) is the representation of the discrete series with the index n, 
and 7,(ge),..., 7>(g,) are representations of class 1. 

A similar construction holds for a representation 


T(g) = Ta(8m) © To(g2) @+-- @ Ty(g,) @°-°; 


where some of the T,(g,) are not of class 1. In this case we can 
always find an m such that in the representation space of 7'(g) there 
exists a vector that is invariant under the operators T(u), ue U™. 
(The definition of the subgroups U'™ is on p. 352.) 

By repeating the preceding construction, we can associate with 
this representation an automorphic form relative to I’, that is an 
eigenfunction of the Hecke operators S,, where p ranges over the set 
of prime numbers not dividing m. Here the eigenvalues of the 
operators S, corresponding to this form are expressed, as before, by 
(3). Conversely, if such an automorphic form is given, then we can 
use it to construct a unique irreducible representation of G, that 
belongs to the discrete spectrum of L,(Gg\G,) and contains a 
vector invariant under U‘”), 

From the correspondence we have established between the 
representation J(g) and the automorphic forms, and from the 
formulae (3) for the cigenvalues of the Hecke operators, it follows 
immediately that the Peterson conjecture and the special case of 
conjecture 1 are equivalent. To see this, we nced only observe that 
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by (3) the inequality : 
|A,| < 2V/p (4) 


holds if and only if the “‘index” s of the representation T,(g,) is an 
imaginary number, that is, that the representation belongs to the 
fundamental serics. 

Thus, the Peterson conjecture that (4) holds for all primes 9, 
except finitely many, is equivalent to the assertion that in the 
corresponding representation 


T (2) = Tolga) © Tole) ®°*: @T,(g,) @°°* 


of G, all representations 7,,(g,), except finitely many, belong to the 
fundamental series. 
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1. Reductive Algebraic Groups. Let G be a linear algebraic 
group defined over the field of rational numbcrs Q. The group G 
is called reductive if it contains no nontrivial unipotent normal 
subgroups that are connected as algebraic varieties. + 

If G contains no nontrivial connected solvable normal sub- 
groups, then it is called semisimple. Every reductive group is a 
direct product of a semisimple group and a certain torus, that is, a 
commutative group of matrices reducible to diagonal form over the 
field of complex numbers. 

We quote without proofs some fundamental properties of 
reductive groups. For a detailed treatment of these questions we 
refer the reader to the papers [3, 5, 7]. 

We denote by Z a maximal connected unipotent subgroup of G 
defined over Q. Note that all the maximal unipotent subgroups are 
conjugate. 

Let G’ denote the normalizer of Z, that is, thc set of clements g’ 
for which Zg’ = g’Z. Obviously, G’ is an algebraic subgroup of G 
also defined over Q. 

Clearly, Z is a maximal connected unipotcnt normal subgroup 
of G’. Hence, it follows that G’ can be represented as a semidirect 
product 

G' = DZ. (1) 
wherc D is a reductive group. Here all the clements of D are semi- 
simple, that is, reducible to diagonal form. 

We denote by N the normalizer of D. It can be shown that the 
factor group 

S = No[De (2) 


+ A group of matrices is called unipotent if all the eigenvalues of the matrices are I. 
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is always finite. This is called the Weyl group. Every element s of 
the Weyl group determines an automorphism of D: 


5b — 5-1 bs. 


It can be shown that the following decomposition holds: 


In some papers (3) is called the generalized Bruhat Lemma. 

This decomposition for the classical complex groups was 
obtained by Gel’fand and Naimark who first established the funda- 
mental role of this decomposition in the theory of representations. 
The decomposition became more widely known after Harish-Chandra 
also proved (3) for real semisimple groups. More general investiga- 
tions on this problem were made by Tits and Borel. 

Now let T be a maximal torus splitting over Q in D. It is easy 
to verify that 7 lies in the center of D and that the Weyl group S$ 
carries the torus into itself. 

Let G be the Lie algebra of g, and & the Lie algebra of T. 
With every ¢ € I we associate the linear transformation ad ¢ in the 
space ©: ad t:g — [#, g], the adjoint representation of T. 

The algebra © may be represented as a direct sum 


G6= 26, (4) 


of subspaces &, on which the operators ad ¢ are multiples of the unit 
operator, that is, 


[4, 4) = a()9, 


for every t € T and every g, € G,. Here the «(t) are linear functions 
on 7. 

The subspace 6, corresponding to «(t) == 0 is the Lie algebra 
of D. This subspace can be represented as a sum 


G =7T+ YQ, 


where € is the complement of T in Go. Thus, the decomposition (4) 
can be written in the following form: 


6=T+CE+3 6, (5) 
a#0 


We note that the operators ad go, Go € Go, also carry each space 
G, into itself. 

The nontrivial lincar functions «(t) arising in (4) are usually 
called roots. We denote the set of all roots by 2%. 

Let E denote the space of all linear functions defined over Q. 
Clearly, the Weyl group S acts in a natural way in E. 
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If G is a semisimple group, then the following propositions hold: 

1. In E there is a scalar product (&, 1) that is invariant under the 
Weyl group S. 

2. Among the vectors & there are precisely n linearly independent ones, 
where n is the dimension of E. 

3. For any two roots, «a, B € & the quotient 


2(a, B) 
— (a, a) 
is an integer. 
4. The system & 1s invariant under the maps corresponding to the 
roots « € &X, that is, the transformations 


_ 2a B) 


(a, a) 


b> 8 


We introduce a lexicographic ordering in E. First, we take an 
arbitrary system of coordinates in E and say that « > £ if the first 
nonzero coordinate of the vector « — is positive. 

We call a root « positive if « > 0 and negative if« <0. Thus, 
the set of all roots splits into positive and negative roots. We call a 
positive root simple if it cannot be represented as the sum of two 
positive roots. Then the following propositions hold: 

5. The simple roots are linearly independent and their number 1s the 
dimension of E. 

6. Every positive root is the sum of simple roots. 

7. The maps corresponding to simple roots generate the whole Weyl 
group. 

8. The subalgebra 3 = > G,, where the sum is taken over all 


a>0 
positive roots, is a maximal nilpotent subalgebra of G. 


We call a reductive group G splitting if the dimensions of 
maximal tori in G that split over Q and over C are the same. 


2. The Space L,(DgZ,\G,4). Let G be an algebraic reductive 
group defined over the field Q of rational numbers. We denote by 
Z a maximal unipotent subgroup of it and by G’ the normalizer of Z 
in G. As we mentioned in § 5.1, this normalizer decomposes into 
the semidirect product G’ = DZ of the normal subgroup Z and a 
reductive subgroup D, whose elements are all semisimple. 

In this subsection we arrive at the decomposition into irreducible 
representations of a representation of G4 generated by 


Q = DgZ, \ Ga, 


that is, in L,(Q). The case when G, is the group of matrices of order 
2 over A was discussed in § 4. 
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A similar problem was solved in Chapter 1. There we found 
the decomposition of the representation of the group G,, of real 
matrices generated by the space Z,, \G,,. The subgroup of diagonal 
matrices played a fundamental role. For we established a one-to-one 
correspondence between the characters, that is, the one-dimensional 
representations, of the subgroup of diagonal matrices and the 
irreducible representations of G,, occurring in L,(Z,, \ G,,). 

We shall sce that in our case the situation is similar. The 
fundamental role in the decomposition of a representation Gy in 
L,(Q) is played by the group Dy, which is analogous to the group 
of diagonal matrices. 

To begin with we consider the problem of decomposing the 
representation of D, generated by Dg \ D, into irreducible represcn- 
tations. ‘his representation acts in the space H = L,(Dg \ D4) of 
functions f(6), 6 € D4, satisfying the following conditions: 

lL. f(6g6) =f (4) for every 6g € Dg; 


2. { | f(d)|2 dd < 0. 


De\Da A : 
The representation operators 7'(4) are translation operators: 


T (40) f (6) =f (660). 


Let K be the center of D. We consider the characters 7(k) 
on K, that are identically equal to unity on Ky. With every 
character 7(k) we associate the space H, of functions /,(6) satisfying 
the following conditions: 


1. f,(696) =f,(6) for every 69 € Dg; 
2. f,(kd) = w(k) f,(6) for every ke Ky; 


3. Uf, IE = { Lf-(8)|2dd << o. 


: Da\DelKa : : 7 
It is not hard to see that H = L,(DgQ \ D4) splits into the continuous 
direct sum of the spaces H,: 


H = | H, dr. (1) 


oe 


This decomposition is realized by the following formulae: 
F(8) = | fe(8) de ) 


Lf? = { Lf 2 dn, (3) 


where the integration is taken with respect to the invariant measure 
da on the group of characters 7. Here the component f, of the 
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function f € H in H, is given by the following formula: 


fu(8) = | a(R) F (KS) dt. (4) 


Ky\Ka 


It remains to decompose each of the spaces H, into irreducible 
subspaces. 

From the fact that all the elements of D are semisimple it 
follows that the space Dg\D4/K.4 is compact (see §6.1). It 
follows, as we shall show later in § 6.2, that H splits into the direct 
sum of a countable number of invariant irreducible subspaces Hi”: 


A, = > Hi (5) 


In what follows we assume that the decomposition of 
H = L,(Dg \ D4) into the direct sum of the spaces Hi” (formulae 
(1) and (5)) is known to us. 

We show that this decomposition induces a decomposition of 
the space H =L,(DgZ4\G,4) into a direct sum of invariant 
subspaces 


AoA = | A, dn; A, => HM. 


As a preliminary, we introduce a convenient realization of A. 
We examine the homogeneous space Y = Z4 \ G4. Note that if we 
multiply each coset y = Z,g on the left by an element 6 € Dy, it 
goes over into another coset, which we denote by 6g. Thus, the 
elements 6 € Dy give transformations in Y 


J > 9, 


which we call left translations. 
Clearly, left translations commute with the transformations of 
G,, that is, 
3( yg) = (arg. 


In terms of left translations H = L,(DgZ4\G 4) can be 
defined as the space of the functions f(y) on ¥Y = Z4\G, that 
satisfy the following conditions: 


1. f(69.9) =f (J) for every dg € Dg; 
2. I= | ORe <. 


De\V 
Now we introduce a measure in D,\ Y. Let dy be an invariant 
measure on Y relative to the transformations of Gy. ‘Then 
d,y = d(6y) is also an invariant measure on Y for every 6€ Dy, 
hence, proportional to dy. We denote the factor of proportionality 
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by £(6). Thus, we have by definition 


d (dy) = B(S) dy. (6) 
TYrom the definition it follows that the function #(6) is a 
character on Dy, that is 


B(5,52) = B(5,)B(d2) for any 6,, 6, € Dy. 
Note that B(6g9) = 1 for every 69 € Do. 
On » we give a nonnegative function p(y) satisfying the 
following conditions: 
1. The functions p(y) and p-1(y) are measurable and 
summable on every compact subset. 


2. p(dy) = B(d)p(y) for every 6 € Dy. 

It is not hard to verify that such functions p(_y) always exist. 

We give a measure dy in D,\ Y by means of the following 
integral relation: 


frorme= [sean (7) 
De\Da Da\¥ De\Da 

where f(y) is any function summable on Y and satisfying the 
condition f(6g7) =f (9) for every dg € Dg. 


From the relation (7) it follows immediately that under the group translation 
y -> Ig in D, \ Y the measure d} transforms according to the following formula: 


~. _ felyg) | 4 
d(yg) = ee | dy (8) 


‘Thus, dy is not, in general, an invariant, but only a quasi-invariant measure 
(an invariant measure in Y need not even exist). 


From the integral relation (7) we derive the following expression 
for the norm {| f(_y)|| of fin A: 


Lf i? = { | | f(y) |? B(8)p(_9) dé 3. (9) 
D4\¥ Do\Da 
It follows that 


[User 6(2) 48 <o 


for almost all y € Y. Moreover, since 


FS (59 5) = f (69) for every 6g € Dg, 
we have shown that 6’4(6) (dy), regarded as a function of 4, belongs 
to the space H = L,(Dg \ Da). 
Once we are given the decomposition of H into irreducible 
subspaces H‘, it is easy to derive the decomposition of 


H = L,(DoZa\ Ga). 
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We denote by A” the space of functions f(y), y € Y, that satisfy the 
following conditions: 

1. f(449) = f(y) for every 6, € Dg. 

2. B(6) f(dy), regarded as a function of 6€ D4, belongs to 
H™ for almost all_y. 


3. {  B4(3) f (dy) 12 a(_y) dy <0, where || ||, denotes the 
D,\¥ 
norm in H,. 
A representation of G4 acts in a natural manner in Hi”, We 
say that it is induced by the representation of D, in H!”. 
From (9) it follows immediately that H = L,(DgZ, \ G4) 
splits into the spaces 17, (n): 


A =| 2 where H, = > H™. 


Here the component f(y) of the vector f(y») € A is defined 
as follows. Let f,'"(6,_y) be the component in /7{” of the function 
B'4(6) f (dy), regarded as a function of 6 for fixed _y. Then 


fo) =F (1, 9). 


Now we must ascertain which representations HA‘) are 
equivalent. 

First of all, we observe that the representations in A‘ and 
A are incquivalent when 7, # 7. This follows from the fact that 
the representation operators corresponding to elements k € Ky are 
given in /7‘”) by the following formula: 


Tk) f = alk) f. 


Thus, it is obvious that for distinct 7 even the representations of the 
subgroup K, in the spaces H‘” are inequivalent. 

Hence, it suffices to find the condition of equivalence of 
representations in the spaces A‘) and A‘), We begin by introduc- 
ing the concept of a representation in general position. 

We consider the Weyl group S of G. Every element s € S is an 
automorphism 

6 —> 6° 


of D4. Clearly, if 7(6) is some representation of D4, then 
(8) = 7(64) 


is also a representation of D4. 

We say that an irreducible representation 1(6) of D4 is in 
general position if the representations 7°(6), s¢S, are pairwise 
inequivalent. We also say that a representation 7,(g) of G4 is in 
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general position if it is induced by an irreducible representation 
7(6) of D4, in general position. 

For reductive groups that split over Q the following two 
propositions hold: 

1. Representations of G4 in general position are irreducible. 

2. Two representations in general position in the spaces H'™ and H(™ 
induced, respectively, by representations 7,(6) and 7,(6) of D 4, are equivalent 
if and only if 

1 =T; 
for some element s € 8. 


We do not prove these propositions here. The proof is close to 
standard arguments in representation theory; sce Gel’fand and 
Naimark [29], and especially Bruhat [10, 11, 12]. 

From Proposition 2 it follows immediately that each represen- 
tation 7,(g) in general position occurs in L,(DgZ,4\G,) with 
multiplicity equal to the order of the Weyl group S. 


3. The Operators B,. Again, let G be a reductive group 
defined over Q, Z a maximal unipotent subgroup of it, D a reductive 
subgroup of G such that DZ is the normalizer of Z, N the normalizer 
of D. 

We introduce two important subgroups Z" and Z" of Z, 
corresponding to every fixed element 2 € No. 

Let 3 be the Lie algebra of Z, that is, 


3= 3 6. (1) 


where the summation is taken over the set of all positive roots. Tor 
every n € Ng we set 


are: > 6: (2) 
g = yoy (3) 


where «” denotes the result of applying the clement n of Ng to the 
root a, that is, «"(t) = a(t"), £@%. The first sum is taken over the 
set of roots « > 0 for which «” > 0 and the sccond over the set of 
roots « <0 for which «" <0. In particular, if ne), then 
3" = 3, 3% =0. Obviously, 3% and 3" are disjoint subalgebras 
of 3, and : 

3= 3" + 3% (4) 


We denote by Z” and Z” the subgroups of Z corresponding, 
respectively, to 3" and 3" In particular, for n¢D we have 
Z*=Z,Z"*=1. 
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From (4) it follows that 
Z=Z2Z". 
For every element z of Z has a unique representation as a product 
: yA Aah a 
where 2" € Z", z" eZ", 7 
It is not hard to verify that Z” can be defined directly, without 
recourse to the Lie algebra, by the following formula: 


Z" =Z \nZn-, 


We note that the set of the subgroups Z” is the same as that of 
the Z*. For the Weyl group is known to contain an element So 
carrying all the positive roots into negative ones. Clearly, the 
condition «” < 0 is equivalent to «”* > 0. Consequently, 


Zz” = VAL 


We denote by G4, Z4 and so forth, the group of adeles of G, Z, 
and so forth, and by Gg, Zg and so forth the subgroups of principal 
adeles. 

With every x € Ng we associate the operator B,, in the space of 
functions on Q = DgZ,\G,4 that is defined by the following 
formula: 


BaS(2) = | f(oe-%ze) de (5) 
ZA 
Here yo denotes the point of 2 corresponding to the unit coset of 
DgZ4; the integration is taken with respect to the invariant measure 
on 2%. 
It is not hard to verify that the integral necessarily converges 
if f(.) is a finite function on Q. 
We call the B, Weyl operators in the space of functions Q. 
From the definition it follows immediately that 


Bio =8, for every d€ Dg 


Thus, the operators B, give, in fact, the elements of the Wey] 
group S = Ng/Dg. Therefore, in what follows we often write B, 
instead of B,, where s stands for an element of the Weyl group. 

We show that the function 


fils) = Bf) 


is constant on the coset DgZ 4G 4, that ts, 
f,(6zg) =filg) for any 6€ Dg, ze Zy. (6) 


Thus, it can be regarded as a function on Q. 
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Proof. As a preliminary we show that 
dz" = d(6-1z46) for every 6€ Dog. (7) 
For when we denote by (6) the determinant of the transforma- 


tion 
z+ 6-126, where 6€ Dog, Z€ Zo, 


then (6) is clearly a character of Dg with values in Q*. As we 
know from § 1, 
dz) dee az eS 


where dz” is the invariant measure on Z*. Since under the trans- 
formation z? + 6 1226 the measure dz” is multiplied by |y7(6)],, 
under the map 2% — 6-1z%6 the measure dz% is multiplied by 
TI {x(6)|, = |~(6)| = 1 because x(6) is a principal idele. 

Dp 


From (7) it follows at once that 


Auld) = | f( sez 89) de 


= f Footer 6n)n~1zg) dz 


Zi 


= | f( yong) de. 


v 
Th 
Zz 


Here we use the fact that n-! dn € Dg; hence, yo(n-! én) = Jo. 
So we have shown that 


fi(g) =fi(g) for every 6€ Do. 
Now we show that 
Silzog) =A(g) 
for every Z) € Z4. We split the element z, into the product 
Zo= Znzn 
where 2% € Z", 22 € Z%. Then we have 
fulzas) = | f(a0l0-*25n)w-tzgze) de. 
ZA 
Note that n-1Z2n € Z4; hence, yo(n-!Zqn) = 79. Consequently, 
falas) = | fl sur %z028) de = { faort2e) dz = ful) 
z4 zy 
Here we have used the invariance of the measure dz. The relation 
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(6) is now completely proved, and we have shown that 


Ailg) = Baf(r) 


is a function on Q = DgZ,\ G4. 


So we have established that the Weyl operators B,, defined by 
the formula 


Baf() = | f(aez8) de, (8) 
2} 
carry functions on Q = DgZy \ G4 into functions on Q. 
We cmphasize that so far the formula defines B, only on 
differentiable functions in © that are finite or decrease sufficiently 
fast. 


4. Properties of the Operators B,. First we mention two 
important properties of the operators B, that follow immediately 
from the definition: 

1. The operators B, commute with the representation operators. 

2. The operator B, carries every irreducible representation 
T.(g) induced by a representation 7(6) of D4 into a representation 
T,.(g) equivalent to it. 

Furthermore, it is obvious that 


B, = e. (1) 

where | is the unit element of the Weyl! group. 
Now we introduce a partial order in the set of elements of the 
Weyl group S. We say that s, <5, if for every root « it follows 


from « > 0 and a# > 0 that a > 0. 
We show that if 5; < 5,52, then 
Boe, = Bs,Bey (2) 


51 32 


Proof. By the definition of the operators B, we have 


B,Buf(2) = | [ flroatensitzng) dem dz” 


LELe 
= | | Frlss) Morente") dear". (3) 
ZY Ze 
Thus, if we can show that 


(5,Z%5;1) A Zt == E (4) 
and 
(5,Z%s7')Z = Zn, (3) 
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then, by applying Fubini’s theorem to the integral (3), we find 


BBS (9 = ( £(yo(sis)—22"™8) dz" = By sf (9). 


v 
Zire 


Hence, it is sufficient to prove the relations (4) and (5). 

We denote by IJ, the set of roots « belonging to Z‘, that is, 
those for which « > 0 and «* > 0. Then (4) and (5) are equivalent 
to the following conditions: 

(T,,)' OU, = y; (I,,)%' UTM, = Nae, (6) 
Here (I,,)%’ denotes the set of roots of the form «:', where 
a €(II,.) Let us prove these relations. 

First, we show that (IT,,)% OM, = @ for any 54, 5, In fact, 
if a € (f1,,)%' OHI, , then this means that « > 0, a! < 0 and at the 
same time «*! > 0, «*% < 0, which is impossible. 

Now we show that II, ,. © (I,,)%' U M,, for arbitrary s,, sz. In 
fact, let a €ll,,,,, that is, « > 0 and «1% < 0, Then either «= <0 
or a > 0. In the first case aE Il, ; in the second case «*e II,,; 
and therefore, « € (II,,)*1". 

It remains to show that Il,,, < (II,,)%" ¢ I, ifs < sys2, For 
ifa e Jf, , that is, « > O and «? < 0, then by the condition 5s, < 5,5, 
we have a <0; hence, aell,,. But if « €(I,,)%", that is, 
a1 > 0, «1% < 0, then by virtue of the condition s, < 5,5, we must 
have « >0 or we would have —« >0, (—a«)"# >0. But 
(—«a)*! <0); consequently, « eIl,,,.t 

So the relation (3) for the operators B, is proved. 

We denote by s, the element of the Weyl group corresponding 
to the reflection relative to the simple root «. 

We show that every element s of the Weyl group has a 
decomposition 

S = SgSa.° °° Says 
such that 
B= By Be Oe B. 


Say” Sag Say” 


We prove this by induction on the number of positive roots 
that are carried by s into negative roots. Observe that if s preserves 
the signs of all the roots, then s = 1. 

Suppose that s changes the sign of precisely k positive roots. 
Then, among these k positive roots there must be at least one simple 
root o;. It is not hard to see that s,,<s.{ Therefore, by the 


+ We use the fact that (—a)* = —a’. 
+ This follows immediately from the fact that s,, changes the sign only of the root 
a, and of its multiples. 


§ 5. THE SPACE OF HOROSPHERES 373 


relation already proved we have 


B, = B,, B,- 


Say Sa, 5° 


The element s7’s changes the sign of fewer than k positive roots, 
namely, of k —n roots, where n = 2 if 2a, is a root and n = 1 
otherwise. Consequently, by the inductive hypothesis, there exists a 
decomposition s7’5 = 5,,°°'5,, for which B41, = B,-°:B 


But then we have B, = B,, B,,.:** Bs,» as required. 


Sa) Sag 


San’ 


5. Main Theorem on the Operators B,. In this subsection we 
state the main theorem on the operators B,. We assume further 
that G is a reductive group splitting over Q. (For the definition of a 
splitting group see p. 363.) 

The main theorem states: _ 

1. There exist unitary operators B, in L.(DgZ4\G,) that form a 
representation of the Weyl group and coincide unth the operators B, on a set 
® of finite functions, everywhere dense in L,(Q). Here the set ® is invariant 
under the operators B,. _ 

This theorem is a generalization of the relation B? = 1, which 
was proved in § 4. 

In this subsection we reduce the proof of the theorem for an 
arbitrary reductive group G to the proof of the following proposition, 

2. There exist unitary operators B, in L,(DgZ4\G4), where s, is 
the reflection relative to the simple root x, that satisfy the relation BY, = \ 
and coincide with the operators B,, on a set ® of finite functions everywhere 
dense in L,(Q). Here ® can be chosen so that it is invariant under all B,. 

Lemma. Jf 2 holds, then so does 1. 

The converse proposition is trivial. 

Proof. As we have shown in § 5.4, every s eS has a decom- 

position 


: § = SaSay * Says (1) 
such that 
B, = B,,, a (2) 
We set 7 
B, = Bs, . B... (3) 


Clearly, the operators B, so defined are unitary in L,(X) and 
coincide with the B, on ®, if ® is chosen so that it is invariant under 
B,.. _ 
It remains to show that the so-defined operators B, form a 
representation of the Weyl group. With this aim we make usc of the 

following property of the Weyl group. 
The elements s,, where « is a simple root, generate the Weyl group. A 
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complete system of relations between the elements s, has the follounng form: 
Ss = 1, (4) 


(5a5p)" = 1, (5) 
where k = 2, 3, 4,6, according as the angle between the vectors x and B 1s 
90°, 120°, 135° 150°. To prove that the B, form a representation 
of the Wey) group it is clearly sufficient to verify (5) for the corre- 
sponding operators B, , acting on ®. In the subsequent arguments 


of this subsection we assume that the operators B,, are restricted 
to ®. 


We investigate all possible cases separately. 
1. The angle between « and f is 90°. In this case k = 2, that 
is, we have to prove the relation 


(B, By)? = 1. 
Since B?, = B?, = 1, this relation is equivalent to 
BB sy = BsgB sy (6) 
which we shall now establish. 
Note that s,s, = 5,5, changes the sign of the roots « and f. 


Hence, it follows that 5, < 545g, 5g < 55a Consequently, by the 
result obtained in § 5.4, we have 


Biisg = BB sg and B 
Hence B,,B,, = B,,B,,- 

2. The angle between « and f is 120°. In this case k = 3, that 
is, we have to prove the relation 

(B,,Bss)®? = 1. 
Since BY, = Bi, = 1, this relation is equivalent to 
B,B,,B., a BB s,B sps (7) 

which we shall now prove. 

It is not hard to check that s,s,5, carries the root « into —p, 
that is, into a negative root. It follows that 5, < 5.5954, therefore, 


By aps, = Be,B 


SaSpSq 


B By pBeas 


spsx ~ sp 


8a8B = 


3BSa° 
It is easy to check that s,s, carries B into the negative root 
—a — B. Hence, s, < s,5,, and therefore, 


Bayon = B ogB sa: 
So we have shown that B,,.5., = B,,Bs,B:,: By similar arguments 
we have Byjsgsg = Bagsgsp = opB sa? sp3 consequently, 


BB pB sy B.,B..B ss 


as required. 
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3, The angle between « and # is 135°. In this case k = 4 and 
we have to show that (B,,B,,)* = 1. 
Since Bi, = Bi, = 1, this relation is cquivalent to 


B, BB 5,B ey = BBB spP sas (8) 


which we shall now demonstrate. 

In the case undcr discussion the lengths of the vectors « and 8 
are in the ratio V2 to 1 (to be definite we assume that « is the root 
of greater length). 

It is easy to verify that 5,5,5,5, carrics « into —a, hence, 
Sa < Sa5p5a5gi Sp5a5p Carries B into --« — B, hence, s, < sg5q5,; 
5,5, Carries x into —«% — 28, hence, s, < 5,5,. Consequently, by the 
result in § 5.4, we have 


Bs spesty = BP sgsasp = B,,B 5B = BB ogB 5B sp: 


Sasp 

Similarly, we can sce that s,5,5,5, carries B into —f, hence 
Sp <SpSa5p5as SoSpSq Carries % inlo —« — 28, hence s, < 545,5,3 
5p5q carries B into --« — B, hence 5, < 5,5, Consequently, by the 
result in § 5.4, we have 

D spices — B sp ewtpve = BiB saspig = B opB 3B spsq = B gB PB op P sq: 
So we have shown that 
B,,B opB zB sp =7 B 5B PB op P sq: 


4. The angle between « and # is 150°. In this case k = 6 and 
we have to show that 
(B,Be,)® = 1. 


Since BY, = Bi, = | this relation is equivalent to 
BB spB eB sp B sq op = B BB sg B s48 p24: (9) 


In the present case the lengths of the vectors « and f are in the ratio 
V3 to 1. 
As in the preceding cases it is easy to verify on the basis of 
simple gcometric arguments that 
Sa < Sq5p5a5pSaSpo Sp < SpSaSp5aSps Sa < SaSpSaSpr Sp < SpSa5po Sa < SaSpe 
Consequently, by the result in § 5.4 we have 


B, spt SpSa5p _ BB sgB sqB spB sa? sp: 
Similarly, we have 
Bass Sq Sp8xsp 2 BBB sgB sqB spB og 


and (9) follows immediately from this. The proof of the lemma is 
now complete. 
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6. Reduction to Rank 1. Here we show that the proof of 
Theorem 2 can be reduced to the case of groups of rank 1.+ 

Let G be an arbitrary reductive group, and © its Lie algebra. 
Throughout this subsection we usc the notation introduced in 
§ 5.1. 

We denote by 73, where « is a simple root, the minimal sub- 
algebra of G generated by the root spaces G,, where B ranges over 
all positive roots and all the roots proportional to a. Next we denote 
by G* the minimal subalgebra of G generated by the root spaces 
©,, where 8 ranges over the roots proportional to «. 

Let *Z and G* be the groups corresponding to these subalgebras. 
By definition, G* is a simple algebraic group of rank |. Thercfore, 
its Wey] groups consists of two clements. 

Let Z* be a maximal unipotent subgroup of G*; obviously, the 
Lic algebra of Z* is generated by the roots spaces 6%, where f 
ranges over the positive roots that are multiples of «. We denote by 
B the Weyl operator in the space D9Z% \ G%,. 

The object of this subsection is to prove that zf Theorem 2 holds 
for the operator B in the space L,(D%)Z% \ G%,), then it also holds for the 
operator B, in the space L.(DgZ, \ Gy). 

To begin with we prove that Z,\ Gy, is a fiber space whose 
base is the space *Z,, \G, while the fiber is the space Z?, \ G4. 

For since Z%, > Z4, there is a natural map 


Z4 \ Gy Tag *Z 4 \ Gy, 


by which Z,\G, is equipped with the structure of a fiber space 
with the base *Z,\G, and the fiber Z,\7Z,. It remains to 
establish the isomorphism 


Z4\%L4 ce ZY, \ GY. 


Wc denote by Z? the subgroup of Z complementary to Z%, that is, 
the subgroup whose algebra is generated by the root spaccs Wg, 
where f ranges over all positive roots that are not multiples of «. 
The group Z, splits into the semidirect product 


2,3 2523; (1) 


On the other hand, from the definition of *Z,, it follows that it also 
splits to a semidirect product 


°ZA — Z2,G*,. (2) 
From (1) and (2) it follows immediately that 
Z4\*Z4 ou 24 \ G4. 


ft The rank of a group is the number of its simple roots. 
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We now observe that in the formula for the operator B,: 


B99) = { P( Ios, 127g) d2* (3) 
Z\Z4 


the integration is taken over the set of points y9s,'z7g that belong to 
the same fiber of the fiber space Z,\G, as y itself. For since 
5s, © 7Z,, under the map G, > *Z, \ G4 the set _y)s;'Z%g goes into a 
single point, the same into which y = yog goes. 

We assume that the function g() is concentrated in a 
sufficiently small domain. Then we can introduce a local system of 
coordinates (u, v) in this domain, whcre v gives a point of the base 
*Z ,\G,, and ua point of the fiber Z% \ G%,. 

From the remark above it follows that B, acts on y(_y) = @(u, 2), 
as if it were a function of the variable u € 2% \ G3, only. 

Also, B, can be expressed in terms of the opcrator of horo- 
spherical automorphism B, acting in the space of functions ¢(u). 
Specifically, 


B.,(u, 0) = Bolu, 2). 


Consequently, if it is proved that B*? = | on an everywhere densc sct 
®, of functions on Z% \ G%, invariant relative to D%, then it follows 
that B?, = 1 on the set ®, of all functions on Z,\G, which as 
functions on the fibers belong to My. It is not hard to verify that the 
intersection over all « of the so-defined sets ®, contains the set ® of 
functions invariant relative to Dg, which is everywhere dense in 
L,(DgZ,4 \ G4). So we have shown that the verification of Theorem 
2 reduces to the discussion of groups of rank 1. 

Hence the proof of Theorem | for a reductive group G reduces 
to the proof of Theorem 2 for its semisimple subgroups of rank 1. 

Using this reduction we can prove Theorem | for a wide class 
of reductive groups. The problem whether or not Theorem 1 is 
true for all reductive groups awaits solution. 

Theorem \ is true for any reductive group G splitting over Q. 

(The definition of a splitting group was given on p. 363.) 

For let G* be the subgroup defined on p. 376. It is not hard to 
check that in this case G* is a group of unimodular matrices of order 
2 over Q. Thus, the proof of Theorem 1 for G reduces to that of 2 
for the group of unimodular matrices of order 2 over Q. But for the 
group of unimodular matrices of order 2 over Q this Theorem 2 was 
already proved in § 4. 

So the main theorem is proved for all splitting reductive groups. 
For arbitrary reductive groups over Q, it reduces to groups of 
rank 1. 
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§6. THE REPRESENTATIONS GENERATED BY THE 
HOMOGENEOUS SPACE Go9\G, 


1. The Homogeneous Space Gy\G,4. Let G be a linear 
algebraic group defined over Q, G, its group of adcles, and Gg the 
group of principal adeles. 

Gg is a discrete subgroup of G,. The proof of this proposition 
is exactly the same as in the case of unimodular matrices of order 2 
(sec § 4). 

We examine the space X = Gg\Gy. Since Gg is a discrete 
group, the space X is locally isomorphic to G,. Consequently, the 
right-invariant measure on G, induces a measure on the base 
X = Gg \G, that is invariant under the translation of G,. 

The following fundamental theorem of Borel [6] tells us when 
the measure of the space X is finite. 

THEOREM 1. The measure of the space X is finite uf and only if G 
contains no nontrivial characters defined over Q, that 1s, morphisms of G 
into Q. 

Yor example, the factor space of the group of ideles by the 
principal ideles has infinite measure, but the factor space of the group 
of adeles by the principal adeles has finite measure. 

From Theorem | it also follows that if G is a semisimple or 
unipotent group, then the factor space X =Gg\Gy has finite measure. 
Now we mention that on G,, and consequently also on X, there is a 
canonical way of normalizing the measure.f Following Weil, we 
call the so determined number for the measure of the space X the 
Tamagawa number of G. It is a very interesting arithmetic 
characteristic of G. 

The main object of study in the present section is the represen- 
tation generated by the homogeneous space X = Gg\Gy4. The 
structure of the decomposition of this space into irreducible sub- 
spaces is closely connected with arithmetical properties of G. At the 
present time the complete description of the decomposition of this 
representation into irreducible subspaces is not known. There is good 
reason to hope that once it has been found, it will shed light on many 
number-theoretic problems (sce, for example, § 4 Appendix II). 


t This method simply consists in the following. Let w be the differential form 
defining the measure on G. As is well known, it may be assumed that it is defined over Q, 
and so has the form —(x,,..-,%m) dx, A+++Adxm, Where x1, ..., %m are local co- 
ordinates, and @¢ is a rational function with coefficients in Q. This form is uniquely 
determined to within multiplication by a rational number. The w form induces uniquely 
determined measures on the groups G,(f = 0, 2,...) and so, a certain measure on 
G,- This measure is uniquely determined, because if we take instead of w the form 
w’ -=Aw, AE Q, then the measure is multiplied by a certain power of the norm {A of the 
idele 2. Since A € Q, we have |A] = 1 (see § 1). 
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The present section essentially deals with the separation of the 
discrete part of the spectrum of the representation from the 
continuous part of the spectrum of maximal dimension. 

We now discuss the gencral situation when G has nontrivial 
characters defined over Q. Every character x of G induces a 
morphism 7,4 of G4 into the group of ideles A*. We denote by G 
the subgroup of all g€G, such that the norm |z,4(g)| of the idele 
y4(g) is cqual to 1 every character x of G. 

It is not hard to see that Gg © G. For if ge Gg, then x4(g) 
is a principal idele, and therefore |y4(g)| = 1 (see §1). The 
following theorem is due to Borel [6]. 

THEOREM 2. The factor space X° = Gy\Gg\G has finite 
volume. 

In many important cases the space X° = Gg \ G%, turns out to 
be compact. Necessary and sufficient conditions for the compactness 
of X° were proposed by Godement as a conjecture and have recently 
been proved by Borel and independently by Mostow and 
Tamagawa. 

THeoreM 3. The space X° = Gg \ GY ts compact tf and only if 
all unipotent elements of Gg belong to its radical; in particular, if G is 
reductive, then X° is compact if and only tf Gg has no unipotent elements. 

From Theorem 3 it follows that if G is unipotent, then 
X = Gg \ G4, is compact. For if G is unipotent, then X° = Ga \ GY 
is compact by Theorem 3. Furthermore, if G is unipotent, then it 
has no nontrivial characters defined over Q, and hence G®, = G4. 


2. Investigation of the Spectrum of the Representation for a 
Compact Space Gy\G,/K,. In this subsection we discuss the 
simplest case when all the clements of Gg are semisimple. By 
Theorem 3 in § 6.1 the space X° = Gg \ G%, is then compact. 

If G has no nontrivial characters defined over Q, then G®, = G4; 
consequently, X = Gg\G, is compact. Thercfore, the represen- 
tation in L,(X) splits into the direct sum of countably many 
irreducible representations (sce Chapter I, § 2). 

We now study the general case when G has nontrivial characters. 

Let K be the center of G, K, and Kg the corresponding groups 
of adeles and principal adeles. We state without proof the following 
property of reductive groups: 

The subgroup G°,K 4 has finite index in G4. 

From this property and the compactness of Gg \ G%, it follows 
that the space of double coscts Gg \ G4/K4 is also compact. 

On the basis of this fact we split the space H into the direct 
integral of invariant spaces H,, each of which has a discrete spectrum. 

Let w(k) be any unitary character on Ky, that is identically 
equal to the unit element on Kg. We denote by H, the space of 
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functions f,(g) on G, that satisfy the following conditions: 


1. I, (gh) = f(g) 7(k) for every ke K 4, 
2. fr(ve) =S,(g) for every y € Ga, 


3. [Lf (@) del < @. 
Ge\GalK 4 
H splits into the continuous direct sum of the spaces H, 
according to the following formulae: 


fla) = | fele) de 


ford =[ filer agar, 


GQ\Ga Tl Ga\Ge/Ka 


where f,(g) is the component of the vector f(g) ¢ H in H, that is 
defined by the formula: 


Ji(g) = | f (gk)a(k) dk. 


KalkKg 


By the same method as in Chapter I, § 2, it can be shown that 
H, is itself a sum of countably many irreducible representations of 
Gy. 

In fact, it can be shown the trace of the operator 


T, = { o(@)T(@) dg 


G4 


in H, is finite, where g is an arbitrary Schwartz-Bruhat function. 
Hence, it follows that for every irreducible unitary representation in 
the representation generated by Gg\G, the trace of T, is also 
finite, where g is a Schwartz-Bruhat function on G4. But, as was 
proved in § 3.5, if the trace of the operator 7, of an irreducible 
representation of G, is finite, then this irreducible representation 
splits into the tensor product of irreducible representations T, of 
the groups G,, and all but a finite number of the representations ia 
contain precisely onc linearly independent vector invariant under the 
group U,. 

Thus, every irreducible representation of G, occurring in the 
decomposition of the representation generated by GQ \ G, is a 
tensor product of irreducible representations 7, of the groups G,; 
and all but a finite number of the representations T,, have precisely 
one linearly independent vector invariant under the subgroup U, 
of integral p-adic matrices. 
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It is not known whether all irreducible representations of G, 
have this property. There is good reason to conjecture that the 
answer to this question is affirmative. 

Nor is it known whether this property holds for the irreducible 
representations of G,, that occur in the representation generated by 
the homogeneous space X = Gg\G4, in case Gg\G4/K,4 is not 
compact. For those subspaces of L,(X) that are studied in the 
present section the answer is affirmative. 


3. The Space of Horospheres. Let G be an algebraic reductive 
group defined over Q and such that the space Gg\Gy4/K,4 is 
compact. 

According to Theorem 3 in § 6.1, in this case G has unipotent 
elements. We denote a maximal unipotent subgroup of G by Z. 
We define horospheres in the space X = Gg \ G, as the images of the 
cosets Z,g under the natural mapt 


G4 — Gog \ G4. 
Thus, every horosphere in X is a set of points of the form 
v= Ny Ze, 


where x, is the point in X corresponding to the unit coset of Gy, g is 
any fixed element in G4, and z ranges over the subgroup Z,. 
Obviously, this set is isomorphic to Zg\ Z, and consequently, 
compact. 

Since translations from G, carry horospheres into horospheres, 
the set of horospheres is a homogeneous space of G,, which we denote 
by Q. 

Let us find the stability subgroup of Q. 

Let G’ be the normalizer of Zin G. We know that G’ splits into 
the semidirect product 

G’ = DZ 


of its normal subgroup Z and a certain reductive subgroup D. We 
recall that all the elements of D are semisimple. 

We show that the stability group of Q is DgZ4. 

Indeed, by arguments similar to those in § 4.3 it is not hard to 
verify that this stability subgroup is generated by the subgroups Z,4 
and G’, NGg. Since Gy = DyZ4, we have Gy AGg = DeZg. 
Clearly, the subgroup generated by Z4 and DgZg is DgZy. 

So we have shown that 


+ A more general definition of horosphcres will be given in § 7. 
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Apart from the homogeneous space 2 we also introduce the 
homogeneous space 
Y= 2Z,\G6.4% 
We call Q the space of horospheres, and Y the underlying 
affine space of the group Gy. 


4. The Horospherical Map and the Operator 1. We consider 
the space L,(X), X = Gg\G,. With every function f(x) LZ,(x) we 
associate its integral over the horospheres: 


w(e) = | flaca) dz a) 
ZQ\Za 
where x, is the point in X corresponding to the unit coset. The 
correspondence 
F(x) > ¥(8) 


is called the horospherical map. 

Obviously ¢(g) satisfies the following condition for any 6 € Dy 
and zéZ,: 

(zg) = (8). 

So we can regard it as a function in the space of horospheres 
Q = DgZ,\ G4 and write (4), y € Q, instead of 9g). 

Let H® be the kernel, and H’ the image of L,(X), under the 
horospherical map. We endow H’ with the structure of a Hilbert 
space, by setting 

H' =L,(X)/H°. 
The scalar product in H’ is noted by [y,, ¥.]. 

By analogy with the case of the group of unimodular matrices 
of order 2, which was discussed in § 4, we introduce an operator M. 

Let y() be an arbitrary continuous finite function on Q. It 
gives rise to a functional in A’ according to the formula 


(v, ©) =[ o)0) & @) 


2 
As in § 4.10, it is easy to verify the following estimate: 


fle & < UOLe, 1% 
K 


where K is any compactum in Q and ¢(K) a constant. From this 
estimate, it follows immediately that (yp, g) is a linear continuous 
functional in H’. Consequently, by Riesz’ theorem, 


{ on¥O) & = Le, My) (3) 


Q 
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where My e€ H’, and brackets denote, of course, the scalar product 
in 1’, 

We take (3) as the definition of the operator M, which therefore 
carries continuous finite functions on Q into functions in H’. 

The following properties of M can be established just as in 
§ 4.10. 


1. M commutes with the representation operators in Q, that is 


M (9(9g)) = (M@) (99). 


2. (Mo, v) = 0 for every finite continuous function (7). 
3. The set of functions of the form M, where ranges over the 
continuous finite functions on Q, is everywhere dense in H’. 


5. An Explicit Expression for the Operator /. Here we show 
that the operator M can be given by the following formula: 


M => 8, (1) 


where B, is the Wey] operator defined in § 5.3, and the summation is 
taken over all elements of the Weyl group. 

The derivation of this formula proceeds just as that of the 
analogous formula in § 4.11 for the case of the group of the matrices 
of order 2. 

By exactly the same arguments as in § 4.11 we obtain the 
following expression for M: 


My(s) = [Sv ser2) des (2) 


yEDeZo\G 
ZeZa eZeiGe 


In &’ precisely one representative is taken from every coset DgZgy; 
g is an arbitrary element of the coset DygZg \ G, corresponding to ». 

Now we transform formula (2). For this purpose we choose in 
every coset DgZgy a canonical representative. Here we make use 
of the following fact. Let Ng be the normalizer of Dg in Gg. Then 
every element y € Gg can be written as a product 


y == Znz, (3) 
where n € No, z, z’ € Zg. We choose one representative s in every 
coset of Ny/Dg. Then the decomposition (3) takes the form 

y = 2652’, (4) 


where z, z’€Z,; 6€D%. Here the element s, that is, the coset of 
Ng/Dg, is uniquely determined by y. 
Hence, every coset of DgZg \ Gg contains an clement of the 
form sz, z € Zg, and s is uniquely determined once the coset is given. 
It is not hard to verify that the elements sz and sz’ belong to one 


384 REPRESENTATIONS OF ADELE GROUPS 


and the same coset DgZg\ Gg if and only if zz’-! € Zo, where 
ZY a s—1Zo05 CT) Zo: 

Hence, the expression (2) can be rewritten in the following 
form: 


=) { ( > vl 7052’ zg) iz] 


* agiz, *°7e\Ze 


=e ( v( 70528) dz. (5) 
BA 
In (5) we split the integration over Z% \ Z,4 into integration over 
Z% \ Z,, where Z% = s-'Z4, AN Z4, and integration over Z%, \ Z4. 
Hence, we find that 


| p( voszg) dz = ( p(yosz'zg) dz’ dz. 
ZQ\Za Z4\Z4 ZQ\Z4 


Since p(y952'zg) = v(_yoszg) for every z’Z‘,, that is, the expression 
under the integral sign does not depend on z’, we have 


{ p( yoS2g) dz = { v( 952g) dz = Bw, 
ZQ\Za Ze\Z4 


where B,-: is the Weyl operator (see § 5.3). Thus, formula (5) 
takes the form 


My = ( B.v, 
that is, M = > B,, as required. 


6. Structure of the Space H’. In this subsection we investigate 
the structure of H’, by using the expression for M in terms of the 
operators B, obtained in § 6.5. We recall that H’ denotes the image 
of L,(X) under the horospherical map (see § 6.4). We also assume 
that the group G splits (see the definition on p. 363). Then the 
following Theorem | holds: in the space L2(DgZ,\G4) there exist 
unitary operators B, that form a representation of the Weyl group S and 
coincide with the operators B, on a certain set ® of functions, everywhere 
dense in L,(DgZ4 \ G4) and invariant under the operators B,. 

We show that if the group G splits, then the space 


H, = L,(Q) nH’ 


decomposes into the same irreducible representations as L,(Q) but, in contrast 
to the latter, every irreducible representation occurs in the decomposition with 
multiplicity 1. 
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Proof. We denote by Hy the closure in L,(Q) of the set of 
functions of the form Mg, M = & B,, where ¢ € ® (@ is defined in 
the statement of Theorem 1). It is not hard to check that Hy 
coincides with the set of all fe LZ,(Q) such that Bf =f for all 
ses. 

Now we observe as, was proved in § 5.2, that the multiplicity 
with which a given irreducible representation occurs in L,(Q) is 
equal to the order of the Weyl group. Morcover, the operators B, 
carry each irreducible representation into an equivalent represen- 
tation. 

We consider the sum HA of all irreducible subspaces contained 
in L,(Q) and equivalent to the given irreducible subspace. By what 
we have said, each of the operators B, carries H’ into itself and is 
given in H™ by a matrix whose order is cqual to the order of the 
Weyl group. These matrices form the regular representation of the 
Weyl group (under the condition that we only consider irreducible 
represcntations of G, in general position). 

Clearly, the unit representation of the Wcyl group S acts in the 
space of the functions My, y¢ H’. Therefore, the question of the 
multiplicity with which a given irreducible representation occurs in 
H, reduces to the question of the multiplicity to which the unit 
representation of the finite group S occurs in the regular represen- 
tation of this group. It is well known that this multiplicity is 1. 
So we have shown that all irreducible representations of G., that are 
contained in L,(Q) occur in HM, and each only once. 

Now we show that H, < H’. As in the preceding subscction we 
denote by ( , _) the scalar product in L,(Q), and by[ , J the 
scalar product in H’. Let fe H,; we show that fe H’. From the 
fact that f € H, it follows that there exists a sequence of functions 
, € M such that 


‘f= Mont — M¢,) — 0, (Pns Pn) <C. (1) 


From (1) it follows that 
[M¢,; M 9,] = (Mo, Pn) < C. (2) 


Consequently, we can choose from the sequence M ¢,, a subsequence 
that is weakly convergent in the sense of H’ to a function f, € H’. 
Without loss of generality we may assume that the scquence 
Mo, itsclf converges weakly to f;. Now we show that f, -- f. We 
use the fact that f, and f are measurable functions, summable over 
every compactum in Q. Therefore, it is sufficient to show that 


(fy ¥) = (Ff; %) (3) 
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for every finite continuous function y. We have 


(fs 2) = LA; M9} = Na [Mo,,; M ¢} 


an (My, g) =7 Cs P)s (4) 
because 
(Mo, —f, Me, —f) > °. 
So we have shown that 
H, < 7’. 


Finally, we show that the intersection of the orthogonal 
complement H, to H, in L,(Q) is trivial. For suppose that 
fe, nL,(Q). From the fact that feH, it follows that 
[f, Mo] = 0 for every function g e ®. Consequently, 


(f, ¢) =90 for every pe ®. (5) 


Since ® is everywhere dense in L,(), we see that f € L,(Q) implies 
that f = 0. 
From what we have shown it follows that Hy = L,(Q) 1 H’. 
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1. Horospheres in the Space X =GgQ\G,. Let Z be a 
maximal connected unipotent subgroup of the reductive group G, 
and T a maximal torus of G contained in the normalizer of Z and 
splitting over Q@. We denote by 3 and & the Lie algebras of the 
groups Z and T. The space 3 can be represented as the sum of 
root spaces 3,: 


3 =) 30 
a 
where « is a linear form on T. 
Let «,,..-, &», be the simple roots and II a subset of the sct of 


simple roots. We denote by 3" the union of all the root spaces 3. 
corresponding to all positive roots « = X c,%, for which > ¢, > 9. 


ayell 
Clearly, 3" is a subalgebra of 3. 

We denote by Z" the subgroup corresponding to 3". We call 
Z", and also every subgroup conjugate to Z™ under an element of 
Go, a horospherical subgroup. 

For example, let G be the group of all nonsingular matrices of 
crder n. It is not hard to show that every horospherical subgroup of 
G is conjugate to the subgroup of all block triangular matrices of the 
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following form: 


Ex, 
% * 
Ey, 
0 E,, 
Here £,,, denotes the unit matrix of order k;; k; are fixed natural 
numbers such that k, + ---k, =; arbitrary elements stand above 


the diagonal, and zeros below. 
The images of the cosets Z'g under the natural map 


are called IJ-horospheres in X, or simple horospheres. Thus, every 
horosphere in X is a set of points of the form x9z!/g, where x, is the 
point corresponding to the unit coset, g any fixed element in Gy, 
and z"! ranges over the subgroup Z/. 

Observe that II-horospheres are compact sets, because the set of 
points of a II-horosphere is homeomorphic to the factor space 
(Gg M ZY) \ Z3 = ZQ\ ZY. This factor space is compact, because 
Z'} is unipotent (see § 6.1). 

From the definition it is obvious that the set of all Il-horospheres 
for a given II is a homogeneous space of G4. Let us find the stability 
group of this space. 

First, we find the normalizer N"™ of Z™ in G. We show 
presently that N™ is a semidirect product of a reductive group G"™ 
and of the group Z™. 

As we know (see § 5.1), the Lie algebra of G has the following 
form: 

G=T+C+)D G,. 


3" = > OG. 


acl 


By definition, 


where « ranges over the set Ly of all positive roots « = > ¢.%,, 
in which ¢c, > 0 for at least one «, € II. . 
Let us find the normalizer N" of the algebra 3"'. We denote by 


II the set of simple roots that do not belong to II. We show that 
N= T+CE4+ 56, + 3", 
(1) 


where the sum is taken over all roots « that are linear combinations 
of roots in II. 
First of all, it is clear that © 4- € < MN", because 
[i + €, G,| < G, 
for every root «. 
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Now we show that if a root f is a linear combination of roots in 
Il, then G, < MN". For from the definition of the set Z, it follows 
immediately that if « € X, and « -: B is a root, then « + re Xp. 
Consequently, since [G,, G,] = 0 when « + f is not a root, and 
[G,, G,] = G.,, when « + f is a root, we have [G,, 3] < 3", 
hence, ©, ¢ MN". 

So we have established that MN’ > XT4C +4- } G, + 3". 

TH 


We show that we have, in fact, equality. From I< MN" it follows 
that 
N= TL C+ TD (MN™N BG). 


We assume that for some root f that does not belong to X, 
and is a linear combination of roots from II the intersection 
NAG, is not empty. Let gz, #0 be an element in this 
intersection. 

Since every positive root either belongs to %,, or is a linear 
combination of roots in JI, we have 8 < 0. Consequently, —B < 0, 
and hence —f €2,, G_, < 3". 

We know that [gs, Gs] #0. On the other hand, since 
[as. Gs] < G, the set (gs, G_,s] is not contained in 3". This 
shows that g, does not belong to the normalizer RN" of 3", in 
contradiction to our assumption. 

So we have shown that 


a te (1) 
TI 


where the sum is taken over all roots that are representable as linear 
combinations of roots in Il. We set 


Then (1) means that 2" is a direct sum 
gi — wT 4 3h, 
It is not hard to verify that G" is a reductive algebra, and that 
the system of its simple roots coincides with IT. 


Going over from Lie algebras to groups we conclude that the 
normalizer N" of Z™ is a semidirect product 


NU = Giz (2) 


where G" is a reductive group whose Lie algebra is 6". 

Now we look for the stability group in the space of I-horo- 
spheres. It is not difficult to verify that this stability group iS 
generated by the subgroups Z'! and Ni. Since NY = GQZzy, by 
virtue of (2), we conclude: 

The stability group in the space Q™ of the JI-horospheres is the 
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group GZ. Thus, 
QT = GGZY \ G4. 

2. Statement of the Main Theorem. We denote by H°(Gy \G,) 
the intersection of the kernels of all horospherical maps, that is, the 
set of all functions f(x) € £,(Gg\G,) whose integrals over all 
horospheres are zero. 

In other words, H°(Gg \ G4) consists of all functions f(g) on 
G4 that satisfy the following conditions: 


1. f(yg) =f (g) for every y € Gg; 
2. | eras < 0; 


GQ\Ga 
3: { f (zg) dz = 0 for every g €G, and every subset IT of 
aia 
simple roots. 
We recall that all horosphcres are compact; thus, the integra- 
tion in 3 is over a compact set. 
Clearly, the space H® is invariant under the representation 
operators T'(g) of Gy: 


T (go) f(8) =S (880): 


The main task of this section is the decomposition of the represen- 
tation in H° into irreducible representations. In this subsection we 
give a statement of the main result. 

First, we decompose H® into subspaces H?. Let K be the center 
of G. Obviously, the space H°® is invariant undcr the transformations 


f(g) ~f kg), kEKa 
and these transformations commute with the operators 7'(g). 
Furthermore, f(kg) = f(g) for every k € Kg. 
Hence, it follows that H® can be decomposed into the 
continuous direct sum of the spaces H?; 


H? =| 12 dr, 


whcre 7 ranges over the set of unitary characters of K, that are 
identically equal to unity on Kg. The space H? consists of the 
functions f(g) on G, that satisfy the following conditions: 

1. flyg) =f(g) for every y € Go; 

2. f(kg) = 2(k) f(g) for every k € Ky; 


3. f Lfl@ltdg < «5 
Ge\GalK 4 
| f (zg) dz = 0 for every gE Gy 
20\ 20 
and every subset [I of simple roots. 
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Thus, the task of decomposing the representation in H® into 
irreducible representations reduces to the same task in the spaces 
Ht, 

The main theorem of this section asserts that H® splits into the 
direct sum of a countable number of invariant irreducible subspaces. 

In fact, we shall prove even more, namely that for every 
positive definite Schwartz-Bruhat functions y(g) on G, the operator 
T,, has a trace in H®. From this result it follows (see § 3) that every 
irreducible unitary representation of G, occurring in H°® is a tensor 
product of irreducible unitary representations of the groups G,. 


3. Siegel Sets on G,. We denote by Z,, the subgroup of G, 
consisting of the elements of the form 


aM ee eR (1) 
Similarly, we denote by 7, the group of elements of the form 


t =(t,,1,...). (2) 


We use the term Siegel set connected with the subgroup Z for a subset of 
G, of the form 
Zar .Y, (3) 


where V is a compact set and 7, a semibounded subset of T,,, 
that is, a subset such that ¢~1z¢ is bounded for every fixed z € Z,, 
when ¢ ranges over T’,. 

In addition we require that V is invariant under multiplication 
on the Icft by the subgroup U, = U N Z,, that is, 


UV = V. 


Here U is the subgroup of adeles of the form (1, ua,...u,,---); 
u, € U,. 

We show that under this condition the image of a Siegel set S 
in X contains together with every point x at least one horosphere 
passing through it. 

Let x be a point of X belonging to the image of a Siegel set S, 
and g = z2tv,zé€Z,,t¢ T,, v € V be one of its inverse images in S. 
We consider the set Z,,fU,v. This set is contained in S, and its 
image in X is a horosphere. This follows from the fact that the 
projection of Z,,U, onto Z, \ Z, fills the whole of Zg \ Zy. 

In this subsection we show, on the basis of two results of Borel, 
that there exists a Siegel set S whose image under the natural map onto 
X = Go \ G4, coincides with the whole of X. In other words, we show 
that the following decomposition holds: 


where V is a compact set and 7',, a semibounded subset ‘of T’,. 
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The decomposition (4) is a consequence of the following results 
of Borel. In [4] the following decomposition is established 


nn 
G, = UGz7:2Z. To Vs (5) 
i=l 
where V’,, is a compact set in G,. Furthermore, as shown in [5], 
there exists a finite set of elements x,,..., *,, € G4 such that 
G4= U GonG2, (6) 


where G® denotes the subgroup of G, consisting of the elements of 
G, of the form 


(Las Ug, Ug,-- > ), £0 EeG,,, uy = U3: 


Here U, denotes the integral subgroup of G,. 

It is not hard to see that the groups G? and g-'!G@g, where 
g€Gg, are commensurable, that is, their intersection is of finite 
index in each of them. 

Consequently, for every x eG, there exists a finite set of 
elements x,,..., %m in G4 such that 


mm 
xGe <U G2x,. 
k=1 
Hence, there exists a finite set of elements y,, .. . , 7 in G4 such that 
m 
Gy =U GQGa». (7) 
k=1 


The decomposition (4) follows immediately from (5) and (7). 

In what follows we also use Siegel sets connected with II- 
horospheres. They are defined as follows. Let Z™ be a horospherical 
subgroup of G, and N" its normalizer. As we have shown in § 7.1, 
N" = G"Z™ where G" is a reductive group. We denote by JT" a 
maximal torus that lies in the center of G" and splits over Q. Just as 
this was done for Z, we introduce the groups Z™ and TY. 

Sets of the form 

ZaTRy, (8) 


where 7™ is a semibounded set in J! and V a compact set in Gy, 
are called Siegel sets corresponding to the II-horosphere. 
Here the set V is always subject to the additional condition: 


UE =, 
where U™ = ZU. U. 
Under these conditions, as in the case of Siegel sets connected 
with maximal horospherical subgroups Z 4, the following proposition 
holds. 
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The image of a Siegel set contains together with every point x at least 
one I1-horosphere passing through tt. 


4. Regular Siegel Sets. Let 
§=Z,T.V 


be a Siegel set. We recall that V is assumed to be invariant under 
multiplication on the left by the group Uy = U A Zy, where U is 
the subgroup of adeles of the form (1, u,...,u,,...), Up © U;. 
As we mentioned in § 7.3, under this assumption the image of S in 
X contains together with every point an entire horosphere passing 
through it. 

Note that these horospheres, in general, intersect cach other. 

It is not hard to verify that for the image of a Siegel set S in X 
to split into pairwise disjoint horosphcres, the following condition 
is sufficient: 

There exists a neighborhood W of the unit element of G, such 
that if gy'yg. e W, where y € Gg, g1, g, € S; then y € A, where A is 
the sct of integral matrices in Zo. 

We know S splits into sets of the form Z,,Uot,v,. As we men- 
tioned previously, the projections of these sets are horospheres. We 
show that the horosphcres corresponding to distinct values of ¢,0, 
modulo U, do not intersect. Suppose that this is not so, that is, the 
projections of the sets Z,,Uot,v, and Z,,U t,v, intersect. This means 
that there exists a y € Gg such that 


YZyUybyV, = Zool ade. 
From the stated condition it follows that ye A < Z,,Uy; hence, 
fv, = UloVe where us Ui: 
Siegel sets satisfying the condition are called regular. ‘The aim of 


this subsection is to prove the following proposition, 
Consider a Siegel sct of the following form: 


S =] Zal WUogWo, (1) 
where g is fixed clement of G,, W, a compact neighborhood of the 
unit element, and 7’,, a semiboundcd set in T,. 


If the neighborhood W, ts sufficiently small and the elements t of T . 
satisfy the condition : 


a(In t) > ¢ for every simple root «, 


where c is a sufficiently large number, then S is a regular Siegel set. 
Let 


£1 = 2ybwygwW,, £2 = Zol ly dWe (2) 


be two-elements in S (here Z4, 22 € Za) ty te € Taos ty Us € Uy, Mr, 
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w, € W,), and let y€Gg. We have to show that the condition 


£1782 € W, (3) 
that is, 
wy gtuy ty zy" yZeteWegw, € W, (4) 


where W is a fixed neighborhood of the unit element Gy, (this 
neighborhood will be determined later), implies that y € A. 

We denote by F,, a fundamental domain in Z,, relative to the 
subgroup of integral matrices in Z,,. We know that this domain is 
compact. 

We represent z, and z, in the form 


Zy = 01Z;, 2, = 923, 
where 
by =O Ajpetag decane Jy Oo Ogee teal a ely 


6, and 6, are integral matrices, and zj, z,€/. 
Then condition (4) can be rewritten in the form 


wg Wy ty *z1 1(dy" 752) Zetotegws © W. (5) 

From (5) it follows that 
tO, Sete © (t7*Z)t1) Uog( WWW") *U (te *Zate)- (6) 
We consider the projection of the element ¢;'d;"y6,f, onto the 
subgroup G, of adeles of the form (1, go,..-+,%»,--+). Since the 


projections of the elements #1, ¢2, 51, 52, Z1, Z, onto G, are cqual to 1, 
we obtain from (6) that 


Ya © Uo Sal WWW") oka Ua. (7) 
(The subscript a signifies projection onto G,.) 


We assume the neighborhoods W, and W to be chosen so 
small that 


&a(W WW") g.* < UL (8) 
Then it follows from (7) that 
yo € U, 
where y, = (1, y,.-->¥,-+-), and so y is an integral matrix. 


Now we consider the projection of the element ¢[*6;*yd,t, onto 
G.. 
From (6) we find that 


tO ate € (HZ) S.0(WoWWo") Sa (ta Zale) (9) 


We recall that the elements zj and z; lie in a compact set. Since 
is semibounded, it follows that f;'zit, and ¢;'z3f, lie in a 

/ bounded, it foll that ¢;'zit, and ¢z1zit, 1 

sufficiently small neighborhood of the unit clement. Thus, (9) 
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means that 
tT OT bel, € K, 

where XK is a sufficiently small neighborhood of the unit element and 
y’, as we have already shown, an integral matrix. 

The assertion of the theorem now follows immediately from the 
following lemma. 

Lemma. If the elements t, and t, satisfy for every positive root 
a the inequality 

a(Int) >, 


where c is a sufficiently large number, and if K is a sufficiently small 
neighborhood of the unit element, then the condition 


tryte € K, 


where y is an integral matrix, implies that y € Z. 

Proof. We consider the adjoint representation of G,,. We also 
assume that the basis in the Lie algebra 6 of G,, is consistent with 
its decomposition into root spaces: 


6 = 6, + > G,. 


We may assume that precisely this matrix representation of 
G,, is the one taken initially. Thus, y is an clement from the 
subgroup of integral matrices in the adjoint representation. 

In accordance with the decomposition 6 = G) + >G, we 
write the matrices g € G in block-diagonal form: g = |ly2¢|l- 

We have to show that y,, = 0 when « <0, 8 > 0 and that 
Yaq is the unit matrix. 

Observe that in the chosen basis the matrices ¢ € T are block- 
diagonal, and their diagonal elements have the following form: 


tu, = exp (a(In £))e,, 
where ¢, is a unit matrix. 
Thus, the elements of the matrix y’ = ¢;*yt, have the form 
Yap = exp [B(In t2) — a(In th) lyap: (10) 


Suppose then that « < Oand f > 0. By the condition of the lemma, 
for arbitrary corresponding elements 7,, and 7, the matrices 
Yap and y;, Satisfy the inequality 


lFag] > exp (2c) |Fagl- (11) 


Assume that y,, #0. Since the nonzcro elements of y,, are 
integers, they are bounded below in modulus. But then, by (11), 


+ This proposition is justified by the well-known fact that the subgroups of integral 
matrices in various representations of G arc commensurable. 
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the elements of »{, cannot be arbitrarily small, and this contradicts 
the condition of the lemma. So we have shown that y,, = 0 when 
a <Q, 8 > 0. Now we show that y,, is a unit matrix. Observe that 
since y is a triangular matrix, as we have already shown, the fact 
that y and y~! are integral implies that y,, is a unimodular matrix. 
Condition (10) gives us: 


Yaa — EXP |X In = Yaa 
by 


Hence, it follows that 


det yy}, = exp” (2(in 4) det y,, = exp”*(a(In 4), (12) 
1’ 1 


where n, is the order of y,,. 
Since the matrices y/, are by assumption sufficiently near to the 


unit matrix, the value of exp (a(In (¢,f;*))) is, by (12), sufficiently 
near to |. 


Consequently, the matrix 


Yaa — CXP (—a{in 4) 
ty 


is sufficiently near to the unit matrix. But since, furthermore, y,, 
is an integral matrix, it must coincide with unit matrix, and the 
lemma is proved. 


5. Regular Siegel Sets Connected with I]-Horospheres. Let 
S = Z°Toy 
be a Siegel set connected with the [-horospheres. We recall that by 
assumption the compact set V satisfies the following condition 


UV =-V, 
where U" = UM Z,, U is the subgroup of adeles of the form 
(1, uy, ...,U,,-+-), 4, €U,. Under this assumption the image of S 


in X contains with every point x the entire II-horosphere passing 
through it. These horospheres intersect, in general. 

It is not hard to verify that the following condition is sufficient 
for the image of the Siegel set S in X to split into pairwise disjoint 
\f-horospheres: 

There exists a neighborhood W of the unit element in G4 such that if 
Si'yg. € W, where g,, g,€ W, y € Go, then y € A", where A" denotes 
the integral subgroup of ZG. 

The proof of this proposition proceeds just as for Sicgel scts 
connected with maximal horospherical subgroups Z, (see § 7.4). 

Siegel sets satisfying this condition are called regular. The 
following result is established following the pattern of § 7.4 for the 
case of maximal horospherical subgroups: 
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Consider a Siegel set of the following form 
S = ZUTTU"ZW,, 


where g is a fixed element in G,, W, a compact neighborhood of the 
unit element, and 7" a semibounded set in T™. 

If the neighborhood W, is sufficiently small and the elements t of the set 
T™ satisfy the condition: 


a(int) >¢ 


for every simple root x, where ¢ ts a sufficiently large number, then S is a 
regular Stegel set. 

In this subsection we establish the following result: 

THEOREM. The space X = Gg\ G4 can be covered by the projec- 
tions of a finite number of regular Siegel sets. 

Proof. As shown in § 7.3, there exists a Siegel set 


S=Z,T.V, 


whose projection onto X = Gg \ G, coincides with X. Let II be an 
arbitrary subset of the set of simple roots. We denote by 7',,(I1) 
the subset of 7',, consisting of those ¢ for which 


a,(In ¢) > ¢, when «, € II; 
a,(Int) <¢, when «; ¢ II, 


where ¢ is sufficiently large. 
Then it is obvious that 


S = >Z,T.(M)V. 


We show that for each of the subsets Z,,7.,,(Il) V there exists a 
Siegel set 


ST = ZUTUYN, 


whose projection onto X contains the projection of the set 
Z,,1 (11) V, and such that 
a(Int) >¢ 


for every simple root « and every ¢€ 7, where c is the constant 
determined above. 

Observe that the elements g and dg, where 6 c A, have one and 
the same projection onto X. Therefore, the projection onto X of the 
set Z,,7,,(I1) V coincides with the projection of F,, T.(11)V, where 
F., is a fundamental domain of Z,, relative to the subgroup A of 
integral matrices. This domain F,, is a compact set. 

We split Z into the semidirect product 


Z, = Z4Z" 
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of the subgroup Z® and a complementary subgroup Z3.t We 
denote by F™ the projection of F,, onto Z", Obviously, F™ is a 
compact set; conscquently, ” 
aes ake 
teT » (M1) 

is also compact, because 7',,(II) is semibounded. 

On the other hand, it is easy to verify that the set T,,(IT) can 
be represented in the form of a product 


T,(M1) = TET’, 


where J” is a compact set and «(In ¢) > c¢ for every simple root « 
and everyte TH. 
We set 


ym r’( Fa) 4 


teT ., (M1) 
and show that 
su — zayuyn 
is the required set. 
For let ztv be an element of Z,,7(I1)V. As we said earlier, we 
may assume that zeF,. Then we have z = 2%2%, where 


oo “00? 
zle Z", 21 € FN, On the other hand, we have ¢ = {"t', where 
MeTh eT’. 
Consequently, 
2S 2 eb Ze tho: 


From this decomposition it is clear that zév belongs to S", as 
required. 
So we have shown that X is covered by the projections of a 
finite number of Sicgel sets 
Z5T UY, 


such that «(In ¢) > ¢ for every simple root « and every ¢ € rN, 

To complete the proof of the theorem we remark that each of 
these sets is covered by finitely many sets of the form ZZ 722,W, 
where W is a fixed sufficiently small neighborhood of the unit 
element. As was established earlier, if the constant ¢ is taken 
sufficiently large and the neighborhood W sufficiently small, then 
Z27"gW are regular Siegel sets. Consequently, X can be covered 
by the projections of finitely many regular Siegel sets, as required. 


6. Reduction of the Main Theorem. We now turn to the proof 
of the main theorem which asserts that for every positive definite 


¢ The Lie algebra of the group Z" is gencrated by the root spaces ©, where « 
ranges over the positive roots that are linear combinations of simple roots not occurring 


in II. 
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Schwartz-Bruhat function (g) the trace of the operator 7, in 
A? is finite. 

As we have shown in § 7.5, there cxist regular Siegel scts S, 
whose projections X, onto X cover the whole of X. 

We consider the subspace L,(X,) of functions f(x) € L,(X) that 
are concentrated on X, and denote by P, the projection operator 
onto L,(X,). 

Obviously, 

Trt o>, eth boy. 
Hy t PyHy 

Consequently, for the proof of the main theorem it is sufficient 
to show that the trace of the operator P,T,P, onto P,H? is finite. 

Now we make a further reduction of the main theorem. 

Let 

S, = ZET"V 
be a regular Siegel sct whose projection onto X is X,. 

We consider the collection H°(S,) of all functions f(g) that 

are concentrated on S, and satisfy the following conditions: 


1. f(6g) = f(g) for every 6 € A"; 
2. f(kg) = a(k) f(g) for every k e Ky; 
3. | Lf @)itdg < @; 

AN\S,/K 4 
4, f(z%g) dz™ = Oif I, ¢ I. 

ait 
We show that 

P,Hy © A7(S,)- 
For by the map 
S, > Xp 


every function f(x) ¢ P,H° can be put in correspondence with a 
function f,(g) on S, defined by the formula 


Ailg) =f (%o)» 


where x, is the projection of g into X,. An immediate verification 
shows that f,(g) € H2(S,) and that 


F(x) > file) 


is an isometric map of P,H® into H°(S,). Consequently, this map 
can be regarded as an embcdding. 

By virtue of this embedding, the proof of the main theorem 
reduces to the proof of the following proposition. 

The trace of T., in H9(S,) is finite for every positive definite Schwartz- 
Bruhat function yp. 
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This proposition will be proved in the next subsections. 

To simplify the exposition, the further arguments are given only 
for the case when G is semisimple. In this case KX is trivial; hence, 
H? is the whole space H®. 

The investigation for an arbitrary reductive group differs from 
that given below only by a more cumbersome notation. 

We write the formula for the kernel of 7, in the space 
H(S,) = L(A \ S,). This kernel has the following form: 


K (81, £2) = D P(8i'v82)> Sv 82 © See (1) 
veEGe 


We assume that the function ¢ is concentrated in a sufficiently 
small neighborhood W of the unit element. Since S, is a regular 
Siegel set, the condition that gy*yg. € W, where g,, g2 € Sy, y € Ga, 
implies that y ¢ A", where A™ is the subgroup of integral matrices 
of Z3. Thus, the summation in (1) is taken, in fact, over the elements 


y € A", that is 
K (81; 82) = ay 6g). (2) 
eA 


7. The p-Norm. The concept of the f-norm, which we 
now introduce, is important for the following investigation. Let 
I(x) =f(%,-..,%,) be a sufficiently often differentiable function 
of n real] variables, 

We use the term f-norm of f(x), where p = 0, 1, 2,..., for the 


following expression: 
rst) _) as 


IF (*) Ip _ max (max dap Oa 
the maximum being taken over all points x and all subsets 
(i,,...1%,) of the index set 1,... 2. 

Note that the concept of p-norm we have introduced is not 
invariant relative to the coordinate system. Therefore, in introducing 
the p-norm we must fix a definite system of coordinates. 

We need the concept of f-norm to estimate the sum of the 
moduli of Fourier coefficients of f(x). For let us assume that f(x) 
is a periodic function with period 1 in each of the variables x, and 
that c,,, m = (m,,...,m,) are its Fourier coefficients: 


1 1 
Cn = | Pree  eeyerrtmerttmeen dx, +++ dx,. (2) 
0 0 


We show that then the following estimate holds: 
> leml <C” WF tos (3) 
m#0 


where C) is a constant, p = 2, 3,.... 
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For consider the Fourier coefficients c,,,, m’ = (m,,...,m,) in 
which m,, ..., m,, are different from zero and m, = 0 for 
i fi, ..-5 ie(iy,-.., tis a fixed subset of indices). Integrating by 
parts, we find the following estimate for these coefficients c,,-: 


ar" f (x) 
lOm’| <= C(m,, cee m,) P max Ox? + Ox? . 
Hence, summing over all nonzero m,,, ..., ™m,,. we obtain 
ae (x) 4 
Cm'| < C, max | ————.—_ }.. 4 
eerie Cea i 


oe summing the inequality (4) over all subsets of indices 
(i,,...%), we obtain the required estimate (3). 


8. Proof of the Main Theorem. The operator 7, is considered 
in the space H = L(A" \ Si), where S, = Z5 TMV is a regular 
Siegel set and @ a positive definite function on G, 4 that is concen- 
trated in a sufficiently small neighborhood of the unit element. 
The kernel of this operator has the following form: 


K (1, 82) = 2 v(er” 6g2). (1) 


In the preceding subsections we have reduced the proof of the 
main theorem to proving that the trace of 7, on the subspace 
H(A \S,) is finite. This proof begins here and is completed in 
§ 7.10. 

In the Lie algebra 3" of the group Z] we choose a system of 
coordinates that is defined over Q and compatible with the decom- 
position of 3% into root spaces. Making use of the canonical map 


t—expt 


of 3" onto Z" we transfer this system of coordinates to Z2. 
We denote by k,(g) the p-norm of the function 


p(z; g) = K(zg, g), 


regarded as a function on Z®. We now show that there exists a p 
such that 


( k,(e) dg < . (2) 
ATNisg 
First of all we estimate the number of nonzero terms in the series for 
K (zg, g): 
K (zg, g) = 2, rez 6g), g = Zt, (3) 
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By assumption for such terms we must have 
v-4t-1z'-1 §z’tu € W, 


where W is a sufficiently small neighborhood of the identity. 
We rewrite this condition in the following form: 


v-1(t-1z't)—-1(t-4z-} 6t)(t-12’t)o € W. (4) 


Since z’ belongs to a bounded set and ¢ ranges over a semi- 
bounded set on a torus, ¢~!z’t belongs to a bounded set. Since v also 
belongs to a bounded set, by condition (4) we have 


t-1z-1 6te W’, 
hence, 
t-! dt € (t-12t)W’, (5) 


where W’ is a sufficiently small neighborhood of the identity. We 
denote by g(z) the maximum of the moduli of the matrices z 
outside the main diagonal. Then we obtain from (5) the following 
estimate: 


g(t-1 dt) < Cy(z). (6) 


(We use the fact that, since the set of elements ¢ is semibounded, we 
have y(t-'zt) < C,9(z).) 

Observe that under the transformation 6 — t—' dt every non- 
zero element outside the main diagonal of 6 is multiplicd by 
t-* = exp (—a(In é)), where « is a positive root (the same for every 
element of 6). Consequently, on the basis (6) we obtain the follow- 
ing estimate: 

p(8) < Co(z)t, (7) 


where ¢7* = exp (a (In ¢)), and a, is the sum of all positive roots. 
Obviously, the number N of integral matrices 6 satisfying (7) 
is subject to the following estimate: 


N < Co(z)t™, 


where n is the dimension of the group 2". 
So we have established that the number of nonzero terms of 


the series (3) does not exceed Cg(z)t", where %) = > «, and n is 
a>0 
the dimension of Z". 


Now it is very easy to prove the convergence of the serics (3) 
for sufficiently large p. To see this we observe that the p-th derivative 
of every term in (3) does not exceed in modulus the number 


mip fe eile, 
a>0o 


where a = > «, and a is the total number of roots. Consequently, 
a>0 
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the p-th derivative of the sum of (3) does not exceed 
Cey(z)thn—@/a leo, 
So we have established that 
k5(g) = Co(z)tlr— lane, 


By virtue of this estimate it is obvious that the integral 


| ble) p= { { fescee) dz dt dv 


all\s, Al\zug y 


converges if p is sufficiently large. 

We conclude the proof of the main theorem in §7.10. In 
§ 7.9 we state, and in § 7.10 we prove, a fundamental lemma from 
which the finiteness of the trace of the operator satisfying condition 
(2) follows immediately. This lemma refers to a certain class of 
integral operators on soluble groups. 


9. Solvable Algebras and Groups. Statement of the Funda- 
mental Lemma. Let ® be an algebraic Lie algebra, solvable and 
splitting over the field Q of rational numbers. As is well known, R 
admits the Chevalley decomposition 


where 3 is the maximal nilpotent ideal and I a commutative 
subalgebra; thus, 


[3,2] < 3 and [%, I] =0. 


In the nilpotent subalgebra 3 we can introduce in a natural 
way the concept of a root and of a root space. For we consider 
linear functions «(¢) on X with values in Q. We call a function «(¢) 
a root if 3 contains a vector 3 4 0 such that 


[3, ¢] = a(t) 3 for every ¢t eT. 


Obviously, the totality of vectors 3 corresponding to one and 
the same root «(t) forms a linear subspace of 3. We call it a root 
subspace and denote it by 3,. 

From the definition it follows that 


[3a 3)e S Sarg 


for arbitrary roots « and f. In particular, if « -++ f is not a root, then 


[3% 3s) = 0. 

We call a root « of the algebra 3 simple if it cannot be 
represented as a sum of other roots. 

We assume that the set of roots « of 3 satisfies the following 
conditions: 
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1. The simple roots form a linearly independent system IT). 
2. Every root of 3 is representable as the sum of simple roots. 


An algebra 3 satisfying these conditions is called regular. 

Furthermore, we always assume that the number of simple 
roots of 3 is equal to the dimension of the space T. 

We proceed from the algebra R = 3 + T over Q, to its 
corresponding solvable group over the field of real numbers: 


R = ZT, 


where Z is the unipotent normal subgroup of R corresponding to 3, 
and T the torus corresponding to the commutative subalgebra T. 
We denote by A a discrete subgroup of Z that is of finite index 
in the group of all integral matrices in Z. 
We recall the definition of a semibounded set on the torus T. 
As set T° < T is called semibounded if for every fixed z ¢ Z the 
set of elements of the form 


t~!zt, te T° 
is bounded. 
Let 
XS A271", 
where T° is a semibounded set on the torus, and A a subgroup of 
finite index of the group of integral matrices in Z. 


We consider the space L,(X), that is, the space of functions 
f(z, t), z€Z, te T°, satisfying the following conditions: 


1, f(z, t) = f(z, t) for every 6 € A; 


2: | f(z, t)|? dz dt < ©. 
A\zT° 


Thus, the space L,(X) is a tensor product 
L,(X) = L,(A\ Z) @ L,(7"). 


In L,(A \ Z) we select the subspace H, of functions whose integrals 
over every horosphere on A\Z vanish, and we consider the 
subspace 

A, = Hy ® L,( 7") 


of L,(X) corresponding to Ho. 

Our next task is the proof of the lemma on the finiteness of the 
trace of the operator on A, that is stated below. 

We call an integral operator A on L,(X) with the kernel 
K (z,t, Zt) regular if the following conditions are satisfied : T 


+ It is implicit that K(5121t1, 52Zats) = K(z,t1, Zale) for arbitrary 6,, 4.€ A. 
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1. A is a self-adjoint positive operator. 
2. The kernel K is an infinitely differentiable function on 
X@X. 
3. We set 
k,(z°, t) = If (2) lo» (1) 


f(z) = K(2t, 2%), 


and ||f ||, is the p-norm of the function f(z) =f(m1,..., Ta) 
defined in § 7.7. Then we can find a p such that 


where 


{ k,(z, t) dzdt < m, 
A\ZT® 


The following proposition holds. 

Lemma. The trace of a regular operator A on the subspace Hy is 
finite. 

By the trace of the operator A on a subspace we mean the 
trace of the operator PAP, where P is the projection operator onto 
the given space. 


10. Proof of the Fundamental Lemma. The proof proceeds by 
induction on the number of roots of Z. 

We consider an arbitrary root space 3,, belonging to the center 
of the algebra 3:[3, 3,] =0. Clearly, 3,, is a subalgebra of 3. 
To this subalgebra 3,, there corresponds a subgroup Z,, belonging 
to the center of Z. 

Let y range over the set of characters of the compact commuta- 
tive group A,,\ Z,,; H* the subspace of functions f(z) in 
H = L,(A \ Z) for which 


SF (Zm2) = t(Zm)f (Zz) for every z,, € Zp. 


Obviously, the space H = L(A \ Z) is the direct sum of the 
subspaces H*: 


H=)> H. 
x 
In H we single out the subspace 
H’ = > H", 
LF Xo 


where x, is the character identically equal to 1. We show that the 
trace of the operator A on the subspace A’ = H’ @ L,( T°) is finite. 
For let P, be the projection operator onto H* @ L,(T°): 


Pf) = | Hem flem2 1) dm 


Am\Zm 


§7. DISCRETENESS OF THE SPECTRUM 405 


Then we have 


Tr A = Tr (P,AP,) = i | Y(Zm)K (Zmzt, Zt) dZy AZm, dz dt. 


a X An\Zm 
Since 
TrA < DTrA, 
H’ x7 Xo Hx 
thus, 
TrA <> { { 220) K (enzt 2t) dz, dz dt. (1) 
# LF Xo eee 


‘xX 
From (1) it follows that 
TrA< fate, t) dz dt, 
a’ 
X 


where 


a2) = =| | Hen)K(enzh 21) den| 
L+hiko 
| Am\Zm 
Let us estimate a(z,t). Let ||K(z,,zt, zt\|, be the p-norm of the 
function K (z,,zt, zt), regarded as a function of z,,. On the basis of 
the estimate for the Fourier coefficients derived in § 7.7 we then 
have 
a(z,t) <C |\K(z,,2t, zt) |). 
But, as is easy to verify, 
|K(z,2t, 20) = ko( 254); 


where k,(z, ¢) is the function defined by formula (1) in § 7.9. So 
we have 

a(2z, t) < Chy(z, 0), 
and therefore 


TrA< J k,(z, t) dz dt 
rr 
xX 


for every p. By the assumption of the lemma there exists a for 
which f k,(z, t) dz dt < o. Consequently, Tr A is also finite. 
Xx 

Now we proceed directly to the proof of the lemma: that the 
trace of A on the subspace H, = H, © L,(T°) is finite. 

We decompose Hi, into the direct sum of subspaces 

Hy = Hi @L,(T°), 

where HZ = H* 1 Ay. 


Since 
Ay & Aye BY, 
X*Xo 
we have 
TrA<TrA. 


No Rn 
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Consequently, by what was proved previously, A has a finite trace 
on the subspace H} = > Hx 


Xf Xo 
Thus, to complete the proof of the lemma it suffices to verify 
that A also has a finite trace on the subspace 


Aro = Ary ® LAT”). 
Let us show this. 
Observe that since Azo < Ax, 


lrA=tTr PAP. 


Axo Zo 


where P,, is the projection operator onto A»: 


PS (Zt) = i Jza2;) dz. 
AalZn 
Thus, instead of A we can consider the operator P, AP, whose 
kernel is expressed in terms of the kernel K of A by the following 
formula: 


K (2,1, Zefa) = | Ke(Z,2rtys Z,Zale) dZ_, 42,2 
(Am\Zm) X(Am\Zm) 


_ Now let us find out how the spaces Aw — He @L,(T°) and 
Hx = HX @ L,(T°) are constructed. 
The space H*° consists of the functions f(z) ¢ Z,(A \ Z) that 
satisfy the condition 
Ff (Zm2Z) = f(z) for every z, € Zp. 
Consequently, 
H® = L,(A’\ 2’), 


where Z’ = Z,,\ Z, A’ = Z,,\ Z,A=& A,, \ A. 

In this realization H?° is the space of all functions in L,(A’ \ Z’) 
whose integrals over every horosphere on A’ \ Z’ vanish. 

Observe that Z’ is a regular group, for its simple roots are the 
same as those of Z. Since the total number of roots in Z’ is one 
fewer than in Z (the last root has been deleted), we may, by the 
ae hypothesis, assume the lemma to be proved for the space 

Xo 

Thus, if the regularity of the operator P,,AP,, on H* is 
established, then it follows that its trace on the subspace Hx is 
finite. 

Obviously, the regularity conditions 1 and 2 hold for 
P,AP,,. It remains to verify that condition 3 holds. 

We consider the kernel K’ of the operator P,,AP,, defined by 
(2). We must interpret this kernel as a function on 


(A’ \ Z'T°) @ (A’\ Z'T®). 
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We set f’(z) = K’ (zi, 2t)z, 2°€Z’, k(zo,t) = I'll, where 
| f’(z) |!) denotes the p-norm of f regarded as a function of z’ € Z’. 
Then the regularity condition 3 for P, AP, comes to 


| ki (z, t) dz dt <0 
A’\Z'T° 
for a suitable p. It is not hard to verify that 


Ki(z,t)< | Flene dz: 
AniZn 


where k,(z, é) is the function defined by (1) in § 7.9. Consequently, 


| ki(z,t) dzdt< | | k(Zm2, ¢) dz,, dz dt. 
A\Z'T® AZT? An\Zm 


The integral on the right can be rewritten as 


{ k,(Z, t) dz dt. 
A\ZT° 


By assumption this integral is finite for some p. Consequently, for 
this p the integral 


[ i(z, &) dz de 
ANE'TS 


is also finite. So we have proved the regularity of P, AP,, on Are, 
By the inductive hypothesis, it follows that the trace of this operator 
on the subspace A% is finite, and the lemma is proved. 

We now show that the main theorem follows from this lemma. 
For this purpose it is sufficient to verify that the integral operator 
discussed in § 7.8 is regular. Condition | obviously holds if the 
function @ is positive definite. Condition 2 holds if g is a Schwartz- 
Bruhat function. The fact that condition 3 holds was verified in 
§ 7.8. 


APPENDIX TO §7 
Functions on Regular Nilpotent Lie Groups 
1. Regular Nilpotent Algebras. Let 3 be a nilpotent algebraic 


Lie algebra over the field Q of rational numbers. We call 3 a 
graded algebra if 3 splits into the direct sum of linear subspaces 


3 = 230 
xewt 
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where « ranges over a finite subset Mt of elements of a torsion-free 
abelian group. We also assume that the following conditions are 
satisfied : 


[3a 3a] a Sep when a oF E E M, 
[325 3s] = 0, when « + § does not belong to M, 


‘The subscripts « € M are called roots of 3, and the corresponding 
subspaces 3, the root spaces of 3. 

We call a root « of 3 simple if it cannot be represented as the 
sum of other roots. 

We say that a graded algebra 3 is regular if the following 
conditions hold: 

1. Simple roots of 3 are linearly independent. 

2. Every root of 3 is representable as a sum of simple roots. 

Henceforth we consider only regular algebras 3. 

Let 


| Pa. eee: 2 


be the system of simple roots of 3. By definition, every root « of 3 
can be represented uniquely as a sum 


a= > cia, 
where the c; are nonnegative integers. 

With every pair of nonempty subsets II’, II of the set IT, of all 
simple roots, II’ < II, we associate a subalgebra 31) of 3, which we 
define as follows: 

Let MU be the set of all roots of the form 


% = 2 cites (1 ) 


where the sum is taken over the set of simple roots in II and at 
least one root «; € Il’ occurs in this sum with a nonzero coefficient. 


We set 
BY = > 3. (2) 


Obviously, 37 is a subalgebra of 3. Observe that in our 
notation 3 = 37°. Furthermore, we set 3) = 0, where the index 0 
denotes the empty set. We call the 37, horospherical subalgebras of 3. 
It is not hard to see that horospherical subalgebras are ideals of 3. 
We mention that among the horospherical algebras of 3 there is 
3 itself (because 3 = 37°) and the null subalgebra. 

Note that 3% is a regular subalgebra of 3 whose system of 
simple roots is the set II. The algebras 3h, Tl’ ¢ I, are also 
horospherical subalgebras of 3H. 

The verification of the following properties of the algebras 

1 presents no difficulties: 
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1. If, ¢ ,, Mj ¢ M;, then 
on Sone (3) 


2. If 1" < TN’ < JJ, then there is a decomposition into a 
direct sum 


3h >= 3h — Shor (4) 


where II — II” denotes the complement to II” in II. In particular, 
every regular algebra 37 splits inte the direct sum 


3h = 3n + 3ncwv 


> any, horospherical subalgebra 3% and the regular subalgebra 
3a (1I’ ¢ 1). 


2. Regular Nilpotent Lie Groups. Let 3 be an arbitrary 
nilpotent regular Lie algebra over Q, as defined in § 7.1, Appendix 1, 
and II, the set of its simple roots. We denote by Z the nilpotent 
algebraic group over the field of real numbers corresponding to 3. 
Accordingly, we denote by Zi’, Il’ < I< 1%, the algebraic 
subgroup over the field of real numbers corresponding to the 
subalgebra 30. Let A be the subgroup of integral matrices of Z, 
or an arbitrary subgroup of finite index in the group of integral 
matrices. We set 

AT =A CO ZF. 

In accordance with the terminology of 1 we call the subgroups 
Zi horospherical subgroups of Z, and the subgroups 27 regular groups, 
among them the group Z = Zjle 

We list the basic properties noe the groups Z"’. First, from the 


results of 1 it follows immediately that: 
1. If 1, < I,, Wi, < Ij, then 


m1, ny ni nl; 
Zn: © Zn» An, | An: (1) 
2. If 11” < TI’ c HI, then we have Geena into semi- 
direct products: 
’ ” igen a , TI’ eae ” 
Zh = 20 Zn» An = An Anat, (2) 
where Z®” is a normal subgroup of Zf. 
Next, it is not difficult to check that the spaces 
An \ 2n 
are compact. 
Since the groups ZH are nilpotent, they posscss an invariant 
measure dzi’, We assume this measurc to be normalized so that 
az =, 


one 


(3) 
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Our task is the investigation of the space H = L,(A \ Z), that 
is, the space of functions f(z) on Z satisfying the following conditions: 


l. f(6z) =f(z) for every de; (4) 
9. t f(z) |2 az: < 00. (5) 
A\Z 


We now derive a decomposition of space H into a direct sum 
of subspaces that is important for representation theory (see the 
theorem below). 

We introduce the concept of a horosphere in the space A \ Z. 
Il-horospheres on Z are cosets Zf,.z of the horospherical subgroup 
Zi, in Z. The images of II-horospheres on Z under the natural map 


Z—>A\Z 
are called II-horospheres in the space A\ Z; they are obviously 
compact sets. 
We now examine the following subspaces of H. Let Hy be the 


subspace of functions f € H that are constant on the IJ-horospheres, 
that is, such that 


SF (zh) =F (2) for every Zn © Zito" (6) 
Next, let H, © Hy, be the subspace of functions that are constant on 


the IT-horospheres and such that their integrals over every II’- 
horosphere with II’ > IT vanish: 


f(zi¥z) dz = 0, Il’ > Il. (7) 
Ay \210 
Note that if I], < If,, then Zq2 ¢ Zp, and therefore 
Hy;, > Ah, 


There is a convenient way of describing the spaces Hy and Ay. 
Since the group Z splits into the semidirect product 


Z= ZiiyZte 11> 
by condition (6) the functions f ¢ Hj may be regarded as functions 
on Zi _ Hh Thus, 


Ay = L,(At it 1 \ Ziy°— 11) (8) 


Let us show that in this realization the subspace Ay consists of all 


function f whose integrals over every horosphere in Ajj?~ i \ Zyeo vanish, 


that 1s, 
S (2t1,—12) dzit,—-11 = 0. (9) 


nn’ 1’ 
4n,—n\2n—n 
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For suppose that II’ > Il, that is, II’ = I] + TI’, where 
TT” < 1, — I, NM” #0. Then we have the decomposition into the 
semidirect product 
Zit, = Zi,Z0,—11- 
It is not hard to verify that for every function f € H the following 
integral relation holds: 


F(R) ae, 
Reh, 
_ ff FR AR La) ah, deh 


af, —n \2n—n AH \H 


By virtue of this relation we have for every function f € Hy: 


fH) det, ff(An2) dz (AN) 
AH \2i1y sym \2H—11 
From (11) it follows that the conditions (7) and (9) are equivalent. 
We shall prove the following theorem. 


THEorEeM. The spaces Hy are pairwise orthogonal and their direct 
sum is the whole space H, that ts, 


H= SH, 
Il 


Here IT ranges over all subsets of II,, including IT, itself and the 
empty set. + 

As a preliminary, we introduce the operators P, that associate 
with every function f € # its integral over the II-horospheres: 


Pafte) = | fehye) dah, (12) 


Obviously, Py is a projection opcrator, projecting the whole 
space H onto the subspace Hj;. Thus, in terms of the operators Pi, 
the subspaces Hj; and Hy, can be described in the following way: 

1. Hy is the subspace of all functions f € H such that Py f =f 

2. Hy, is the subspace of all functions f € H such that Py f = f 
and Pi f = 0 for TI’ > U1. 

Now we show that the operators Py satisfy the following 
relation: 

PaPne i= Pain (13) 
for arbitrary subsets IT, and If, of simple roots. 

For the proof we use the following easily verifiable integral 
relation analogous to (10). 


{7 Note that 7 = H, and that Hn ae Hy, is the one-dimensional space of constants. 
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Let f(z) be an arbitrary summable function on the group Zf, 
that is constant on the cosets of Af, \ Zq,. Then 


[re dz = { { f(z2’z") dz” dz’, (14) 
rf cee whe 
where 
FA = An, \ Zn,» Fr = (AB, O AM) \ (ZR, O ZF). 


The operator Py ,Pm, is given by the following formula: 


Py Pn, f (2) = i { f(z®2002) dz) dz, As 


A Ee 
Fr} Fr, 


By (14), the integral (15) can be represented in the form 
Po Pn,Jf (2) = { { | feme'e"a) dz'*) dz’ dz". 


aT p—(114+M2) AT) .Mq Ee 
Fro-tma) 21) | Mg 


Since ZA A Zhz < Zyz, we may change the variable on the 
right by setting z'?) = 2'%z’-1, As a result of this change we obtain 


Py Pn,f(z) = { [ r@2"2) dz'®) dz", 


Hy—(,+Mz) pMle 
F'no—(,+Me) F'ng 


that is, by (14), 
Py Paf(2) = | f(z'z) dz’ = Pun f (2): 


IT, +]T2 
Fy 


So we have shown that Py,Pp, = Payin- 

On the basis of this result we can now prove the first assertion 
of the theorem, that the spaces Hy are pairwise orthogonal. 

Let fi € An fo € An, UW, A Wy. Then fy = Po fis fe = Pu Se 
Consequently, 

(fi Se) = (Pa J» Py, fe) _ (fy Py Pn,J2) = (fi Py, on J2)s 

But by the definition of the space Hy, we have Py, in, /2 = 9; 
hence, (fi, f2) = 0, as required. 

Now we prove the second assertion of the thcorem, namely that 


Y Hy =H. 
n 


The proof is by induction on the number of simple roots. 
From the definition of Hj, and H,, it follows that 
H=H; =HA,+ (U Hi), (16) 
where 0 denotes the empty set and {«} the set consisting of the 
simple root « only. Thus, it is sufficient to show that 
Fi.) i > Ay. 
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Let us study the space H/,, in more detail. This space consists 
of the functions f(z) that are constant on the {«}-horospheres, that 
is, such that 

S(agez) = f(z) for every zi) © Zi). (17) 
Since the group Z splits into the semidirect product 
Z = Zi Z0s, where I, =I, — {a}, 
H(,, may be regarded as a space of functions on Afz \ Z72: 
Hi, = L2( Aa \ Zaz). 

Note that ZM< is a regular group whose sct of simple roots II, 

is smaller than the sct II, of simple roots of the original group Z. 


Consequently, by the cadieye hypothesis, the assertion of the 
theorem is true for the space H/,). 


So we have 
Hix = > Aan (18) 
TI Cilla 


where H, 7 is the subspace of functions on Zij¢ that satisfy the follow- 
ing conditions: 


S(2H,2) =f(z) forevery 21, € Zi; (19) 
S (2,2) 42, =9 — for 01,20 > 0. (20) 
Atg\2 te 


The functions f(z) may be assumed to be extended to the whole 
group Z according to (17). 

We show that Hy © Anyi. For let fe Hz. Since 
Zn) = Z[PZiz,, it follows from (17) and (19) that f (z+) = f(z) 
for every zit e Zit, that is, the function f is constant on the 
(IL -+ {o})- HOES eres Next, let Il’ > Il + {a}, that is, 


=I,+ {a}, 
where I], 2 Ml; > Il. Since hag = Z{PZIl, we have by (17) and 
(20) : 
Sf (21,2) 421, 
AT \2io 
= | | Sf (2pziiz) dzth dz? 
ate \iP am\atE 
= { f(2Miz) dz = 0. 
afti\ Zi 

So we have shown that H,, < Anyi). By (18) and (16) we find 
that S H, = H. This completes the proof of the theorem. 

nl 
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Chapter 1, § 1. § 1 contains an account of essentially classical 
results. The theorem on the finiteness of the number of sides of a 
fundamental domain on the Lobachevskii plane and the existence of 
parabolic vertices is due to Siegel. 


Chapter 1, § 2. Frobenius introduced the concept of induced 
representations for finite groups [17]. The importance of their role 
in the theory of infinite-dimensional representations of groups was 
discovered by Gel’fand and Naimark (29, 30]. The detailed theory 
of induced representations was developed by Mackey [49]. The 
theorem on the discreteness of the spectrum of an induced represen- 
tation in the case of a compact space I \ G is due to Gel’fand and 
Pyatetskii-Shapiro [31]. The criterion for complete reducibility of a 
representation given on p. 26 was found by Fell [16]. The trace 
formula (4 and 5) for the general case was obtained by Gel’fand 
and Pyatetskii-Shapiro [31]. The special case that refers to spaces 
on which the Laplace operators commute was obtained earlier, in 
another form, by Selberg [62]. 


Chapter 1, §3. The irreducible unitary representations of the 
group of real matrices of order 2 were classified by Bargmann [2]. 
The spaces ©, (§ 3.5) were introduced by Gel’fand and Pyatetskii- 
Shapiro [31]. 


Chapter 1, § 4. The duality theorem for the representations 
of the discrete series of the group of matrices of order 2 was found by 
Gel’fand and Fomin [19]. The duality theorem for representations 
of the continuous series of the group of matrices of order 2 was 
obtained by Gel’fand and Pyatetskii-Shapiro [31]. Also in this 
paper is the general duality theorem of Pyatetskii-Shapiro. 
Property | of semisimple Lie groups (§ 4.6) was established by 
Harish-Chandra. 


Chapter 1, §5. The trace formula for the group of real 
matrices of order 2 was obtained, by other methods, by Selberg 
and is known in the literature as Selberg’s trace formula [62]. 
The trace formula for the group of complex matrices of order 2 
(§ 5, App. 2) was first published in the paper by Gel’fand and 
Pyatetskii-Shapiro [31]. The theorem on continuous deformations 
(§ 5, App. 1) is also from Gel’fand and Pyatetskii-Shapiro. 


Chapter 1, § 6. The results (for any semisimple group G and a 
so-called regular discrete subgroup) are from Gel’fand and 
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Pyatetskii-Shapiro [34]. The concept of a horospherical map, its 
applications to representation theory, and the clarification of its 
connection with integral geometry are due to Gel’fand and Graev 
[221. An account of some related problems is given in [28]. The 
most recent results in this field were obtained by Helgason [43]. The 
application of the horospherical map to the study of representations 
in the spaces L,(I°\ G) is due to Gel’fand and Pyatetskii-Shapiro 
[32, 33, 34]. 


Chapter 1, Appendix. Quaternion groups were studied 
systematically by Eichler. 


Chapter 2, § 2. The spaces of test and generalized functions 
on a locally compact group were introduced by Bruhat [12]. The 
concepts of the Gamma-function, Beta-function, Bessel function and 
hypergeometric function for every locally compact field are due to 
Gel’fand and Graev [26]. 


Chapter 2, §3. The first papers on the theory of unitary 
representations of matrix groups with p-adic elements are by Mautner 
[50] and Bruhat [11]. The results of 1 through 9 are due to Gel’fand 
and Graev [26]. The formula for sphcrical functions in 10 was 
found by Mautner [50]. Spherical functions in the more general 
case were studied by Satake [60]. The results of 11 are due to the 
authors. 


Chapter 2, § 4. The results of 1 through 7 are due to Gel’fand 
and Graev [26]; those of 8 to Kirillov. 


Chapter 2, §5. The trace formulae for a disconnected field 
were obtained by Gel’fand and Graev [26], for the field of complex 
numbers by Gel’fand and Naimark [30], and for the field of real 
numbers by Harish-Chandra [39]. 


Chapter 2, §6. The Plancherel formula for a disconnected 
field was obtained by Gel’fand and Graev [26], for the ficld of 
complex numbers by Gel’fand and Naimark [30], and for the ficld 
of real numbers by Bargmann [2]; sce also Harish-Chandra [39]. 


Chapter 2, Appendix. The results are due to Kirillov, who 
also wrote the text. 


Chapter 3, § 1. The concepts of an adele and idele are due 
to Chevalley; sce also Tate (thesis), Weil [72] and Lang [461. 
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The Appendix to | is due to Pyatetskii-Shapiro. Similar results were 
obtained by Satake. 


Chapter 3, §2. The main results are due to Tate (thesis). 
The concept of a Tate ring (§ 2, App.) is due to the authors. 


Chapter 3, §3. The concept of the adele group of an 
arbitrary group G is due to Ono [54, 55], Tamagawa and, for the 
case of the orthogonal group, to Kneser [45]. The concept of the 
tensor product of representations for the direct product of groups 
with distinguished subgroups, which is introduced here, is due to the 
authors of the book [27]. The first theorem on tensor products in 2 
and 3 is by the authors. The second theorem in 5 was obtained by 
the authors together with Kirillov. The criteria for the existence of a 
unique invariant vector were found essentially by Gel’fand [18]. 


Chapter 3, § 4. The method expounded in the book is that 
of the authors, The Russian edition of the book contained errors 
that were pointed out to the authors by Godement.{ In the present 
English edition the authors have largely rewritten the text and 
eliminated the mistakes. The results of § 4, Appendix IT are due to 
Pyatetskii-Shapiro. Similar results were obtained by Satake. 


Chapter 3, §§ 5 and 6. The main results are due to the 
authors. Considerably more complete results, even for an arbitrary 
reductive group, were obtained by Langlands (preprint). A brief 
account of his results is given in his paper “Eisenstein series” [47], 
and in Godement’s survey [37]. 


Chapter 3, § 7. The main theorem is due to the authors; the 
main lemma to Gel’fand and Pyatetskii-Shapiro [34]. § 7 Appendix 
is due to the authors. 


+ Godement also communicated (in a letter to the authors) his own elegant way of 
avoiding these errors. 


17. 


18. 
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